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Mesh Stiffness Variation
Instabilities in Two-Stage Gear
Systems
Mesh stiffness variation, the change in stiffness of meshing teeth as the number of t
contact changes, causes parametric instabilities and severe vibration in gear system
operating conditions leading to parametric instability are investigated for two-stage g
chains, including idler gear and countershaft configurations. Interactions between
stiffness variations at the two meshes are examined. Primary, secondary, and combi
instabilities are studied. The effects of mesh stiffness parameters, including stiffness
tion amplitudes, mesh frequencies, contact ratios, and mesh phasing, on these insta
are analytically identified. For mesh stiffness variation with rectangular wavefor
simple design formulas are derived to control the instability regions by adjusting
contact ratios and mesh phasing. The analytical results are compared to numerical
tions. @DOI: 10.1115/1.1424889#
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1 Introduction
Vibration and noise reduction is a major concern in powertr

and gearing applications. A primary source of gear vibration a
noise is the dynamic excitation from the changing stiffness of
meshing teeth. The mesh stiffness associated with elastic t
bending varies as the number of teeth in contact changes.
parametric excitation from the time-varying mesh stiffness cau
instability and severe vibration under certain operating conditio
Experiments@1,2# have demonstrated the large amplitude vib
tion induced by parametric instability where the gear mesh
quency equals twice the natural frequency~primary instability! or
the natural frequency~secondary instability!. Furthermore, mesh
stiffness variation directly affects tooth deflections and transm
sion error. To a large extent, gear resonance excited by harmo
of transmission error arises fundamentally from mesh stiffn
variation @3,4,5,6#. Therefore, determination of operating cond
tions of parametric instability and identification of design para
eters that minimize their occurrence are crucial to the design
quiet gear chains.

Parametric instability in general dynamic systems has b
studied extensively. Literature reviews of parametrically exci
systems can be found in the work of Ibrahim and Barr@7# and
Nayfeh and Mook@8#. For a single pair of gears, Bollinger an
Harker@9# determined instability conditions using a single degre
of-freedom Mathieu equation model. Benton and Seireg@1# ex-
perimentally simulated instabilities under parametric excitatio
and demonstrated the damage of parametric instability on
teeth. Other researchers@3–5,10–13# also investigated gear para
metric instability for single mesh systems. When forcing exci
tion and clearance nonlinearity interact with parametric excitat
complicated phenomena are observed in single mesh gear m
@3–5#. For gear systems having multiple degrees-of-freedom,
surprising to find little work on parametric instability in the pu
lished literature. Tordion and Gauvin@14# and Benton and Seireg
@15# studied the same two-stage gear systems@Fig. 1~a!# but
reached conflicting conclusions on the conditions causing insta
ity. Furthermore, their results do not agree with those obtai
herein by analytical and numerical methods. In short, the exis
analysis on parametric instability is scarce, inconsistent, and
complete for multi-mesh gear systems.

The objective of this study is to systematically analyze the
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erating conditions leading to parametric instability in two-mes
multi-gear systems~Fig. 1!. The two meshes can have differe
mesh frequencies, amplitudes of mesh stiffness variation, con
ratios, and mesh phasing. The study applies a perturbation me
to determine instability conditions and numerically verifies t
results. The effects of contact ratios and mesh phasing on
stability boundaries are expressed in simple formulas that al
designers to suppress particular instabilities by properly selec
parameters. This analysis reveals errors in previous analyse
the same system@14,15# and, in contrast with these works, yield
conclusions consistent with numerical methods. The two-st
gear systems and mesh stiffness modeling are introduced first.
instability conditions are then derived. Three cases having var
mesh frequency relationships and amplitudes of mesh stiffn
variation are studied separately. Finally, the analytical and num
cal results are compared with two previous studies throug
benchmark example, clarifying major differences in these pr
works.

2 Two-Mesh Gear System Models
Two-stage gear trains have three-gear and four-gear config

tions ~Fig. 1!. Only rotational vibrationsu1 , u2 , u3 relative to the
rigid body gear rotations are considered. The input shaft has
sional stiffnesskL0 and is anchored to a body rotating at consta
speed~e.g., drive motor!. The intermediate shaft connecting gea
2 and 4 is assumed rigid, which is reasonable for the typical c
of gears 2 and 4 being immediately adjacent or made from
piece. The tooth meshes are modeled as linear springs with
nesseskL1 , KL2 . Contact loss due to parametric instability, whic
is critical for calculation of vibration amplitude, is not the focus
the work. The gears have base radiir i , i 51,2,3,4. The equivalen
masses arem15I 1 /r 1

