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Spatial Discretization of Axially
Moving Media Vibration Problems
Spatial discretization of axially moving media eigenvalue problems is examined from
perspectives of moving versus stationary system basis functions, configuration spac
sus state space form discretization, and subcritical versus supercritical speed co
gence. The moving string eigenfunctions, which have previously been shown to
excellent discretization convergence under certain conditions, become linearly depe
and cause numerical problems as the number of terms increases. This problem do
occur in a discretization of the state space form of the eigenvalue problem, alth
convergence is slower, not monotonic, and not necessarily from above. Use of the m
string basis at supercritical speeds yields strikingly poor results with either the con
ration or state space discretizations. The stationary system eigenfunctions provide
able eigenvalue predictions across the range of problems examined. Because the
known exact solutions, the moving string on elastic foundation and the traveling,
sioned beam are used as illustrative examples. Many of the findings, however, ap
more complex moving media problems, including nontrivial equilibria of nonlinear m
els. @S0739-3717~00!02103-6#
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Introduction
Magnetic tape drives, power transmission belts, pipes conv

ing fluids and fibers in textile manufacturing are some examp
of axially moving media. Analytical solutions for the vibration o
these systems are difficult to find in general, and discretiza
methods are frequently used to obtain the natural frequency s
tra and vibration modes. In the literature, the most common
proach has been to discretize the configuration space form e
tion of motion ~that is, the governing equation for th
displacement field! using the corresponding stationary syste
eigenfunctions@1–4#. Parker’s@4# results demonstrate the rad
cally incorrect eigenvalue predictions that this discretization ba
can give at supercritical speeds. Wickert and Mote@5# showed
that use of the complex, speed-dependent eigenfunctions of
lated gyroscopic system as basis functions can significantly
prove eigenvalue predictions. Chen@6# adopted this idea and use
the moving string eigenfunctions to discretize an axially mov
string coupled to a mass-spring-damper system. While both
proaches use the complex, moving string eigenfunction basis,
yield quite different results. Wickert and Mote’s@5# approach is
equivalent to discretization of the configuration space eigenva
problem, and Chen’s@6# discretization is applied to a state spa
formulation of the eigenvalue problem. A critical comparison
these approaches against known, exact solutions was no
tempted by these or other researchers for sub- or supercr
speeds. Furthermore, use of complex, speed-dependent basis
tions requires special care, a thorough discussion of which is la
ing in the literature.

This study presents a systematic analysis of the spatial disc
zation of axially moving media problems. The problem is exa
ined from the perspectives of configuration and state space f
discretizations, stationary versus moving system basis functi
and subcritical versus supercritical speed convergence. Con
ration and state space discretizations are shown to yield mark
different results, and the limitations of each are discussed.
moving string eigenfunctions, which are generally thought to
the superior basis for moving string problems, can experie
potentially severe numerical problems due to their linear dep
dence. Furthermore, this basis is apparently incomplete at su
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critical speeds. In fact, no acceptable approach was found
supercritical speed moving string problems, and published
cretization results for such cases should be viewed with caut
The findings are illustrated by two examples having known, ex
solutions: 1! moving string on an elastic foundation, and 2! mov-
ing beam on simple supports.

The intent is to assess discretization methods rather than ph
cal behavior of moving media systems, so the examples are
ited to systems for which exact solutions are available. The fi
ings, however, apply to a broad range of unsolved problems
which discretization might be used. For instance, nonlinear effe
that are crucial at high-speed lead to bifurcated, nontrivial eq
libria; the results herein identify key issues for eigenvalue pr
lem discretizations about such equilibria.

