Spatial Discretization of Axially
Moving Media Vibration Problems

Stug;i(:ul\jt:m&xgel\;lné Spatial d_iscretization_ of axially mov_ing media eigenvqlue pro_blems is exami_ned from the
' perspectives of moving versus stationary system basis functions, configuration space ver-
Robert G. Parker sus state space .form d'iscret.ization, gnd subc_ritical versus ;upercritical speed conver-
g gence. The moving string eigenfunctions, which have previously been shown to give
excellent discretization convergence under certain conditions, become linearly dependent
and cause numerical problems as the number of terms increases. This problem does not
occur in a discretization of the state space form of the eigenvalue problem, although
convergence is slower, not monotonic, and not necessarily from above. Use of the moving
string basis at supercritical speeds yields strikingly poor results with either the configu-
ration or state space discretizations. The stationary system eigenfunctions provide reli-
able eigenvalue predictions across the range of problems examined. Because they have
known exact solutions, the moving string on elastic foundation and the traveling, ten-
sioned beam are used as illustrative examples. Many of the findings, however, apply to
more complex moving media problems, including nontrivial equilibria of nonlinear mod-
els.[S0739-371{00)02103-9
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Introduction critical speeds. In fact, no acceptable approach was found for
esqpercritical speed moving string problems, and published dis-
. 4 ) . : . tretization results for such cases should be viewed with caution.
ing fluids and fibers in textile manufacturing are some exampl e findings are illustrated by two examples having known, exact
of axially moving media. Analytical solutions for the vibration ofg | 0. 1 moving string on an elastic foundation an)jrﬁo;/-
these systems are difficult to find in general, and discretizati beam on simple supports. '

methods are frequently used to obtain the natural frequency SPECTyg jntent is to assess discretization methods rather than physi-
tra and vibration modes. In the literature, the most common aps| hehavior of moving media systems, so the examples are lim-
proach has been to discretize the configuration space form €qyaq o systems for which exact solutions are available. The find-
tion of motion (that is, the governing equation for thejngs however, apply to a broad range of unsolved problems for
displacement field using the corresponding stationary systemypich discretization might be used. For instance, nonlinear effects
eigenfunctions/1-4]. Parker's[4] results demonstrate the radi-that are crucial at high-speed lead to bifurcated, nontrivial equi-

cally incorrect eigenvalue predictions that this discretization bagjgria; the results herein identify key issues for eigenvalue prob-
can give at supercritical speeds. Wickert and Mg showed |em discretizations about such equilibria.

that use of the complex, speed-dependent eigenfunctions of a re-

lated gyroscopic system as basis functions can significantly im-

prove eigenvalue predictions. Chis] adopted this idea and used ) ) ) o

the moving string eigenfunctions to discretize an axially movingonfiguration and State Space Discretizations

string coupled to a mass-spring-damper system. While both ap-The linearized, nondimensional equation of motion for free vi-
proaches use the complex, moving string eigenfunction basis, thgtétion of an axially moving medium is

yield quite different results. Wickert and Mote[5] approach is

equivalent to discretization of the configuration space eigenvalue Mwy+Gw+Kw=0 (1)
problem, and Chen’g5] discretization is applied to a state spac

; lati f the ei | bl A critical . hereM, G andK are linear, time-invariant operators awgP,t)
ormuiation of the eigénvalué probiem. A critical comparison o —yq displacement field. With the inner product,y)

these approaches against known, exact solutions was notégpul)—d P, M andK are self-adjoint whiles is skew-self-adjoint

tempted by these or other researchers for sub- or supergriti e overbar denotes complex conjugathe eigenvalue problem
speeds. Furthermore, use of complex, speed-dependent basis fiﬂfé\ined fromw(P,t)=u(P)e'“! is

tions requires special care, a thorough discussion of which is lac

ing in the literature. (—0’M+iwG+K)u=0 )
This study presents a systematic analysis of the spatial discreti- ! . L.

zation of axially moving media problems. The problem is examL"iS i referred to as theonfiguration space formm this work.