2, m25I 2 /r 2
2, andm35vI 3 /r 3

2, whereI i are
the moments of inertia of the gears and their connected shafv
5r 4 /r 2 for four-gear trains, andv51 for three-gear chains. The
equivalent stiffnesses arek05kL0 /r 1

2, k15kL1 , and k25v2kL2 .
The shaft/gear rotations are measured by the base radius de
tions x15u1r 1 , x25u2r 2 , andx35u3r 3 /v. The system stability
is governed by the free vibration equation

Mq̈1@K01K v~ t !#q50 (1)

whereq5@x1 ,x2 ,x3#T. M5diag(m1,m2,m3) is the inertia matrix.
The stiffness matrix is represented by a mean valueK0 and a
variational partK v(t) as

ion
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K05F kg11k0 kg1 0

kg1 kg11kg2 kg2

0 kg2 kg2

G
K v~ t !5F kv1 kv1 0

kv1 kv11kv2 kv2

0 kv2 kv2

G (2)

wherekgi andkv i(t) are the mean and time-varying componen
of the mesh stiffnesses,ki(t)5kgi1kv i(t) ~Fig. 2!.

The variational partskv i(t) are periodic at the mesh frequenc
V i and expressed in Fourier series as

Fig. 1 Two-stage gear system with „a… four gears and „b… three
gears. k L1 , k L2 denote mesh stiffnesses and Z2 , Z4 denote
number of gear teeth. k L0 is the torsional stiffness of the an-
chored shaft.

Fig. 2 Modeling of mesh stiffnesses k i„t …Äk gi¿k vi „t …. c i are
contact ratios, k gi are average mesh stiffnesses, and p iTi are
phasing angles.
Journal of Vibration and Acoustics
ts

y

kv i~ t !52kai(
s51

`

~ai
~s! sinsV i t1bi

~s! cossV i t !, i 51,2 (3)

where 2kai is the peak-to-peak amplitude ofkv i ~Fig. 2!. The
mesh frequenciesV1 andV2 are related byV15RV2 , whereR
5Z2 /Z4 and Z2 ,Z4 are the numbers of teeth on gears 2 and
@Fig. 1~a!#. Note R51, V15V2 for three-gear systems@Fig.
1~b!#. Mesh stiffness variation is obtained through measurem
calculation, or simple specification~e.g., sinusoidal or rectangula
wave!. For spur gears, rectangular waves are often used to
proximate the mesh stiffness alternating betweenn andn11 pairs
of teeth in contact@16#. In this study, thekv i are specified as
rectangular waves with variational amplitudeskai , periods Ti
5V i /2p, contact ratiosci , and phasing anglespiTi @Fig. 2~b!#.
Thus,

ai
~s!52

2

sp
sin@sp~ci22pi !#sin~spci !,

bi
~s!52

2

sp
cos@sp~ci22pi !#sin~spci ! (4)

in ~3! for s51,2,••• . Without loss of generality, one can speci
p150, p25h ~h is called mesh phasing!. In practice, the first three
or four Fourier terms reasonably approximate the mesh stiffn
variation.

For the time-invariant case, the eigenvalue problem associ
with ~1! is

K0f i5v i
2Mf i (5)

wherev i are the natural frequencies. The vibration modesf i are
normalized asFTMF5I with F5@f1 ,f2 ,f3#. Applying the
modal transformationq5Fu and using~3!, Eq. ~1! becomes

ün1vn
2un1(

r 51

3

(
s51

`

@2«1~Dnr
~s! sinsV1t1Enr

~s! cossV1t !

12«2~Fnr
~s! sinsV2t1Gnr

~s! cossV2t !#ur50, n51,2,3

(6)

where« i5kai /kgi , i 51,2 andDnr
(s) ,Enr

(s) ,Fnr
(s) ,Gnr

(s) are elements
of the matrices

D~s!5kg1FTF a1
s a1

s 0

a1
s a1

s 0

0 0 0
GF E~s!5kg1FTF 0 0 0

0 b1
s b1

s

0 b1
s b1

s
GF

F~s!5kg2FTF a2
s a2

s 0

a2
s a2

s 0

0 0 0
GF G~s!5kg2FTF 0 0 0

0 b2
s b2

s

0 b2
s b2

s
GF

(7)

Equation ~6! is a set of coupled Hill’s equations subjected
multi-frequency parametric excitations from two gear meshes

