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1 Introduction erating conditions leading to parametric instability in two-mesh,
ulti-gear systemsFig. 1). The two meshes can have different
and gearing applications. A primary source of gear vibration a gsh frequencies, am.plltudes of mesh s'.[lffness variation, contact
noise is the dynamic excitation from the changing stiffness of ta tos, and_ me_sh pha;mg. Th(_a_study applies a perturbatlp_n method
. . ) h ! determine instability conditions and numerically verifies the
meshlng tegth. The mesh stiffness assqmated with elastic to19 Igults. The effects of contact ratios and mesh phasing on the
bending varies as the number. of teeth in contact.changes. gbility boundaries are expressed in simple formulas that allow
parametric excitation frpm t.he time-varying mesh syffness C.a.us8gsigners to suppress particular instabilities by properly selecting
instability and severe vibration under certain operating conditio arameters. This analysis reveals errors in previous analyses of
Experiments1,2] have demonstrated the large amplitude vibrag . <o e s;l/ster[rM 15 and, in contrast with these works, yields
tion induced by parametric instability whgre thg gear mesh frEbnclusions consis’tent wit’h numerical methods. The t,wo-stage
quency equals twice the natural f'reque.m.p;amary instability or gear systems and mesh stiffness modeling are introduced first. The
the natural frequencysecondary instability Furthermore, mesh j,qapility conditions are then derived. Three cases having various

Vibration and noise reduction is a major concern in powertrai

stiffness variation directly affects tooth deflections and transmigzagp frequency relationships and amplitudes of mesh stiffness
sion error. To a large extent, gear resonance excited by harmoniGgiation are studied separately. Finally, the analytical and numeri-
of transmission error arises fundamentally from mesh stifnegs resuits are compared with two previous studies through a
variation [3,4,5,8. Therefore, determination of operating condiyenchmark example, clarifying major differences in these prior
tions of parametric instability and identification of design paramﬁ,?rks'

eters that minimize their occurrence are crucial to the design o
quiet gear chains.

Parametric instability in general dynamic systems has been
studied extensively. Literature reviews of parametrically excite% Two-Mesh Gear System Models
systems can be found in the work of Ibrahim and Baff and Two-stage gear trains have three-gear and four-gear configura-
Nayfeh and Mool 8]. For a single pair of gears, Bollinger andtions (Fig. 1). Only rotational vibration®,, 6,, 65 relative to the
Harker[9] determined instability conditions using a single degreeigid body gear rotations are considered. The input shaft has tor-
of-freedom Mathieu equation model. Benton and Se[tElgex- sional stiffnessk, o and is anchored to a body rotating at constant
perimentally simulated instabilities under parametric excitatiorspeed(e.g., drive motor. The intermediate shaft connecting gears
and demonstrated the damage of parametric instability on g&aand 4 is assumed rigid, which is reasonable for the typical case
teeth. Other research€i3-5,10—13 also investigated gear para-of gears 2 and 4 being immediately adjacent or made from one
metric instability for single mesh systems. When forcing excitgiece. The tooth meshes are modeled as linear springs with stiff-
tion and clearance nonlinearity interact with parametric excitationgsse, 1, K_,. Contact loss due to parametric instability, which
complicated phenomena are observed in single mesh gear modkelgitical for calculation of vibration amplitude, is not the focus of
[3-5]. For gear systems having multiple degrees-of-freedom, it ike work. The gears have base radgii i =1,2,3,4. The equivalent
surprising to find little work on parametric instability in the pub-masses aren,=1,/r2, m,=1,/r3, andmg=vl4/r3, wherel; are
lished literature. Tordion and Gauvifi4] and Benton and Seireg the moments of inertia of the gears and their connected shafts,
[15] studied the same two-stage gear systdifig. 1(a)] but =r,/r, for four-gear trains, and =1 for three-gear chains. The
reached conflicting conclusions on the conditions causing instaliquivalent stiffnesses ate=k o/r?, ky=k 1, andk,=v2k,.
ity. Furthermore, their results do not agree with those obtaingghe shaft/gear rotations are measured by the base radius deflec-
herein by analytical and numerical methods. In short, the existifigns x, = 6;r,, x,= 6,r,, andxs= 6ar3/v. The system stability
analysis on parametric instability is scarce, inconsistent, and i8-governed by the free vibration equation
complete for multi-mesh gear systems.