ined from the perspectives of configuration and state space fornt-€t Bj »¢;(P) be the knowrjth eigensolution pair of a related,

discretizations, stationary versus moving system basis functioginPler gyroscopic system. Tig are the real natural frequencies

and subcritical versus supercritical speed convergence. Configfl-Subcritical speeds, and thg(P) occur |r21NcompIex conjugate

ration and state space discretizations are shown to yield markelfiy) Ppairs. With the expansioru(P) =X, a;¢;(P), where

different results, and the limitations of each are discussed. THe+j= ¢;. Galerkin discretization of2) leads to the quadratic

moving string eigenfunctions, which are generally thought to Bégenvalue problem

the superior basis for moving string problems, can experience  2n

potentially severe numerical problems due to their linear depen- [— @My +i0Gy+Kyla=0, k=1,2,....N (3)

dence. Furthermore, this basis is apparently incomplete at super- =1

My=(Mg,@)=My, Gu=(Ge,p)=—Gy,
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Alternatively, in accordance with Meirovitcf7], D’'Eleuterio . T T i T NP ]
and Hughe$8], and Wickert and Mot¢9], (1) is written in state s -
space form as

v=1.3

v=1.1

Az,+Bz=0 (5)

G K W, 810"
-k o] Tlw © 3
200k

With the inner productz;,z,)=[pz12,dP defined on the state &

spaceA is self-adjoint andB is skew-self-adjoint. The eigenvalue .
problem associated witfb) can be formulated in terms of two §‘°
=

self-adjoint operator matriceS and A [10]

C= , V= 7

K 0 u )
(C—wA)v=0 (8)

This is referred to as th&tate spacéorm in this work. The second 1 5 10 Nosper of corsex conjugiepairs 3% 40

of (7) relates the state and configuration space eigenfunctions.

With  the expansion VIfolbj(I)j(x), where ®;(x) Fig.1 Measure of independence of sets of complex conjugate

={Bj¢;.¢;}" are the state space eigenfunctions of a related gywoving string eigenfunction pairs for varying speeds v

roscopic system andb,y . ;(x) ={— Bj¢; ,E,-}T, Galerkin discreti-

zation of(8) gives

M 0

A=
0 K

, B=

-10
10 v=0.7

aN proaches zero with increasing number of eigenfunctions. For low
_ _ _ speeds & v<1, the complex eigenfunctions have small imagi-
.Zl (Cum oAb =0, k=12,....A ©) nary part and differ little from the independent, real, stationary

. . (v=0) eigenfunctions. There are twice as many complex eigen-
Cu=(CO|, @ )=Cy, Ay=(AD ,®)=A functions compared to the stationary system, however, explaining
the rapid decrease in the measure of independence for low speeds.
Near the critical speed, the measure of independence decreases
very slowly. The exact number of terms that may be included in
the expansion before encountering numerical errors hence de-
[— o{BBM g+ K} +{i BiBiGi+ (Bt B Ky} 1b=0 pends on the speed, witmore terms being allowed ahigher
(10) speeds. The measure of independence is constant atwhere
dn(X)=1/2(1—€'?"™), meaning that the eigenfunctions are lin-
early independent at the critical spe@dg. 1). In this regard, note
that any continuous function satisfying the fixed boundary condi-
tions is an eigenfunctiofwith zero eigenvaluefor v=1. At su-
. ) 151 > percritical speeds, the eigenfunctions are also linearly indepen-
nontrivial . Thus, this choice is not considered further. dent. The state space basis functiongédnare the eigenfunctions
The configuration and state space discretizati@sand (10) of a self-adjoint eigenvalue problerthat is, (8) for a related

arenot equivalent when complex eigenfunctions are used as bag{giem and are linearlyindependentan arbitrary number of
functions. The limitations of each are discussed in the followinga ms may be included to achieve the desired accuracy.
Using real basis functiongsuch as the stationary system €igen- the configuration and state space discretizations have different

functions and_letting the indices in the configuration and Stat@onvergence properties. Galerkin’s method guarantees the weak
space expansions go Mand 2N, (3) and(10) can be shown t0 ¢qnyergence of the configuration space discretizatiof8jirsuch
predict the same eigenvalues. t

> . . hat
The configuration space suffers numerical problems when

Note that(3) is quadratic inw and(9) is linear inw, so twice as
many terms must be used witB) to equalize the computational
effort in comparing the two approaches. Expansiori®fgives

whereM,,, Gy, andK,, are defined in4). (The alternative basis
function choice®;={we; ,<pj}T wherew is anunspecifiegparam-
eter corresponding to the desired eigenval(ig] gives
— 0*M b +iw?G b+ wKyb,=0 which is identical to(3) for

many terms are used because the gyroscopic system eigenfunc- ) N )
tions are linearly dependent in configuration spacBlas=. This lim E aj " ¢j=Uy (13)
causes singularity of the mass matrix(8) and leads to numerical N—e =1

errors and incorrect eigenvalue predictions. As an example, \¥#ere (@, ,u,) is the exacinth eigensolution pair of2). Simi-
examine the linear Independence of the set of elgenfunctlons 0f|aﬂy’ convergence of the state space discretizatio(g)nis as-
axially moving string with fixed ends for which sured such that lig.... Efﬂlb?d),-(X)=vn, or