Parametric excitations give rise to instabilities when harmon
of the excitation frequencies are close to particular combinati
of the natural frequencies. Three types of instability are of m
interest:~1! primary instabilityV i'2vp , ~2! secondary instabil-
ity V i'vp , and~3! combination instabilityV i'vp1vq , where
vp ,vq are different natural frequencies. Plots of the excitati
~mesh! frequencyV i versus the amplitude of the stiffness vari
tion kai illustrate the instability regions under operating conditio
~for example, Fig. 3!. Perturbation methods@8,17,18# are used in
this study to determine the boundaries separating the stable
unstable regions. Floquet theory and numerical integration
used to validate the analytical findings.
JANUARY 2002, Vol. 124 Õ 69
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3 Conditions of Parametric Instability
Parametric instability depends on the frequency, amplitude,

shape of the parametric excitations. In gear systems, these fa
are directly associated with the operating speed and gear de
parameters such as contact ratio, facewidth, diametral pitch, p
sure angle, material properties, and so on. The correspon
model parameters are the stiffness variation amplitudeska1 , ka2 ,
mesh frequenciesV1 ,V2 , contact ratiosc1 ,c2 , and mesh phasing
h.

In practice, the variation amplitudeskai are small compared to
the average mesh stiffnesseskgi ~« i,0.5 according to a simple
approximation@16#!. At this point, «15«25« is specified; the
case of«1Þ«2 is discussed later. Using the method of multip
scales, the solution of Eq.~6! is expressed as

un5un0~ t,t!1«un1~ t,t!1 . . . n51,2,3 (8)

wheret5«t. Substituting Eqs.~8! into ~6! and collecting terms of
the same power in« yields

ün01vn
2un050 n51,2,3 (9)

ün11vn
2un1522

]un0

]t]t
22(

r 51

3

(
s51

`

@Dnr
~s! sinsV1t1Enr

~s! cossV1t

1Fnr
~s! sinsV2t1Gnr

~s! cossV2t#ur1 (10)

The general solutions of Eq.~9! are

un05An~t!eivnt1cc n51,2,3 (11)

The symbolcc represents the complex conjugate of preced
terms. Substitution of Eq.~11! into ~10! yields

Fig. 3 Instabilities regions when V1ÄV2ÄV, «1Ä«2Ä«; —
analytical solution; *** numerical solution. The parameters are
from Table 1 and c 1Äc 2Ä1.5, hÄ0.
70 Õ Vol. 124, JANUARY 2002
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r 51

3

(
s51

`

Ar$Dnr
~s!@ei ~vn1sV1!t

1ei ~vn2sV1!t#2 iEnr
~s!@ei ~vn1sV1!t2ei ~vn2sV1!t#

1Fnr
~s!@ei ~vn1sV2!t1ei ~vn2sV2!t#2 iGnr

~s!@ei ~vn1sV2!t

2ei ~vn2sV2!t#%1cc n51,2,3 (12)

Three different mesh conditions are examined.

3.1 Three-Gear Systems: Equal Mesh Stiffness Variations
In three-gear systems@Fig. 1~b!#, the two meshes have the sam
mesh frequenciesV15V25V. We consider the case where th
gear facewidths and material properties, which primarily de
mine mesh stiffness for a given number of teeth in contact,
such that the amplitudes of mesh stiffness variation are the s
at the two meshes («15«25«). The contact ratios and mes
phasing are allowed to differ between the two meshes, howe
In practice, the contact ratios are changed using center dista
diametral pitch, pressure angle, tooth addendum, and other pa
eters. The mesh phasing depends on the layout of the gears
the numbers of teeth.

The parametric instability whensV is close tovp1vq is con-
sidered. LetsV5vp1vq1s«, wheres is a detuning paramete
to be determined. Elimination of terms leading to unbounded
sponse in Eq.~12! requires

2ivp]Ap /]t1Āq@~Dpq
~s!1Fpq

~s!!1 i ~Epq
~s!1Gpq

~s!!#eist50
(13)

2ivq]Aq /]t1Āp@~Dqp
~s!1Fqp

~s!!1 i ~Eqp
~s!1Gqp

~s!!# ist50 (14)

The nontrivial solutions of Eq.~13! and ~14! have the form

Ap5ape2 ilt, Aq5aqe2 i ~l1s!t (15)

whereap ,aq are complex constants and thel below are roots of
the associated characteristic equation

l52
1

2
@s6~s22Lpq

~s!!1/2#,

Lpq
~s!5

1

vpvq
@~Dpq

~s!1Fpq
~s!!21~Epq

~s!1Gpq
~s!!2# (16)

From Eq.~15! and ~16!, Ap andAq are bounded whens2.Lpq
(s)

and unbounded whens2,Lpq
(s) . Thus, the boundaries of the in

stability regions are

V5
1

s
~vp1vq6«ALpq

~s!! (17)

For single mode instabilities (p5q), Eq. ~17! becomes

V5
2vp

s
6

«

svp
@~Dpp

~s!1Fpp
~s!!21~Epp

~s!1Gpp
~s!!2#1/2, s51,2, . . .