The objective of this study is to systematically analyze the op- M +[Ko+K,(t)]g=0 1)

_ T ora . N .
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Fig. 1 Two-stage gear system with  (a) four gears and (b) three
gears. k,,, k., denote mesh stiffnesses and Z,, Z, denote

number of gear teeth.

chored shaft.

ko is the torsional stiffness of the an-

Kgitko  Kgr 0

Ko=| kg1 kgitkg kg2
0 Kg2 Kg2
Ky1 Ky1 0

K,()=| Kp1 K1tk Ky (2)

0 kv2 kv2

0

k,i(1)=2ky > (a® sinsQ;t+b® cossQit), =12 (3)
s=1

where X,; is the peak-to-peak amplitude &f; (Fig. 2). The
mesh frequencie®,; and(}, are related by2,=RQ,, whereR
=7Z,1Z, andZ,,Z, are the numbers of teeth on gears 2 and 4
[Fig. 1(a)]. Note R=1, Q,=0, for three-gear systemfFig.
1(b)]. Mesh stiffness variation is obtained through measurement,
calculation, or simple specificatide.g., sinusoidal or rectangular
wave). For spur gears, rectangular waves are often used to ap-
proximate the mesh stiffness alternating betwe@mdn+ 1 pairs

of teeth in contac{16]. In this study, thek,; are specified as
rectangular waves with variational amplitudkg;, periods T;
=,;/27, contact ratiox;, and phasing angles;T; [Fig. 2(b)].
Thus,

2
a)=— s sm(c;—2py)]sin(smc;),

2
b{®'= — _—cog sm(c;~ 2p;)Isin(smc;) @)

in (3) for s=1,2,-- . Without loss of generality, one can specify
p1=0, p,=h (his called mesh phasingn practice, the first three
or four Fourier terms reasonably approximate the mesh stiffness
variation.

For the time-invariant case, the eigenvalue problem associated
with (1) is

Kodhi= w’M ¢, (5)

wherekg; andk,i(t) are the mean and time-varying components
of the mesh stiffnessek;(t) =kgi+k,;(t) (Fig. 2).

The variational partk,;(t) are periodic at the mesh frequencynormalized asb'Md=1 with ®=[¢;,d,,h3]. Applying the
Q; and expressed in Fourier series as

A ki(t)

kgi

kmax

/ double tooth contact

N

single tooth contact

-
t
A ki(t)

| pTi [ Ci-1

— Kai
-

t
—kKai Ti=Qi/(21)
el ———————

Fig. 2 Modeling of mesh stiffnesses  k;(t)=kg+k,;(t). c; are
kgi are average mesh stiffnesses, and  p;T; are

contact ratios,
phasing angles.
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wherew; are the natural frequencies. The vibration mogdesre

modal transformatior=®u and using(3), Eq. (1) becomes
3 ®
g+ w2yt D, D [2e4(D sinsQ t+E cossQ,t)
r=1s=1

+2¢e,(F sinsQ,t+ G cossQ,t)Ju,=0, n=1,2,3
(6)

wheres;=kyi kg, i=1,2 andD) ,E® F9 G are elements

of the matrices

gis

a al 0 0 0 O

D(s):kglq)T a; ai 0|d E(S):kglfl)T 0 by bi|l®
0 0 0 L0 b} bij
aS a3 0 [0 0 0]

F(s):kgzq)T a3 a3 0|d G(S)=kg2(I)T 0 b b3l
0 0 O L0 b3 b3

)