Bo=nm(1—1%), @n(X)=sin(nmwx)e"™* (11) 4N
Linear independence of a set of functiops, ¢,, ", @, iS mea- lim Z bi™ B;j= wnUy (14)
sured by the minimum of the quadratic form in variables N—eo J=1
al,az,"',ar 4N
‘ , lim X, b{"e;=u, (15)
S =1
K(a,a)=‘2 aj @ :_2 (¢i,Pr)aa (12) Nl
=1 k=1 The additional condition(14), which represents convergence of

subject to the restrictiort!_,a?=1. The lowest eigenvalue of the velocity, differs from(15) because thg; , which are the ei-
K(a,a) is called themeasure of independencand the functions genvalues of the related system from which the basis functions are
approach linear dependence as the measure of independencelgpyn. differ from the true eigenvalug, . Thus, one expects the
proaches zerpl1]. Figure 1 shows the measure of independen&@nfiguration space discretization to converge more rapidly be-
versus the number afc pairs of moving string eigenfunctions. At cause thea(” are selected by Galerkin's method to satisfy only

any subcritical speed’<1, the measure of independence aptl3), while the bj(”) are attempting to satisfy14) in addition to
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(15 (which is the same agl3)). Results presented in the ex- o8 .o i
amples confirm this differing convergence rate. Essentially, th  3s——— — 35— Saoodocoaiaooch
state space form imposes an approximation of the eigenvglje ( ° ©00000000G00000D
in additionto the usual series approximation of the eigenfunctior 4| T sl T
Whereas the configuration space discretization performance ¢ Co000000000000d]
pends only on the ability of the series expansion to represent té’ o B3830RRRR
true eigenfunction, the state space performance also dependsg
how close thespecified ; are to the(unknown w,,. Indeed, in  § Co0000000nanons
the results to follow, the state space discretization converges mdL  zot 1 2f 1 20t
slowly as the difference between tife and , increases. As an g
extreme example, consider the use of moving string eigenfung . |= X %mmm
tions as a discretization basis for a related system., a moving <
string on elastic foundation or a moving bearfor v=1,8;=0 G000000000C0000000H
for all j and the state space discretization predicts vanishing € " 8 10 %000oonccecooooesd  10F -
genvalues(critical speeds for any system (see (10)). This is
clearly in error for moving beam problems wheve=1 is not a 5[ T sl T sf ]
critical speed. Configuration space discretization does not ha dccoss FO00000000000000000
this problem.

The numerical problems caused by linear dependence of t ° 5 1w 1 2 ° 5 1 15 2 5 10 15 2
configuration space eigenfunctions can be viewed through thie umber of complex conjugate pairs

convergence Criterié_J.S)—(15). For IargeN,'the a,(n) of (13) are Fig. 2 Configuration space discretization of a stationary string
not uniquely determined because of the linear dependence of tRéhg moving string eigenfunctions.  (O) denote discretization
¢;, and this corresponds to numerical problems. For the samesults and solid lines denote the exact eigenvalues of the sta-
reason, thé)](”) cannot be determined solely frofh5) for largeN. ~ tionary string.

The additional conditior(14), however, removes the indetermi-

nacy and théo("” are uniquely calculable.

In summary, subcritical speed convergence is more rapid with

the configuration space discretization, but numerical errors CBFpmri]se fo;anyggjpgrcritick?l speed eigelnvalu$bprobl$ms, ilr'CIUd'
result if many terms are required. While subcritical speed convéP—thelgse or vibration about nontrivial equilibria of nonlinear

gence is slower with state space discretization, it does not SLIﬂETe]FIJ:or axially moving media problems, three choices for discreti-
from numerical problems.

. - . ation basis functions are) gigenfunctions of the corresponding

thA v_aluablzla featurg_ otf the typical Galerklntdls_creltllzafltlon |sbth tationary system,)2configuration space eigenfunctions of a re-

€ €igenvalue predictions convergeé monotonically Irom abovgeqy moving media system, anfiSate space eigenfunctions of a
This isnotthe case for state space discretization as seen from

> : - . fated moving media system. The following sections contrast
Rayleigh quotient for subcritical speeds given|tiy)] these options for moving string and beam examples for which

exact solutions are available to assess discretization performance.