(18)

As an example, Fig. 3 shows the boundaries for primarys
51), secondary (s52), and combination (pÞq,s51) instabili-
ties. The parameters are given in Table 1 andc15c251.5, h50.
Floquet theory@8# is used to determine the actual instability r
gions denoted by* in the figures. The method to compute th
fundamental matrix and numerically determine stability are giv
in @19#. The first-order approximations from Eq.~17! agree well
with the numerical solution, even when« is not small. In Fig. 3,
the instability region aroundV'2v3 is much larger than that o
the primary instabilities around 2v1 and 2v2 . This is explained
by examining the vibration modes. From Eq.~17!, the primary
instability boundary slopes are governed byALpp

(s). Expansion of
D, E, F, G in Eq. ~7! yields the diagonal terms
Transactions of the ASME



i

a

m

s -

re-
The
ary

can
on

ger
ct
For

c in-
res

ition

rs
Dpp
~s!5kg1~f1p1f2p!2a1

~s! , Fpp
~s!5Kg2~f2p1f3p!2a2

~s!

Epp
~s!5kg1~f1p1f2p!2b1

~s! , Gpp
~s!5kg2~f2p1f3p!2b2

~s!

(19)

wheref1p ,f2p ,f3p are the element rotations in modefp . d1p
5f1p1f2p is the relative tooth deflection of the first mesh
modefp . Similarly, d2p5f2p1f3p represents the modal deflec
tion in the second mesh. For the primary instability bound
around 2vp , insertion of Eq.~19! into ~16! yields

Lpp
~1!5@~kg1d1p

2 a1
~1!1kg2d2p

2 a2
~1!!2

1~kg1d1p
2 b1

~1!1kg2d2p
2 b2

~1!!2#/vp
2 (20)

The mesh deflectionsd1 , d2 in each mode can be observed fro
the mode shapes~Fig. 4!. The two meshes inf1 are both in phase
and have smallerd1 , d2 than those off3 , where the two meshe
are both out of phase. Thus,L33

(1).L11
(1) and the instability bound-

aries around 2v3 have larger slope than those around 2v1 . Mode
f2 has one mesh in phase and the other out of phase, so the

Fig. 4 Vibration modes for the time-invariant system with
parameters in Table 1

Table 1 Parameters of an example system in Fig. 2
Journal of Vibration and Acoustics
n
-
ry

size

of its primary instability regions is between that off1 and f3

(L33
(1).L22

(1).L11
(1)). In addition, the mesh deflections in a vibra

tion mode are related to the modal strain energyU15k1d1
2/2,

U25k2d2
2/2. Examination of Eq.~20! shows that vibration modes

with more strain energy in the meshes have larger instability
gions and are more susceptible to parametric excitations.
above results apply for mesh stiffness variations of arbitr
shape.

For mesh stiffnesses having rectangular waveforms, one
clearly identify the effects of contact ratios and mesh phasing
the instability regions. Use of Eq.~4! in ~20! yields

Lpp
~1!5@kg1

2 d1p
4 sin2~c1p!1kg2

2 d2p
4 sin2~c2p!

12kg1kg2d1p
2 d2p

2 sin~c1p!sin~c2p!cos~c12c212h!p#

3S 2

pvp
D 2

(21)

The minimum valueLpp
(1)50 is obtained when sinc1 p5sinc2 p

50 and the unstable region vanishes. This is achieved for inte
contact ratiosc1 , c2 where the number of tooth pairs in conta
remains constant and mesh stiffnesses are time-invariant.
given, non-integerc1,2 between 1 and 2,Lpp

(1) is minimized by
setting cos(c12c212h)p521 or c12c212h561,3. By properly
choosing the contact ratios and mesh phasing, the parametri
stability regions can be dramatically reduced. Figure 5 compa
the instability regions for three cases. The most severe cond
for primary instabilities~dash-dot lines! is c15c251.5 and h
50, which maximizesLpp

(1) in ~21!. This condition is markedly
improved by changing the phasingh50.5 so thatc12c212h
51 ~dashed lines!. When the contact ratios are close to intege
~solid lines,c151.1, c251.9, h50.9!, the primary instability re-
gion becomes even smaller.

For secondary instabilities (s52), similar analysis yields

Lpp
~2!5@kg1

2 d1p
4 sin2~2c1p!1kg2

2 d2p
4 sin2~2c2p!

12kg1kg2d1p
2 d2p

2 sin~2c1p!sin~2c2p!