Equation (6) is a set of coupled Hill's equations subjected to
multi-frequency parametric excitations from two gear meshes.
Parametric excitations give rise to instabilities when harmonics
of the excitation frequencies are close to particular combinations
of the natural frequencies. Three types of instability are of most
interest:(1) primary instabilityQ);~2w,, (2) secondary instabil-
ity Qj~w,, and(3) combination instabilit}};~ w,+ w,, where
wp,wq are different natural frequencies. Plots of the excitation
(mesh frequency(); versus the amplitude of the stiffness varia-
tion k,; illustrate the instability regions under operating conditions
(for example, Fig. B Perturbation methods®,17,1§ are used in
this study to determine the boundaries separating the stable and
unstable regions. Floquet theory and numerical integration are
used to validate the analytical findings.
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20)3 =1 s=1
+ ei(mnfsﬂl)t] _ iELSr)[ei(m”+SQ1)t_ ei(mnfsﬂl)t]
5r . . .
+ F(nsr)[el(wn+sﬂz)t+ e|(wnfsﬂz)t] _ iG(nsr)[e|(wn+sQZ)t
stable unstable _ ei(mn—silz)t]}+ cc n=123 (12)
ab Three different mesh conditions are examined.
0)9+(1)q - -
—_ 3.1 Three-Gear Systems: Equal Mesh Stiffness Variations.
% In three-gear systeni&ig. 1(b)], the two meshes have the same
@ gl O+, mesh frequencie§),=Q,=Q. We consider the case where the
E 0, . N gear facewidths and material properties, which primarily deter-
i i ” - mine mesh stiffness for a given number of teeth in contact, are
such that the amplitudes of mesh stiffness variation are the same
2w, at the two meshese(=¢,=¢). The contact ratios and mesh
2 * = i ﬁi phasing are allowed to differ between the two meshes, however.
In practice, the contact ratios are changed using center distance,
©.+0 diametral pitch, pressure angle, tooth addendum, and other param-
12 " > : ¥ eters. The mesh phasing depends on the layout of the gears and
1% * " * % the numbers of teeth.
The parametric instability whes() is close tow,+ w4 is con-
2w, " . N sidered. Les(Q) = w,+ wq+ oe, whereo is a detuning parameter
o, "' ”‘ v —  to be determined. Elimination of terms leading to unbounded re-
o . - . . ) * sponse in Eq(12) requires
0 0.05 0.1 0.15 0.2 0.25 0.3 2iwpﬁAp/(97+Kq[(D(S)+ F(S))+|(E(S)+G(S))]elvr 0
e=k _/k 13
a'g 13)
Fig. 3 Instabiliies regions when ©,=Q,=Q, g,=¢,=¢&; — 2iwgdAq /(9T+Ap[(D(S>+F<S))+I(E(S)+G(S))]i‘”=0 (14)
lytical solution; *** ical solution. Th t
zgﬁ]yTlgzlesi l;;]%n c= CZinI_eg,'Cﬁ :g_ ttion. The parameters are The nontrivial solutions of Eq(13) and(14) have the form

Ap:ape—i)\f’ Aq:aqe—i(}\+o)r (15)

wherea, ,a, are complex constants and thebelow are roots of

3 Conditions of Parametric Instability the associated characteristic equation

Parametric instability depends on the frequency, amplitude, and
shape of the parametric excitations. In gear systems, these factors
are directly associated with the operating speed and gear design
parameters such as contact ratio, facewidth, diametral pitch, pres- (s)_
sure angle, material properties, and so on. The corresponding pa
model parameters are the stiffness variation amplitkgesk,,,
mesh frequencieQ,,Q2,, contact ratiog, ,c,, and mesh phasing From Eq.(15) and(16), A, and A, are bounded when?>A ()
h. and unbounded wheaZ<A(S’ Thus the boundaries of the in-
In practice, the variation amplituddg; are small compared to stability regions are
the average mesh stiffnesskeg (¢;<<0.5 according to a simple
approximation[16]). At this point, e;=¢,=¢ is specified; the 0= l(w +wg*sVAD) (17)
case ofe;#¢&, is discussed later. Using the method of multiple a- pa
scales, the solution of E@6) is expressed as

1
)\=—§[0'i(0'2 (S))”Z]

1
—w[(D<S>+ Fo 2+ (Ega+Gi?] (16)

For single mode instabilitiesp=q), Eq. (17) becomes

Up=Upo(t,7) +eupy(t, 7+ ... n=123 8) 20,
Q=—2= DO+F®)2+(ED+G®)212 s=12,...
wherer=¢et. Substituting Eqs(8) into (6) and collecting terms of S [( ppt Fpp) " (Bpp+ Gpp)”]
the same power i@ yields (18)
Uno+wﬁuno=0 n=1.2.3 ©) As an example, Fig. 3 shows the boundaries for primay (