Gi

35

~{Cx,x)

ROO= A% %

(16) Example 1: Axially Moving String on Elastic Foundation.

The linearized, nondimensional equation of motion for an axially
moving string supported by a distributed elastic foundation is
BecauseA andC are self-adjoint, the Galerkin discretizati¢®)
is equivalent to Ritz discretization ¢16). R(x) has no lower or
upper bound at subcritical speeds as demonstratedR(wy) where « is the stiffness density of the foundation. This problem
=w,, R(V))=—w,, and lim_,.. o,=%. Consequently, proofs has been studied for subcritiddl2] and supercritical speed3].
for convergence from above do not hold for state space discrélihe exact eigensolutions are
zation. Indeed, results to follow show eigenvalue predictions be- 2 2 2 2 92 a2
low exact values. In contrast, for the configuration space form, wp= — k(v =D +nTmi(v-1) (18)
upper bound approximations are assured for subcritical speeds. o Civer 21X
This can be seen by writin(?) as (wG+K)u=w?Mu and ob- U, =sin(nmxje”!n on=12,... (19)
serving that the operators4G+K) andM are self-adjoint and ~ We apply both configuration space and state space discretiza-
positive-definite forv<<1, guaranteeing convergence from abovéons to this problem using the eigenfunctions of the axially mov-
[1]. ing string as basis functionsee(11)). With configuration space
The foregoing emphasizes subcritical speed discretizations, biigcretization, the number of basis functions at which linear de-
additional concerns arise for supercritical speeds. In fact, nonepgindence causes numerical problems increases with gpeed
the possible combinations of anoving string versus stationary Fig. 1). For example, withx=50, one may include up to 8c
string basis, and)bconfiguration versus state space discretizatiopairs atv=0.05, up to 21cc pairs atv=0.5 and over 100 pairs at
yield acceptable results for moving string problems at supercriti=0.9.
cal speeds. The moving system basis also fails for moving beanfigure 3 compares the rates of convergence for the three ap-
problems, while the stationary system basis performs well. Tipgoaches mentioned above, for a relatively high stiffnessc of
key problem, discussed in the examples to follow, is that the mow50 and two subcritical speedss= 0.5 andv=0.75. Considering
ing system basis appears to form an incomplete set at supercrititet the moving string basis functions, the configuration space
speeds. To further examine this issue, we discretizatdtéonary form clearly converges faster than the state space form. Note that
string problem in configuration space usimgpvingstring eigen- the state space form converges slowepat0.75 than at=0.5.
functions. Figure 2 shows the results for three different speeds. Fis is because higher speeds, higher stiffnesses and lower modes
v=0.8, all modes have converged. At 1, all even modes con- are the conditions under which the eigenvalygsin the basis
verge rapidly but odd modes converge slowly. At supercriticdlinctions differ the most from the exact system eigenvalses
speeds(such asv=1.2), the eigenvalues converge to incorrec{18)). Note also that state space predictions converge nonmono-
values for several modes. Consequently, this basis shows litfbaically from below Configuration space predictions, on the

Wi+ 20Wo— (1 — v?) Wy + kW=0 (17)
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Fig. 4 Configuration space discretization of an axially moving

string on elastic foundation  (x=20) showing incorrect flutter
predictions. (O) denote eight cc pairs of moving string eigen-
functions and solid lines denote exact eigenvalues.

Fig. 3 Discretization of an axially moving string on elastic
foundation with «=50. Figures (a) and (b) show results for »
=0.5 and »=0.75, respectively. (<) -N terms of stationary
string eigenfunctions, (O) -configuration space form using N
complex conjugate moving string eigenfunction pairs, and ) -
state space form with 2 N complex conjugate moving string
eigenfunction pairs. Horizontal solid lines denote the lowest
three exact eigenvalues.

predictions, regardless of the number of terms used. Configuration
space discretization using moving string eigenfunctions also pre-
dicts seriously inaccurate resulfsig. 4). Recall that this moving
string basis appears to be incomplete for supercritical speeds. In
other hand, always converge monotonically from above. For lodfdition to poor convergence, flutter instability that does not exist
speeds, low stiffnesses, and higher modes, the configuration dhéhe continuum model is incorrectly predictedgardless of the
state space forms yield comparable resullts. number of terms usedhe state space discretization is even more
It is interesting to compare discretization using stationary stririgiking, predictingnfinite supercritical eigenvalues. To show this
modes with the above two approaches using moving string modagalytically, the single mode expansion=b,®,+b_,®_,
An analytical estimate for the minimum number of stationaryhere®.., are thenth modecc moving string eigenfunctions, in
string modes required for accurate results is obtained by Fourfdf) yields the eigenvalue estimate
expanfion of the exact eigen_function_s(_irg). With the expansion , 464 [N s+ k]2
Un=X;_,C; sin(mX), the Fourier coefficients afi, are ® = 1 nm o+ ’IZP—[RZ SN )]