Configuration and State Space Discretizations
The linearized, nondimensional equation of motion for free

bration of an axially moving medium is

Mwtt1Gwt1Kw50 (1)

whereM, G andK are linear, time-invariant operators andw(P,t)
is the displacement field. With the inner product (u,v)
5*Puv̄dP, M andK are self-adjoint whileG is skew-self-adjoint
~the overbar denotes complex conjugate!. The eigenvalue problem
obtained fromw(P,t)5u(P)eivt is

~2v2M1 ivG1K !u50 (2)

This is referred to as theconfiguration space formin this work.
Let b j ,w j (P) be the knownj th eigensolution pair of a related

simpler gyroscopic system. Theb j are the real natural frequencie
for subcritical speeds, and thew j (P) occur in complex conjugate
~cc! pairs. With the expansionu(P)5( j 51

2N ajw j (P), where
wN1 j5w̄ j , Galerkin discretization of~2! leads to the quadratic
eigenvalue problem

(
l 51

2N

@2v2Mkl1 ivGkl1Kkl#al50, k51,2, . . . ,2N (3)

Mkl5~Mwl ,wk!5M̄lk , Gkl5~Gwl ,wk!52Ḡlk ,

Kkl5~Kw l ,wk!5K̄ lk (4)
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Alternatively, in accordance with Meirovitch@7#, D’Eleuterio
and Hughes@8#, and Wickert and Mote@9#, ~1! is written in state
space form as

Azt1Bz50 (5)

A5FM 0

0 K
G , B5F G K

2K 0 G , z5 Hwt

w J (6)

With the inner product̂ z1,z2&5*Pz1
Tz̄2dP defined on the state

space,A is self-adjoint andB is skew-self-adjoint. The eigenvalu
problem associated with~5! can be formulated in terms of two
self-adjoint operator matricesC andA @10#

C5F iG K

K 0 G , v5 Hvu
u J (7)

~C2vA!v50 (8)

This is referred to as thestate spaceform in this work. The second
of ~7! relates the state and configuration space eigenfuncti
With the expansion v5( j 51

4N bjFj (x), where Fj (x)
5$b jw j ,w j%

T are the state space eigenfunctions of a related
roscopic system andF2N1 j (x)5$2b j w̄ j ,w̄ j%

T, Galerkin discreti-
zation of ~8! gives

(
l 51

4N

~Ckl2vAkl!bl50, k51,2, . . . ,4N (9)

Ckl5^CFl ,Fk&5C̄lk , Akl5^AFl ,Fk&5Ālk

Note that~3! is quadratic inv and ~9! is linear inv, so twice as
many terms must be used with~9! to equalize the computationa
effort in comparing the two approaches. Expansion of~9! gives

@2v$bkb lMkl1Kkl%1$ ibkb lGkl1~bk1b l !Kkl%#bl50
(10)

whereMkl , Gkl andKkl are defined in~4!. ~The alternative basis
function choiceFj5$vw j ,w j%

T wherev is anunspecifiedparam-
eter corresponding to the desired eigenvalue@5# gives
2v3Mklbl1 iv2Gklbl1vKklbl50 which is identical to~3! for
nontrivial v. Thus, this choice is not considered further.!

The configuration and state space discretizations~3! and ~10!
arenot equivalent when complex eigenfunctions are used as b
functions. The limitations of each are discussed in the followi
Using real basis functions~such as the stationary system eige
functions! and letting the indices in the configuration and sta
space expansions go toN and 2N, ~3! and ~10! can be shown to
predict the same eigenvalues.

The configuration space suffers numerical problems w
many terms are used because the gyroscopic system eigen
tions are linearly dependent in configuration space asN→`. This
causes singularity of the mass matrix in~3! and leads to numerica
errors and incorrect eigenvalue predictions. As an example,
examine the linear independence of the set of eigenfunctions o
axially moving string with fixed ends for which

bn5np~12n2!, wn~x!5sin~npx!einpnx (11)

Linear independence of a set of functionsw1 ,w2 ,¯ ,w r is mea-
sured by the minimum of the quadratic form inr variables
a1 ,a2 ,¯ ,ar