=1), secondaryg=2), and combination#q,s=1) instabili-
&u 3 = ties. The parameters are given in Table 1 ape c,=1.5,h=0.
no__ E E [D(nsr) sinsQlt+E§f,,) cossQt Floquet theory[8] is used to determine the actual instability re-

. 2, _
Upyt @l =—

arat =& gions denoted by in the figures. The method to compute the
© o © fundamental _matrix and nume_rical!y determine stability are given
+Fhy sinsQ,t+ Gy cossQot]u, g (10) in [19]. The first-order approximations from E(L7) agree well
i with the numerical solution, even whenis not small. In Fig. 3,
The general solutions of E¢9) are the instability region aroun€l ~2w5 is much larger than that of

the primary instabilities arounde?, and 2w,. This is explained
by examining the vibration modes. From Ed.7), the primary
The symbolcc represents the complex conjugate of precedinigstability boundary slopes are governed {zé;x(psg. Expansion of
terms. Substitution of Eq11) into (10) yields D, E, F, G in Eq. (7) yields the diagonal terms

Upo=A,(7ne“t+cc n=1,273 (11)
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Table 1 Parameters of an example system in Fig. 2 6

Inertia my=1, m;=0.3, my=4.0 ”e [
Average mesh stiffness | ky/= kpo=1 65l oo
Shaft stiffness k=05 T
Contact ratio 1£¢cp, 6,52 ol Tee—ll S 3
Mesh phasing p1=0,0<p,=h< 1 g -
Variational amplitude 0< kap, k2 S0.5 §;4 |
DEJSS: kgl( ¢1P+ ¢2p)za(15) ' F:)Sp): ng( (]52p+ ¢3p)2a(25) al e
ES =Kga(h1pt hop) 20, G =Ko dpt hap) 205 2::3:::_:_:.5::.,‘:,;;;;;’_;;; T T
ay [T
o v citve tooth defiecton of the fra{mesh i  © 00 01 05 0z o os

mode¢y, . Similarly, 5,,= ¢,5+ ¢3, represents the modal deflec-
tion in the second mesh. For the primary instability boundarfyig. 5 Comparison of instability regions for various contact

around Zup, insertion of Eq.(19) into (16) yields ratios and mesh phasing. The parameters are in Table 1. --- ¢4
N 2 .1 > (1o =c,=1.5, h=05; —c,=1.1, ¢,=1.9, h=0.9; -+----- c,=C,=1.5,
AGH=[ (kg1 65,85 +Kg285,a5") h=0.
+(Kg1 85D + Ko 85,05) 2/ w0 (20)

The mesh deflectiong,, §, in each mode can be observed from

the mode shape&ig. 4). The two meshes i, are both in phase of its primary instability regions is between that ¢f and ¢4

and have smalle;, &, than those ofb,, where the two meshes (A)>A>A ). In addition, the mesh deflections in a vibra-

are both out of phase. Thus$y>A{Y and the instability bound- tion mode are related to the modal strain enetdy=k,57/2,

aries around @; have larger slope than those around;2 Mode  U,=k,5%/2. Examination of Eq(20) shows that vibration modes

¢, has one mesh in phase and the other out of phase, so the i@ more strain energy in the meshes have larger instability re-
gions and are more susceptible to parametric excitations. The
above results apply for mesh stiffness variations of arbitrary

— shape.
(1)1 (('01_0'237) For mesh stiffnesses having rectangular waveforms, one can

clearly identify the effects of contact ratios and mesh phasing on
the instability regions. Use of E@4) in (20) yields

AL =[KE, 5%, SirP(cym) + K2, 55, SIP(Cpm)
+2Kg1Kg2 83,85, SIN(C1 ) SIN(C,77) COK €1 — Co+ 2h) 7]
2 2
x( m;) (21)

q)z ((Dz=1 003)

The minimum valueA{)=0 is obtained when sig, 7=sinc, 7
=0 and the unstable region vanishes. This is achieved for integer
contact ratioxc;, ¢, where the number of tooth pairs in contact
remains constant and mesh stiffnesses are time-invariant. For
given, non-integecc; , between 1 and 2A (Y is minimized by
setting cos§; —c,+2h)m=—1 orc,—c,+2h==*=1,3. By properly
choosing the contact ratios and mesh phasing, the parametric in-
stability regions can be dramatically reduced. Figure 5 compares
the instability regions for three cases. The most severe condition
for primary instabilities(dash-dot linesis c;=c,=1.5 andh
0s (0:=2.711) =0, which maximizesA{}) in (21). This condition is markedly
improved by changing the phasirfg=0.5 so thatc,—c,+2h
=1 (dashed lings When the contact ratios are close to integers
(solid lines,c,=1.1,¢c,=1.9,h=0.9), the primary instability re-
gion becomes even smaller.