Ha lan( n+j__
¢= zmjza”_[ze ;( D 12] -, where §=nm(1—v?). The denominator of the above expression
[(n7—an) =] 7 ][(n7+ an) = [“77] vanishes at some supercritical speed, predicting an infinite eigen-

value. This error persists when more terms are included in the
expansion. This can also be seen from the Rayleigh quotient in
(16) where the operatoA is no longer positive definite at super-
critical speeds.

All of the above erroneous supercritical predictions were also
observed for the case of multiple, discrete elastic supports.

(22)

14

szl @l

(20)

an=

Herei=—=1. For givenn and v, the denominator of20) van-
Example 2: Axially Moving Beam. The nondimensional

ishes for
K
1xv NI+ o
n“m (1= equation of motion for an axially moving, tensioned, Euler-

The indicesj , identify the modes that have major contributiondg3ernoulli beam ig15]
and must be included in the expansion for accurate results. Hence, (23)
the minimum number of terms required is given Ny=integer
part[max(, ) + 2], where an extra term is added to ensure thathere y=EI/TL? represents the flexural stiffness of the beam.
all major modes are included. This expression shows that tB&act natural frequencies are obtained by numerical solution of
number of terms required increases with foundation stiffness atie frequency equatioft].
speed, as expected. For instance,ifer0.75 and« =50, one cal- Figure 5 compares discretization results with exact eigenvalues.
culatesN=5 for the first mode if=1) andN=6 for the second Stationary beam eigenfunctions yield excellent convergence at
mode. Figure 3 shows that these are the minimum valug¥ ofsubcriticaland supercritical speeds. These are the superior choice.
where reasonable convergence is achieved. A similar analysis Wé® moving string eigenfunctions are admissible functions for
carried out for the axially moving string without elastic foundapinned end conditions and, because they capture the eigenfunction
tion by Lengoc and McCalliofl14]. speed dependence, might be expected to yield better approxima-
None of the discretization approaches considered here yid¢ldns than stationary beam eigenfunctions at high speeds. Surpris-
correct(or even reasonablesigenvalue estimates at supercriticalngly, this is not the case. Configuration space form yields satis-
speeds. Parkd#| showed that for moving string systems linearfactory results only for low speeds 1) (Fig. 5. The error
ized about the trivial equilibrium, spatial discretization at supeincreases sharply for=1; in fact, results converge to incorrect
critical speeds ¥>1) using the stationary system eigenfunctionanswers, consistent with the apparent loss of completeness dis-
yields inaccurate and misleading results, including spurious fluttemssed earlier.

Ji=n (21)

2 2 —
Wi+ 20Wyi— (1= v°) Wy T Y Wyyy= 0
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Fig. 5 Discretization of a simply supported, axially moving,
tensioned beam (y=0.1). (¢) - six terms of stationary beam
eigenfunctions, (O) - six cc pairs of moving string eigenfunc-
tions, and (*) - six cc pairs of modified moving string eigen-
functions with @=2. Solid lines denote exact eigenvalues.

moving string on elastic foundation problem leads to inaccurate
and misleading results regardless of whether stationary or moving
system basis functions are used. For the trivial equilibriiamd
possibly nontrivial equilibriaof the supercriticabtring, there ap-
pears to be no reliable discretization approach to obtain eigen-
value predictions.

4 Stationary system basis functions yield consistently accurate
subcritical speed results for all problems considered in this work.
For dispersive gyroscopic systems such as the moving beam, spin-
ning disk, and spinning disk-spindle systdiarker and Sathe,
1999, stationary system bases also yield excellent supercritical
speed results. Although stationary system basis functions require
more terms than moving system basis functions, they have no
linear dependence concerns and are computationally efficient be-
cause the mass, gyroscopic and stiffness matrices are computed
only once and used for all speeds. Hence these are the most reli-
able basis functions to use when the interest lieghtaining the
natural frequencies and mode shap®¥éhen discretization is used
in nonlinear and time-varying problems, however, the superior
convergence of the moving system basis has great advantage. In
these cases, single-mode analyses yield excellent results and ad-
mit analytical perturbation results where only numerical results
are possible with multi-mode discretizations using the stationary
system basi$15-18.
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