K~a,a!5I(
j 51

r

ajw j I5 (
i ,k51

r

~w i ,wk!aiak (12)

subject to the restriction( i 51
r ai

251. The lowest eigenvalue o
K(a,a) is called themeasure of independence, and the functions
approach linear dependence as the measure of independenc
proaches zero@11#. Figure 1 shows the measure of independen
versus the number ofcc pairs of moving string eigenfunctions. A
any subcritical speedn,1, the measure of independence a
Journal of Vibration and Acoustics
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proaches zero with increasing number of eigenfunctions. For
speeds 0,n!1, the complex eigenfunctions have small imag
nary part and differ little from the independent, real, stationa
(n50) eigenfunctions. There are twice as many complex eig
functions compared to the stationary system, however, explain
the rapid decrease in the measure of independence for low spe
Near the critical speed, the measure of independence decre
very slowly. The exact number of terms that may be included
the expansion before encountering numerical errors hence
pends on the speed, withmore terms being allowed athigher
speeds. The measure of independence is constant atn51 where
fn(x)5 i /2(12ei2npx), meaning that the eigenfunctions are lin
early independent at the critical speed~Fig. 1!. In this regard, note
that any continuous function satisfying the fixed boundary con
tions is an eigenfunction~with zero eigenvalue! for n51. At su-
percritical speeds, the eigenfunctions are also linearly indep
dent. The state space basis functions in~9! are the eigenfunctions
of a self-adjoint eigenvalue problem~that is, ~8! for a related
system! and are linearlyindependent; an arbitrary number of
terms may be included to achieve the desired accuracy.

The configuration and state space discretizations have diffe
convergence properties. Galerkin’s method guarantees the w
convergence of the configuration space discretization in~3! such
that

lim
N→`

(
j 51

2N

aj
~n!w j5un (13)

where (vn ,un) is the exactnth eigensolution pair of~2!. Simi-
larly, convergence of the state space discretization in~9! is as-
sured such that limN→` ( j 51

4N bj
nFj (x)5vn , or

lim
N→`

(
j 51

4N

bj
~n!b jw j5vnun (14)

lim
N→`

(
j 51

4N

bj
~n!w j5un (15)

The additional condition~14!, which represents convergence o
the velocity, differs from~15! because theb j , which are the ei-
genvalues of the related system from which the basis functions
drawn, differ from the true eigenvaluevn . Thus, one expects the
configuration space discretization to converge more rapidly
cause theaj

(n) are selected by Galerkin’s method to satisfy on
~13!, while the bj

(n) are attempting to satisfy~14! in addition to

Fig. 1 Measure of independence of sets of complex conjugate
moving string eigenfunction pairs for varying speeds n
JULY 2000, Vol. 122 Õ 291
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~15! ~which is the same as~13!!. Results presented in the ex
amples confirm this differing convergence rate. Essentially,
state space form imposes an approximation of the eigenvalueb j )
in addition to the usual series approximation of the eigenfuncti
Whereas the configuration space discretization performance
pends only on the ability of the series expansion to represen
true eigenfunction, the state space performance also depend
how close the~specified! b j are to the~unknown! vn . Indeed, in
the results to follow, the state space discretization converges m
slowly as the difference between theb j andvn increases. As an
extreme example, consider the use of moving string eigenfu
tions as a discretization basis for a related system~e.g., a moving
string on elastic foundation or a moving beam!. For n51,b j50
for all j and the state space discretization predicts vanishing
genvalues~critical speeds! for any system ~see ~10!!. This is
clearly in error for moving beam problems wheren51 is not a
critical speed. Configuration space discretization does not h
this problem.

The numerical problems caused by linear dependence of
configuration space eigenfunctions can be viewed through
convergence criteria~13!–~15!. For largeN, the aj

(n) of ~13! are
not uniquely determined because of the linear dependence o
w j , and this corresponds to numerical problems. For the s
reason, thebj

(n) cannot be determined solely from~15! for largeN.
The additional condition~14!, however, removes the indeterm
nacy and thebj

(n) are uniquely calculable.
In summary, subcritical speed convergence is more rapid w

the configuration space discretization, but numerical errors
result if many terms are required. While subcritical speed conv
gence is slower with state space discretization, it does not su
from numerical problems.