For secondary instabilitiesE 2), similar analysis yields

AZ=[k3, 81, sirP(2c, m) + k3,83, Sinf(2¢,)

+ 2Kg1kgp 83,85, SIN(2¢, ) SN 2¢,7)

1 2
Fig. 4 Vibration modes for the time-invariant system with X cos ch—c2+2h)q-r](—) (22)
parameters in Table 1 TWp
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Maximum A= (kg1 63, +Kg285,) occurs when wpt wq 26Ky 81,81
sin(Z, m)sin(Z, m)cos 2¢,—C,+2h)m=1. For 1<c;,<2 and 0 0= S =
<h<1, the conditions for maximal secondary instability regions STV wpog
arecq, ¢,={1.25,1.7% and h=0. The secondary instability re-
gions vanish for sin@ ==sin 2, m=0orc,, c,={1,1.5,2. As a
second choice, setting cox2{c,+2h)7==*1 with the sign op-

posite to sin(2, 7)sin(, ) also reduces these instabilities, that - ) . )
is, |, — C,+2h|={0.5,1.5 whenc,, ¢, are both below or above The stability regions associated with each mesh frequency depend
1.5, and|c; — c,+2h|={0,1,2 for otherc,, c,. on the individual contact ratios but are independent of mesh phas-

For combination instabilitiesp(# q,s=1), ing as thg two mesﬁ .excitations are uncouplgd. For primary and
combination instabilities §=1), maximum regions occur when

sin(s¢, ),

. (!)p+ wq 4 28kg252p52q
=

+ sin(sc,) (28)
S s?r wpwg

AW =[Kk2 82 52, sirt(cym) + k2,85, 52, SiME(Cy) c;=C,=1.5 and minimum regions require;=c,={1,2;. For
P thotTipTa ! 9272p72d 2 secondary instabilitiess 2), the maximum and minimum con-
+2Kg1Kg281p82p 81924 SIN(C177)SIN(Co ) COKC1 — C; ditions arec;=c¢,={1.25,1.7% and c,=c¢,={1,1.5,2, respec-
tively. Figure @a) shows the instability regions fdR=23/5. The
+2h)7r]( . ) (23) boundaries associated wiml_ instabilities (near 203_, Wyt w3,
T wp0 w,+ w3, andw;) are determined by Eq26). The primary insta-

) ) bility associated with ),=2w3+¢c0, occurs at );=R(),

Depending on the sign of the produst; 6,,61402q, the extreme _pR(2,.+¢¢,) in Fig. 6a).
regions of a combination instability can be achieved by adjusting\yhen R=m or 1/m for integerm, the parametric excitations
Ci, Gy, andc;—Cy+2h. ... from the two meshes interact. Consider the case Withl/m,

_Unfortunately, the primary, secondary, and combination inStgyhere thes=m instabilities caused bf2; overlap with the pri-
bility regions cannot be minimized at the same time. The condfary instabilities caused bg,. Considering instability of the
tions reducing the primary instability regiotdashed lines, Fig. n_th mode where Q,=2w,/m+s0; and Q,=mQ,=20
5) result in large combination instability regions, avide versa | mqq, | the terms leading "io unbounded response in (EEQ';
(dash-dot lines Depending on specific applications, a trade-offgnish for
may be made to reduce multiple instability regions, though none
are true minima(solid lineg. Adjusting contact ratios and mesh 2iwpaAp/ar+Kp[(D§,";>+F§)1,)))+i(EL’BMGE}F})]eim”lT:O
phasing is clearly an effective means to minimize instability re- (29)

ions and avoid resonances under operating conditions. . )
g P g Bounded solution of Eq(29) is ensured for