3cos 2~c12c212h!p#S 1

pvp
D 2

(22)

Fig. 5 Comparison of instability regions for various contact
ratios and mesh phasing. The parameters are in Table 1. --- c 1
Äc 2Ä1.5, hÄ0.5; —c 1Ä1.1, c 2Ä1.9, hÄ0.9; -"-"-"- c 1Äc 2Ä1.5,
hÄ0.
JANUARY 2002, Vol. 124 Õ 71
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Maximum Lpp
(2)5(kg1d1p

2 1kg2d2p
2 )2 occurs when

sin(2c1 p)sin(2c2 p)cos 2(c12c212h)p51. For 1<c1,2<2 and 0
<h,1, the conditions for maximal secondary instability regio
are c1 , c25$1.25,1.75% and h50. The secondary instability re
gions vanish for sin 2c1 p5sin 2c2 p50 or c1 , c25$1,1.5,2%. As a
second choice, setting cos 2(c12c212h)p561 with the sign op-
posite to sin(2c1 p)sin(2c2 p) also reduces these instabilities, th
is, uc12c212hu5$0.5,1.5% whenc1 , c2 are both below or above
1.5, anduc12c212hu5$0,1,2% for otherc1 , c2 .

For combination instabilities (pÞq,s51),

Lpq
~1!5@kg1

2 d1p
2 d1q

2 sin2~c1p!1kg2
2 d2p

2 d2q
2 sin2~c2p!

12kg1kg2d1pd2pd1qd2q sin~c1p!sin~c2p!cos~c12c2

12h!p#S 4

p2vpvq
D (23)

Depending on the sign of the productd1pd2pd1qd2q , the extreme
regions of a combination instability can be achieved by adjus
c1 , c2 , andc12c212h.

Unfortunately, the primary, secondary, and combination ins
bility regions cannot be minimized at the same time. The con
tions reducing the primary instability regions~dashed lines, Fig.
5! result in large combination instability regions, andvice versa
~dash-dot lines!. Depending on specific applications, a trade-
may be made to reduce multiple instability regions, though n
are true minima~solid lines!. Adjusting contact ratios and mes
phasing is clearly an effective means to minimize instability
gions and avoid resonances under operating conditions.

3.2 Four-Gear Systems: Equal Mesh Stiffness Variations.
Two-stage countershaft systems@Fig. 1~a!# have two different
mesh frequenciesV15RV2 , which means more instability re
gions than three-gear systems. We consider the case wher
gear facewidth and material are such that the mesh stiffness
plitudes are identical at the two meshes («15«25«), although
the contact ratios and phasing are not restricted. Depending o
ratio R5Z2 /Z4 , the parametric instability regions associated w
V1 and V2 may overlap each other. ForR5m/ j ~m, j are inte-
gers!, thes5 j instabilities~single mode and combination! of V1
and thes5m instabilities ofV2 occur simultaneously. Becaus
their instability regions are typically the largest, the interactio
involving eitherm or j 51 are of most interest.

WhenRÞm, 1/m for integerm, thes51 instabilities from one
mesh decouple from thes5m instabilities of the other mesh. In
this case, instability occurs whensV1 or sV2 is close tovp
1vq , but these instability boundaries can be calculated indep
dently. ForsV15vp1vq1«s1 , the terms leading to unbounde
response in Eq.~12! are eliminated for

2ivp]Ap /]t1Āq~Dpq
~s!1 iEpq

~s!!eis1t50 (24)

2ivq]Aq /]t1Āp~Dqp
~s!1 iEqp

~s!!eis1t50 (25)

Expressing the solutions asAp5ape2 ilt, Aq5aqe2 i (l1s)t and
examiningl, the condition separating bounded and unbound
solutions of Eq.~24! and ~25! is

V15
1

s
Fvp1vq6«A~Dpq

~s!!21~Epq
~s!!2

vpvq
G (26)

Similarly, the boundaries for instabilities associated withsV2
5vp1vq1«s2 are

V25
1

s
Fvp1vq6«A~Fpq

~s!!21~Gpq
~s!!2

vpvq
G (27)

Use of Eqs.~4! and ~19! in ~26! and ~27! yields
72 Õ Vol. 124, JANUARY 2002
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V15
vp1vq

s
6

2«kg1d1pd1q

s2pAvpvq

sin~sc1p!,

V25
vp1vq

s
6

2«kg2d2pd2q

s2pAvpvq

sin~sc2p! (28)

The stability regions associated with each mesh frequency dep
on the individual contact ratios but are independent of mesh p
ing as the two mesh excitations are uncoupled. For primary
combination instabilities (s51), maximum regions occur when
c15c251.5 and minimum regions requirec15c25$1,2%. For
secondary instabilities (s52), the maximum and minimum con
ditions arec15c25$1.25,1.75% and c15c25$1,1.5,2%, respec-
tively. Figure 6~a! shows the instability regions forR53/5. The
boundaries associated withV1 instabilities~near 2v3 , v21v3 ,
v11v3 , andv3! are determined by Eq.~26!. The primary insta-
bility associated with V252v31«s2 occurs at V15RV2
5R(2v31«s2) in Fig. 6~a!.