A valuable feature of the typical Galerkin discretization is th
the eigenvalue predictions converge monotonically from abo
This isnot the case for state space discretization as seen from
Rayleigh quotient for subcritical speeds given by@10#

R~x!5
^Cx,x&

^Ax,x&
(16)

BecauseA andC are self-adjoint, the Galerkin discretization~9!
is equivalent to Ritz discretization of~16!. R(x) has no lower or
upper bound at subcritical speeds as demonstrated byR(vn)
5vn , R( v̄n)52vn , and limn→` vn5`. Consequently, proofs
for convergence from above do not hold for state space disc
zation. Indeed, results to follow show eigenvalue predictions
low exact values. In contrast, for the configuration space fo
upper bound approximations are assured for subcritical spe
This can be seen by writing~2! as (ivG1K)u5v2Mu and ob-
serving that the operators (ivG1K) and M are self-adjoint and
positive-definite forn,1, guaranteeing convergence from abo
@1#.

The foregoing emphasizes subcritical speed discretizations
additional concerns arise for supercritical speeds. In fact, non
the possible combinations of a! moving string versus stationar
string basis, and b! configuration versus state space discretizati
yield acceptable results for moving string problems at superc
cal speeds. The moving system basis also fails for moving b
problems, while the stationary system basis performs well.
key problem, discussed in the examples to follow, is that the m
ing system basis appears to form an incomplete set at supercr
speeds. To further examine this issue, we discretize thestationary
string problem in configuration space usingmovingstring eigen-
functions. Figure 2 shows the results for three different speeds
n50.8, all modes have converged. Atn51, all even modes con
verge rapidly but odd modes converge slowly. At supercriti
speeds~such asn51.2!, the eigenvalues converge to incorre
values for several modes. Consequently, this basis shows
292 Õ Vol. 122, JULY 2000
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promise forany supercritical speed eigenvalue problems, inclu
ing those for vibration about nontrivial equilibria of nonlinea
models.

For axially moving media problems, three choices for discre
zation basis functions are: 1! eigenfunctions of the correspondin
stationary system, 2! configuration space eigenfunctions of a r
lated moving media system, and 3! state space eigenfunctions of
related moving media system. The following sections contr
these options for moving string and beam examples for wh
exact solutions are available to assess discretization performa

Example 1: Axially Moving String on Elastic Foundation.
The linearized, nondimensional equation of motion for an axia
moving string supported by a distributed elastic foundation is

wtt12nwxt2~12n2!wxx1kw50 (17)

wherek is the stiffness density of the foundation. This proble
has been studied for subcritical@12# and supercritical speeds@13#.
The exact eigensolutions are

vn
252k~n221!1n2p2~n221!2 (18)

un5sin~npx!e~2 invn /n221!x, n51,2, . . . (19)

We apply both configuration space and state space discre
tions to this problem using the eigenfunctions of the axially mo
ing string as basis functions~see~11!!. With configuration space
discretization, the number of basis functions at which linear
pendence causes numerical problems increases with speed~see
Fig. 1!. For example, withk550, one may include up to 8cc
pairs atn50.05, up to 21cc pairs atn50.5 and over 100 pairs a
n50.9.

Figure 3 compares the rates of convergence for the three
proaches mentioned above, for a relatively high stiffness ok
550 and two subcritical speeds,n50.5 andn50.75. Considering
first the moving string basis functions, the configuration spa
form clearly converges faster than the state space form. Note
the state space form converges slower atn50.75 than atn50.5.
This is because higher speeds, higher stiffnesses and lower m
are the conditions under which the eigenvaluesb j in the basis
functions differ the most from the exact system eigenvalues~see
~18!!. Note also that state space predictions converge nonmo
tonically from below. Configuration space predictions, on th

Fig. 2 Configuration space discretization of a stationary string
using moving string eigenfunctions. „s… denote discretization
results and solid lines denote the exact eigenvalues of the sta-
tionary string.
Transactions of the ASME



d

a

e
n

tion
re-

. In
ist

re
s

n
en-
the
t in
-

lso

r-

m.
of

es.
at

ice.
for
ction
ima-
pris-
tis-

t
dis-
other hand, always converge monotonically from above. For l
speeds, low stiffnesses, and higher modes, the configuration
state space forms yield comparable results.