2 (m) (1)y2 (m) (1)y2 2
3.2 Four-Gear Systems: Equal Mesh Stiffness Variations. 01> [(Dpp + Fpp)“+ (Epp + Gpp) 1/ (mwp) (30)
Two-stage countershaft systerfiSig. 1(a)] have two different For example, wher),=2Q, (R=1/2), the boundaries fof),

mesh frequencie$); =R(,, which means more instability re- secondary instabilitieoverlapping withQ, primary instabilities
gions than three-gear systems. We consider the case where ghe

gear facewidth and material are such that the mesh stiffness am-
plitudes are identical at the two meshes € ¢,=¢), although
the contact ratios and phasing are not restricted. Depending on the

ratioR=2,/2,, the parametric instability regions associated with . . . , .
Q, andQ, may overlap each other. F&=m/j (m, j are inte- Figure 6b) shows instability regions in the(X;,e) plane forR

gers, thes=j instabilities(single mode and combinatipof ), = 1/2. Note the instability af); ~w; couples with the instability
and thes=m instabilities of O, occur simultaneously. Because@! 22~2ws3, and the combined instability region is much larger
their instability regions are typically the largest, the interactiori§@n the case without interactigfig. 6(a)]. Using Egs.(4) and

€

le (x)pizwp[

(D@+FED2+(ER+GEN2M2 (31)

involving eitherm or j=1 are of most interest. (19 in (31), the slopes of these boundaries are
WhenR#m, 1/m for integerm, thes=1 instabilities from one =TK2. 5% sir(2c, ) + k2. 84 sird(c

mesh decouple from the= m instabilities of the other mesh. In 1= kg1 91p SIT(2,7) + kg 03, SiMT(Co)

this case, instability occurs whesf); or s(, is close tow, +2Kg1kg2 83,85, SiN(2¢, ) sin(c, )

+ oy, but these instability boundaries can be calculated indepen-

dently. ForsQ,=w,+ wy+ &0y, the terms leading to unbounded n 2
response in Eq.12) are eliminated for X 0g2¢,—Cp+ 2h) 7] T (32)
P
2iwpaAp/(yT_;’_Kq(D(S)+iE(S))eialr:O (24) Minimization of o, requiresc;={1,1.5,2 andc,={1,2} for 1
pq pq

=<c, ;<2. The instability region can also be reduced by adjusting
the phasingh according to cos@—c,+2h)7==1 with sign the
same as sin@ ). The primary instability regions undé; (s
=1) do not coincide with any other instability regions, so these
instability boundaries are calculated from E@6) with p=q.
ther overlap situations are possible, such as(hesecondary
instability (s=2) overlaps with th&), fourth instability s=4),
but the interaction between these higher instabilities is typically

2iwqdAqld7+ A (DS +IE)e"17=0 (25)
Expressing the solutions a&,=aye ", A;=ae ' **?)7 and
examining\, the condition separating bounded and unbound
solutions of Eq(24) and (25) is

(9))2 (9))2
lel wptwg*e M (26) Wweak and the instability regions are much smaller. Combination
S WpWq instabilities can be analyzed similarly.
Similarly, the boundaries for instabilities associated wéf,
=wptwgteo, are 3.3 Three and Four-Gear Systems: Unequal Mesh Stiff-
ness Variations. This general case allows all parameters of the
1 (Fig)?+(Gp)? two mesh stiffnesses to differ. In contrast with prior cases, the
Q=g wptwgte o (27)  gears may have differing facewidths and material properties such
P that the amplitudes of stiffness variation at each mesh vary inde-
Use of Egs(4) and(19) in (26) and (27) yields pendently €,# &,). The contact ratios and mesh phasing are un-
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Fig. 6 Instabilities regions when Q,=RQ,, e,=g,=¢. (3) R tained by presuming a linear variation of the boundaries in the
=3/5, (b) R=1/2. The parameters are in Table 1 and c,=c, ({}1.81) plane for givene,. To construct this linear approxima-
=15 h=0.** denotes numerical solutions. tion, one point is calculated under the conditio=0, e,=C and
a second point is obtained a=¢,=C. From Eq.(27), the pri-
mary stability boundary limits foe;=0, ¢,=C are

restricted. The design of one mesh must account for dynamic in- _ c 1)\2 1)1 291/2

teractions with the mesh stiffness variation of the other. Ql*zwpiwipm:ém)) +(G(PP)) ] (33)
WhenR# m, 1/m for integerm, there is no interaction between . .