When R5m or 1/m for integerm, the parametric excitations
from the two meshes interact. Consider the case withR51/m,
where thes5m instabilities caused byV1 overlap with the pri-
mary instabilities caused byV2 . Considering instability of the
p-th mode where V152vp /m1«s1 and V25mV152vp
1m«s1 , the terms leading to unbounded response in Eq.~12!
vanish for

2ivp]Ap /]t1Āp@~Dpp
~m!1Fpp

~1!!1 i ~Epp
~m!1Gpp

~1!!#eims1t50
(29)

Bounded solution of Eq.~29! is ensured for

s1
2.@~Dpp

~m!1Fpp
~1!!21~Epp

~m!1Gpp
~1!!2#/~mvp!2 (30)

For example, whenV252V1 (R51/2), the boundaries forV1
secondary instabilities~overlapping withV2 primary instabilities!
are

V15vp6
«

2vp
@~Dpp

~2!1Fpp
~1!!21~Epp

~2!1Gpp
~1!!2#1/2 (31)

Figure 6~b! shows instability regions in the (V1 ,«) plane forR
51/2. Note the instability atV1'v3 couples with the instability
at V2'2v3 , and the combined instability region is much larg
than the case without interaction@Fig. 6~a!#. Using Eqs.~4! and
~19! in ~31!, the slopes of these boundaries are

s15@kg1
2 d1p

4 sin2~2c1p!1kg2
2 d2p

4 sin2~c2p!

12kg1kg2d1p
2 d2p

2 sin~2c1p!sin~c2p!

3cos~2c12c212h!p#1/2
2

pvp
(32)

Minimization of s1 requiresc15$1,1.5,2% and c25$1,2% for 1
<c1,2<2. The instability region can also be reduced by adjust
the phasingh according to cos(2c12c212h)p561 with sign the
same as sin(2c1 p). The primary instability regions underV1 (s
51) do not coincide with any other instability regions, so the
instability boundaries are calculated from Eq.~26! with p5q.
Other overlap situations are possible, such as theV2 secondary
instability (s52) overlaps with theV1 fourth instability (s54),
but the interaction between these higher instabilities is typica
weak and the instability regions are much smaller. Combinat
instabilities can be analyzed similarly.

3.3 Three and Four-Gear Systems: Unequal Mesh Stiff-
ness Variations. This general case allows all parameters of t
two mesh stiffnesses to differ. In contrast with prior cases,
gears may have differing facewidths and material properties s
that the amplitudes of stiffness variation at each mesh vary in
pendently («1Þ«2). The contact ratios and mesh phasing are u
Transactions of the ASME
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restricted. The design of one mesh must account for dynamic
teractions with the mesh stiffness variation of the other.

WhenRÞm, 1/m for integerm, there is no interaction betwee
the parametric excitations from the two meshes. TheV1 instabili-
ties are only affected by«1 and their boundaries in the (V1 ,«1)
plane aresV15vp1vq1«1s1 with s1 determined by Eq.~26!.
The V2 instabilities are only affected by«2 and their boundaries
in the (V2 ,«2) plane aresV25vp1vq1«2s2 with s2 deter-
mined by Eq.~27!.

When R5m or 1/m for integer m, a mode may be simulta
neously driven to instability by both mesh excitations. In this ca
the first mesh instability regions can be significantly affected
the presence of«2 andvice versa. Closed-form boundaries of th
form ~for primary instability! V152vp1«1s11«2s2 for inde-
pendently varying«1 , «2 are cumbersome. Alternatively, simp
yet accurate approximations for the instability boundaries are

Fig. 6 Instabilities regions when V1ÄRV2 , «1Ä«2Ä«. „a… R
Ä3Õ5, „b… RÄ1Õ2. The parameters are in Table 1 and c 1Äc 2
Ä1.5, hÄ0.*** denotes numerical solutions.
Journal of Vibration and Acoustics
in-

se,
by

e
ob-

tained by presuming a linear variation of the boundaries in
(V1 ,«1) plane for given«2 . To construct this linear approxima
tion, one point is calculated under the condition«150, «25C and
a second point is obtained at«15«25C. From Eq.~27!, the pri-
mary stability boundary limits for«150, «25C are