It is interesting to compare discretization using stationary str
modes with the above two approaches using moving string mo
An analytical estimate for the minimum number of stationa
string modes required for accurate results is obtained by Fou
expansion of the exact eigenfunctions in~19!. With the expansion
un5( j 51

` cj sin(jpx), the Fourier coefficients ofun are

cj5
2in j an@eian~21!n1 j21#

@~np2an!22 j 2p2#@~np1an!22 j 2p2#
,

an5
n

n221
uvnu (20)

Here i 5A21. For givenn and n, the denominator of~20! van-
ishes for

j 1,25nF16nA11
k

n2p2~12n2!
G (21)

The indicesj 1,2 identify the modes that have major contribution
and must be included in the expansion for accurate results. He
the minimum number of terms required is given byN5 integer
part @max(j1,2)12#, where an extra term is added to ensure th
all major modes are included. This expression shows that
number of terms required increases with foundation stiffness
speed, as expected. For instance, forn50.75 andk550, one cal-
culatesN55 for the first mode (n51) andN56 for the second
mode. Figure 3 shows that these are the minimum values oN
where reasonable convergence is achieved. A similar analysis
carried out for the axially moving string without elastic found
tion by Lengoc and McCallion@14#.

None of the discretization approaches considered here y
correct~or even reasonable! eigenvalue estimates at supercritic
speeds. Parker@4# showed that for moving string systems linea
ized about the trivial equilibrium, spatial discretization at sup
critical speeds (n.1) using the stationary system eigenfunctio
yields inaccurate and misleading results, including spurious flu

Fig. 3 Discretization of an axially moving string on elastic
foundation with kÄ50. Figures „a… and „b… show results for n
Ä0.5 and nÄ0.75, respectively. „L… -N terms of stationary
string eigenfunctions, „s… -configuration space form using N
complex conjugate moving string eigenfunction pairs, and „n… -
state space form with 2 N complex conjugate moving string
eigenfunction pairs. Horizontal solid lines denote the lowest
three exact eigenvalues.
Journal of Vibration and Acoustics
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predictions, regardless of the number of terms used. Configura
space discretization using moving string eigenfunctions also p
dicts seriously inaccurate results~Fig. 4!. Recall that this moving
string basis appears to be incomplete for supercritical speeds
addition to poor convergence, flutter instability that does not ex
in the continuum model is incorrectly predicted,regardless of the
number of terms used. The state space discretization is even mo
striking, predictinginfinite supercritical eigenvalues. To show thi
analytically, the single mode expansionv5bnFn1b2nF2n ,
whereF6n are thenth modecc moving string eigenfunctions, in
~10! yields the eigenvalue estimate

v25
4d4n2@npd1k#2

4d2n2@npd1k/2#22@k2 sin2~npn!#
(22)

whered5np(12n2). The denominator of the above expressio
vanishes at some supercritical speed, predicting an infinite eig
value. This error persists when more terms are included in
expansion. This can also be seen from the Rayleigh quotien
~16! where the operatorA is no longer positive definite at super
critical speeds.

All of the above erroneous supercritical predictions were a
observed for the case of multiple, discrete elastic supports.

Example 2: Axially Moving Beam. The nondimensional
equation of motion for an axially moving, tensioned, Eule
Bernoulli beam is@15#

wtt12nwxt2~12n2!wxx1g2wxxxx50 (23)

where g5EI/TL2 represents the flexural stiffness of the bea
Exact natural frequencies are obtained by numerical solution
the frequency equation@1#.