the parametric excitations from the two meshes. Dheinstabili- oM Eq-(18), the stability boundary limits fog,=C, £,=C are

ties are only affected by, and their boundaries in the)(; ,e,) C

plane ares();=w,+ wq+z,07 With o, determined by Eq(26). 01:2wpi;[(DL1;+ Fop) 2+ (Egy+GL)2M2 (34)

The ), instabilities are only affected by, and their boundaries p

in the (Q;,&,) plane aresQ,=w,+ wq+e,0, with o, deter- An example is for the primary instability wheR=1, C=0.3.

mined by Eq.(27). Connecting the two points obtained from E¢33) and(34) yields
When R=m or 1/m for integerm, a mode may be simulta- the instability boundaries, which agree well with the numerical

neously driven to instability by both mesh excitations. In this cassolution[Fig. 7(a)]. Assembling the Q,,s;) planes for various

the first mesh instability regions can be significantly affected by,=C generates three-dimensional plots @f versuse,, e,

the presence of, andvice versa Closed-form boundaries of the [Fig. 7(b)]. The parametric excitation in the second mesh dramati-

form (for primary instability Q,=2w,+e,0,+¢,0, for inde- cally changes the shapes of the instability regions. Notice that the

pendently varyinge,, ¢, are cumbersome. Alternatively, simplesecond parametric excitatievidensthe primary instability region

yet accurate approximations for the instability boundaries are dler small €; compared to monofrequency excitatiffig. 3. In
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contrast, the combination instability &~ w,+ w5 disappears 5.5 x ' ' ‘ ' '
neare,;=0.23 in Fig. 1a). In other words, an otherwise unstable :
system is stabilized by the presence of a second parametric ex
tation. The solid line in Fig. (b) indicates points where the,

+ w3 combination instability vanishes.

4 An Example

The two-stage gear systeffig. 1(a)] studied by Tordion and
Gauvin[14] and Benton and Seirgd5] is used as an example.
These two papers come to markedly different conclusions as di
cussed below. The system parameters are given in Table 1 a
c,=1.47, c,=1.57. In keeping with the published work, the
double-tooth contact mesh stiffnekg,,=1 is kept constant, so
the average mesh stiffnesseg decreases ak,; increasegFig.
2(b)].

Tordion and Gauvin assumed thgt; andk,, have the same
amplitude and frequency but different contact ratios and phasin
They applied an infinite determinant meth§20] to plot the
boundaries of primary and secondary instabilitiéashed lines in
Fig. 8). Their results deviate significantly from the numerical so-
lution as a result of analytical errors. In addition, the Fourier ex
pansion they derived for rectangular waveforfigys. (11) and
(12) in [14)) is incorrect. Nevertheless, they conclude that “The
phase displacement between the meshing stiffnesses has a gi
influence on the width of the instability regions.”

Benton and Seirefl5] considered the same system. They de-
coupled the equations using the modal transformation raed
glectedthe off-diagonal terms of the transformed time-varying
stiffness matrix(that is,®'K ,(t)®). These treatments reduce Eq.
(6) to threeuncoupledMathieu equations. The average value of
two contact ratios was used to make the stiffness variatigps
andk,, identical. With these approximations, they conclude tha
the instability regions are independent of the mesh phasing, th
is, “the normal mode techniqu. . . without considering the phase
variatiors . . . providgs) a relatively simple means of predicting
the instability regions with sufficient accuracy for practical pur-
poses.” This conflicts directly with Tordion and Gauvin. In fact,
the mode uncoupling method does not provide satisfactory resul
when the mesh phasing is non-z¢Fag. 8b)].