V152vp6
C

vp
@~Fpp

~1!!21~Gpp
~1!!2#1/2 (33)

From Eq.~18!, the stability boundary limits for«15C, «25C are

V152vp6
C

vp
@~Dpp

~1!1Fpp
~1!!21~Epp

~1!1Gpp
~1!!2#1/2 (34)

An example is for the primary instability whenR51, C50.3.
Connecting the two points obtained from Eqs.~33! and~34! yields
the instability boundaries, which agree well with the numeric
solution @Fig. 7~a!#. Assembling the (V1 ,«1) planes for various
«25C generates three-dimensional plots ofV1 versus«1 , «2
@Fig. 7~b!#. The parametric excitation in the second mesh dram
cally changes the shapes of the instability regions. Notice that
second parametric excitationwidensthe primary instability region
for small «1 compared to monofrequency excitation~Fig. 3!. In

Fig. 7 Instabilities regions when V1ÄV2 . „a… V1 versus «1
and «2ÄCÄ0.3. „b… V1 versus «1 , «2 and the solid line indi-
cates vanishing of the combination instability. The parameters
are in Table 1 and c 1Äc 2Ä1.5, hÄ0.
JANUARY 2002, Vol. 124 Õ 73



l
e

e

h

n
q

h

e
g

e

i

s
u

s

and
are
loss.
ars

as

ess
pli-

is
-
en
contrast, the combination instability atV1'v21v3 disappears
near«150.23 in Fig. 7~a!. In other words, an otherwise unstab
system is stabilized by the presence of a second parametric
tation. The solid line in Fig. 7~b! indicates points where thev2
1v3 combination instability vanishes.

4 An Example
The two-stage gear system@Fig. 1~a!# studied by Tordion and

Gauvin @14# and Benton and Seireg@15# is used as an example
These two papers come to markedly different conclusions as
cussed below. The system parameters are given in Table 1
c151.47, c251.57. In keeping with the published work, th
double-tooth contact mesh stiffnesskmax51 is kept constant, so
the average mesh stiffnesseskgi decreases askai increases@Fig.
2~b!#.

Tordion and Gauvin assumed thatkv1 and kv2 have the same
amplitude and frequency but different contact ratios and phas
They applied an infinite determinant method@20# to plot the
boundaries of primary and secondary instabilities~dashed lines in
Fig. 8!. Their results deviate significantly from the numerical s
lution as a result of analytical errors. In addition, the Fourier
pansion they derived for rectangular waveforms~Eqs. ~11! and
~12! in @14#! is incorrect. Nevertheless, they conclude that ‘‘T
phase displacement between the meshing stiffnesses has a
influence on the width of the instability regions.’’

Benton and Seireg@15# considered the same system. They d
coupled the equations using the modal transformation andne-
glected the off-diagonal terms of the transformed time-varyi
stiffness matrix~that is,FTK v(t)F!. These treatments reduce E
~6! to threeuncoupledMathieu equations. The average value
two contact ratios was used to make the stiffness variationskv1
andkv2 identical. With these approximations, they conclude t
the instability regions are independent of the mesh phasing,
is, ‘‘the normal mode technique . . . without considering the phas
variations . . . provide~s! a relatively simple means of predictin
the instability regions with sufficient accuracy for practical pu
poses.’’ This conflicts directly with Tordion and Gauvin. In fac
the mode uncoupling method does not provide satisfactory res
when the mesh phasing is non-zero@Fig. 8~b!#.

The perturbation results resolve the discrepancy: Mesh pha
strongly impacts the mesh stiffness variation instabilities. In fa
mesh phasing, along with contact ratios, plays a key role in m
mizing instability regions as discussed earlier. The excell
agreement of analytical and numerical stability boundaries c
firms this finding~Figs. 3, 6, 7, 8!.

To further validate the stability conditions, free responses un
nontrivial initial conditions are calculated numerically~Fig. 9! for
the parameters at pointA of Fig. 8 ~V54.2, ka5«50.3!. For
point A in Fig. 8~a!, the responses are unstable@Fig. 9~a!#, as
identified by perturbation and numerical methods. This po
however, is stable according to Tordion and Gauvin@Fig. 8~a!#.
When the phasingh50.4 at pointA @Fig. 8~b!#, stable response
occur@Fig. 9~b!#. This is consistent with the perturbation and n
merical solutions but conflicts with both Tordion and Gauvin
and Benton and Seireg’s results.

5 Discussions
Rectangular waveforms are close approximations of the m

stiffness in spur gears with involute teeth. For helical gears or s
gears with tooth modification, mesh stiffness deviates from
rectangular shape. Equation~4! is not valid for other functions,
but the general Fourier expansion~6! can still be used in matrice
D,E,F,G to determine the instability boundaries.