Figure 5 compares discretization results with exact eigenvalu
Stationary beam eigenfunctions yield excellent convergence
subcriticalandsupercritical speeds. These are the superior cho
The moving string eigenfunctions are admissible functions
pinned end conditions and, because they capture the eigenfun
speed dependence, might be expected to yield better approx
tions than stationary beam eigenfunctions at high speeds. Sur
ingly, this is not the case. Configuration space form yields sa
factory results only for low speeds (n,1) ~Fig. 5!. The error
increases sharply forn>1; in fact, results converge to incorrec
answers, consistent with the apparent loss of completeness
cussed earlier.

Fig. 4 Configuration space discretization of an axially moving
string on elastic foundation „kÄ20… showing incorrect flutter
predictions. „s… denote eight cc pairs of moving string eigen-
functions and solid lines denote exact eigenvalues.
JULY 2000, Vol. 122 Õ 293
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Numerical experiments suggested use of the modified mov
string eigenfunctionscn(x)5sin(npx)einpnx/a. Note that the sta-
tionary beam and moving string eigenfunctions are recove
from cn as a approaches̀ and 1, respectively. Figure 5 show
the markedly improved convergence fora52. In general,a.1
extends the range for which convergence is possible ton5a. For
n>a, however, results converge to incorrect answers from los
completeness.

State space discretization using moving string eigenfuncti
fails for the moving beam because zero eigenvalues are in
rectly predicted for all modes atn51, as discussed earlier. Also
infinite eigenvalues are predicted at supercritical speeds as fo
moving string.

Summary and Conclusions

1 The configuration space and state space discretization
proaches using complex eigenfunctions arenot equivalent. Con-
figuration space form has superior convergence properties but
fers limitations arising from linear dependence of compl
eigenfunctions. The state space form, though free of this probl
suffers due to its strong dependence on the eigenvalues of
related system from which the basis functions are drawn. T
results in poor convergence in some cases. Also, upper bo
approximations are not guaranteed in the state sp
discretization.

2 The moving string eigenfunctions approach linear dep
dence at subcritical speeds as the number of eigenfunctions gr
This causes numerical problems if many terms are needed. W
they are linearly independent at supercritical speeds (n.1), they
appear to form an incomplete set and are unsuitable as a disc
zation basis at supercritical speeds. This conclusion applies w
examining vibrations about trivial and nontrivial supercritic
equilibria.

3 At supercritical speeds, spatial discretization of the axia

Fig. 5 Discretization of a simply supported, axially moving,
tensioned beam „gÄ0.1…. „L… - six terms of stationary beam
eigenfunctions, „s… - six cc pairs of moving string eigenfunc-
tions, and „* … - six cc pairs of modified moving string eigen-
functions with aÄ2. Solid lines denote exact eigenvalues.
294 Õ Vol. 122, JULY 2000
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moving string on elastic foundation problem leads to inaccur
and misleading results regardless of whether stationary or mo
system basis functions are used. For the trivial equilibrium~and
possibly nontrivial equilibria! of the supercriticalstring, there ap-
pears to be no reliable discretization approach to obtain eig
value predictions.

4 Stationary system basis functions yield consistently accu
subcritical speed results for all problems considered in this wo
For dispersive gyroscopic systems such as the moving beam,
ning disk, and spinning disk-spindle system~Parker and Sathe
1999!, stationary system bases also yield excellent supercrit
speed results. Although stationary system basis functions req
more terms than moving system basis functions, they have
linear dependence concerns and are computationally efficien
cause the mass, gyroscopic and stiffness matrices are comp
only once and used for all speeds. Hence these are the most
able basis functions to use when the interest lies inobtaining the
natural frequencies and mode shapes. When discretization is used
in nonlinear and time-varying problems, however, the supe
convergence of the moving system basis has great advantag
these cases, single-mode analyses yield excellent results an
mit analytical perturbation results where only numerical resu
are possible with multi-mode discretizations using the station
system basis@15–18#.
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