The perturbation results resolve the discrepancy: Mesh phasi
strongly impacts the mesh stiffness variation instabilities. In fact
mesh phasing, along with contact ratios, plays a key role in mini
mizing instability regions as discussed earlier. The exceller
agreement of analytical and numerical stability boundaries cor
firms this finding(Figs. 3, 6, 7, &

Q (rad/s)
[
/

Q (rad/s)
w
&

To further validate the stability conditions, free responses unde Y 0.05 0.1 0.15 0.2 0.25 0.3
nontrivial initial conditions are calculated numericallyig. 9 for €
the parameters at poit of Fig. 8 (1=4.2, k,=&¢=0.3). For , _ ) - ) .
point A in Fig. 8@a), the responses are unstalpfig. 9a)], as Fig. 8 Comparison of instability regions from different analy-

! o . : g . ses. The parameters are from Table 1, ¢,=1.47, ¢,=1.57, and
identified by perturbation and numerical methods. This poin hasing (a) h=0, (b) h=0.4. —Perturbation method: ** Nu-

however, is stable according to Tordion and Gaufig. 8a)]. merical method; ---Tordion and Gauvin  (1977); --- Benton and
When the phasing=0.4 at pointA [Fig. 8b)], stable responses sgjreq (1980). '

occur[Fig. Ab)]. This is consistent with the perturbation and nu-

merical solutions but conflicts with both Tordion and Gauvin's

and Benton and Seireg’s results. in two-stage gear chains. However, the effects of contact ratio and
mesh phasing on instability conditions derived in the study are
generally applicable to suppress instability and hence contact loss.

Rectangular waveforms are close approximations of the meshThe instability analysis can be reduced to single mesh gears
stiffness in spur gears with involute teeth. For helical gears or spuith one natural frequency,. Settingky,=0 in Egs.(21) and
gears with tooth modification, mesh stiffness deviates from tt{g2), it follows that primary and secondary instabilities vanish as
rectangular shape. Equati@d) is not valid for other functions, the contact rati@;={1,2} andc,={1,1.5,2, respectively. Maxi-
but the general Fourier expansi®) can still be used in matrices mum primary and secondary instability occurscat 1.5 andc;
D,E,F,G to determine the instability boundaries. ={1.25,1.7%, respectively. Kahraman and Blankenshij| ex-

If damping is considered, the system stability improves and tiperimentally studied a pair of spur gears under mesh stiffness
instability regions shift to the right in th&}, ) plane[10,13. excitation for various contact ratios. They showed that the ampli-
Furthermore, damping and nonlinearifg.g, tooth separation tudeA; in the first mesh frequency harmonic of the response is
must be considered to determine the limit cycle amplitude of thinimized when the contact ratm ={1,2}. This is because para-
dynamic response when operating conditions cause instabilityetric excitations are eliminated for integer contact ratios. When
Additional study is needed to quantitatively examine these effedtse mesh frequencf) ~ w,, their measured; reaches maximum

5 Discussions
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400 , , . : : . . 6 Conclusions
This work analytically investigates the parametric instabilities

x 202_ | from mesh stiffness variation in multi-mesh, two-stage gear trains.
o . ‘ ) . ) . . The effects of mesh stiffness parameters on instabilities are sys-
° 10 2 3 40 50 &0 7 80 tematically examined. The analysis can be extended to more com-
2000 " ' : : T T " plicated multi-mesh systems such as planetary g2tk The
1000 ' main points are:
Noo
x_mw _ 1 The contact ratios and mesh phasing significantly impact the
_2000 . s s s s s s parametric instabilities. For varying mesh stiffnesses in rectangu-
0 10 20 30 40 50 60 70 80

lar waveforms, the conditions for minimum and maximum insta-
bility regions are analytically determined in simple, closed forms.
Adjusting the contact ratios and mesh phasing is a powerful way
to eliminate or reduce the size of parametric instability regions.

2 Parametric instabilities in two-mesh gear systems are more
complicated than those for single-mesh systems. The excitations
from the two meshes interact when one mesh frequency is an
integer multiple of the other and dramatically change the instabil-
ity conditions compared to each excitation acting individually.

3 Perturbation and numerical methods provide consistent re-
sults that clarify previous, conflicting studies on instability bound-
aries. Moreover, combination instabilities are examined; these

0% 20 20 60 80 100 have not been considered previously for geared systems.
0.5 y . . :
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Fig. 9 Freeresponsesfor Q=4.2, k,=£=0.3 (point A inFig. 8)
and the parameters of (a) Fig. 8(a) and (b) Fig. 8(b). The initial
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