If damping is considered, the system stability improves and
instability regions shift to the right in the~V, «! plane @10,13#.
Furthermore, damping and nonlinearity~e.g., tooth separation!
must be considered to determine the limit cycle amplitude of
dynamic response when operating conditions cause instab
Additional study is needed to quantitatively examine these effe
74 Õ Vol. 124, JANUARY 2002
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in two-stage gear chains. However, the effects of contact ratio
mesh phasing on instability conditions derived in the study
generally applicable to suppress instability and hence contact

The instability analysis can be reduced to single mesh ge
with one natural frequencyvn . Settingkg250 in Eqs.~21! and
~22!, it follows that primary and secondary instabilities vanish
the contact ratioc15$1,2% andc15$1,1.5,2%, respectively. Maxi-
mum primary and secondary instability occurs atc151.5 andc1
5$1.25,1.75%, respectively. Kahraman and Blankenship@16# ex-
perimentally studied a pair of spur gears under mesh stiffn
excitation for various contact ratios. They showed that the am
tude A1 in the first mesh frequency harmonic of the response
minimized when the contact ratioc15$1,2%. This is because para
metric excitations are eliminated for integer contact ratios. Wh
the mesh frequencyV'vn , their measuredA1 reaches maximum

Fig. 8 Comparison of instability regions from different analy-
ses. The parameters are from Table 1, c 1Ä1.47, c 2Ä1.57, and
phasing „a… hÄ0, „b… hÄ0.4. —Perturbation method; *** Nu-
merical method; ---Tordion and Gauvin „1977…; """ Benton and
Seireg „1980….
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for c1'1.4. A possible explanation for the highA1 at this contact
ratio is due to the combined effects of primary and second
instabilities. First, for both primary instability excited by the fir
harmonic ofk(t) and secondary instability excited by the seco
harmonic ofk(t), the dominant response frequency isvn . The
total response atvn derives from a combination of these comp
nents. We now examine the contact ratios where both instabil
are active. Although the maximum primary instability region o
curs at c151.5, the secondary instability region is eliminate
there. Forc15$1.25,1.75%, the secondary instability region i
maximal but the primary instability region is small. Forc1'1.4
~average of 1.25 and 1.5! or 1.6 ~average of 1.75 and 1.5!, how-
ever, both primary and secondary instabilities have significant
stability regions. Generally, the larger an instability region, t
higher response amplitude occurs due to this instability~to see this
heuristically, note that both the slope of the stability boundarie
Eq. ~17! and excitation of first order response in Eq.~10! are
proportional to the same quantitiesD, E, F, andG!. Accordingly,
for c1'1.4 and 1.6, both instabilities induce large response
jointly contribute to largeA1 . When the mesh frequencyV
'2vn , the instability is caused only by primary instability ex
cited by the first harmonic ofk(t). Because the primary instability
region is maximal atc151.5, the response amplitudeA1 around
V'2vn also becomes maximal. Therefore, from the viewpoint
dynamic instability and amplitude, contact ratios in the ran
1.4;1.6 are harmful to single-mesh gears at high speeds.

Fig. 9 Free responses for VÄ4.2, k aÄ«Ä0.3 „point A in Fig. 8 …

and the parameters of „a… Fig. 8 „a… and „b… Fig. 8 „b…. The initial
conditions are x 1Äx 2Äx 3Ä0.1, ẋ 1Ä ẋ 2Ä ẋ 3Ä0.
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6 Conclusions

This work analytically investigates the parametric instabiliti
from mesh stiffness variation in multi-mesh, two-stage gear tra
The effects of mesh stiffness parameters on instabilities are
tematically examined. The analysis can be extended to more c
plicated multi-mesh systems such as planetary gears@21#. The
main points are:

1 The contact ratios and mesh phasing significantly impact
parametric instabilities. For varying mesh stiffnesses in rectan
lar waveforms, the conditions for minimum and maximum ins
bility regions are analytically determined in simple, closed form
Adjusting the contact ratios and mesh phasing is a powerful w
to eliminate or reduce the size of parametric instability region

2 Parametric instabilities in two-mesh gear systems are m
complicated than those for single-mesh systems. The excitat
from the two meshes interact when one mesh frequency is
integer multiple of the other and dramatically change the insta
ity conditions compared to each excitation acting individually.

3 Perturbation and numerical methods provide consistent
sults that clarify previous, conflicting studies on instability boun
aries. Moreover, combination instabilities are examined; th
have not been considered previously for geared systems.
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