Modal Properties of Planetary
Gears With an Elastic Continuum
Ring Gear

The distinctive modal properties of equally spaced planetary gears with elastic ring gears
are studied through perturbation and a candidate mode method. All eigenfunctions fall
into one of four mode types whose structured properties are derived analytically. Two
perturbations are used to obtain closed-form expressions of all the eigenfunctions. In the
discrete planetary perturbation, the unperturbed system is a discrete planetary gear with
a rigid ring. The stiffness of the ring is perturbed from infinite to a finite number. In the
elastic ring perturbation, the unperturbed system is an elastic ring supported by the
ring-planet mesh springs; the sun, planet and carrier motions are treated as small per-
turbations. A subsequent candidate mode method analysis proves the perturbation results
and removes any reliance on perturbation parameters being small. All vibration modes
are classified into rotational, translational, planet, and purely ring modes. The well
defined properties of each type of mode are analytically determined. All modal properties
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are verified numerically. [DOL: 10.1115/1.2839892]

1 Introduction

Planetary gears are widely used in automotive and aerospace
transmissions due to the advantages, such as compactness, high
torque/weight ratio, low bearing load, and high transmission ratio.
In practical systems where planetary gear vibration is a key con-
cern, ring gear elastic deformation is significant. This is especially
true for planetary gears with thin rims, including those used in
aerospace applications. The free vibration of planetary gears with
equally spaced planets has typically been studied by treating all
the planetary gear components as rigid bodies [1-7]. Lin and
Parker [5] established a lumped parameter model that includes
both transverse and torsional motion. The modal properties were
obtained analytically, and the vibration modes are classified into
rotational, translational, and planet modes. In the present paper,
these modes are called discrete rotational, translational, and planet
modes. Lin and Parker used this discrete model to study natural
frequency and vibration mode sensitivity [8], natural frequency
veering [9], and parametric instability caused by changing contact
conditions at the multiple tooth meshes [10].

This study analytically addresses the dynamics of planetary
gears having elastic ring gears. An elastic-discrete model is devel-
oped, where the ring gear is modeled as an elastic body while all
other gears are represented as rigid bodies. Modal properties are
derived in detail using eigenvalue perturbation and a candidate
mode method. Two unperturbed systems are considered to form a
complete representation for all modes. This yields closed-form
expressions for all the eigenfunctions and a systematic character-
ization of planetary gears’ highly structured modal properties. All
vibration modes are classified in detail into four different types
according to their unique characteristics. These perturbation re-
sults are proved by a mathematically rigorous approach where
vibration modes having the form revealed by perturbation are as-
sumed and then shown to satisfy all equations of the elastic-
discrete eigenvalue problem. This builds a base for subsequent
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studies, such as dynamic response, parametric instability, and con-
tact loss nonlinearity, all of which commonly use modal expan-
sion methods.

2 Modeling and Equations of Motion

An elastic-discrete model of a planetary gear is shown in Fig. 1.
All gear meshes are represented by linear springs. The sun, car-
rier, and planets are considered as rigid bodies, while the ring gear
is modeled as a thin elastic body. The bearings and supports of the
sun, carrier, and planets are modeled as two perpendicular springs
of equal stiffness. The bearings and supports of the ring gear are
represented as an elastic foundation with uniform radial and tan-
gential distributed stiffnesses per unit length k4, and k,, respec-
tively. The planets are identical and equally spaced. All ring-
planet mesh stiffnesses are equal (k,), and all sun-planet mesh
stiffnesses are equal (kg,), where k;, and kg, are averages over a
mesh cycle. The angular speeds are assumed to be small, so gy-
roscopic effects are neglected.

The coordinates are shown in Fig. 1. The deformations of the
sun and carrier p jz[xj yju j]T, Jj=s,c are described relative to the
fixed basis {i,j,k}; the tangential displacement of the ring is
u(0,1); the ring radial deflection is determined from the inexten-
sibility condition w=—du/d6 [11]; and the deflections of the plan-
ets are p,=[&, 7, u,]", n=1,...,N. The symbol u; denotes rota-
tional (or tangential) deflection (rotation in radians times the gear
base radii r,,r,,r, or radius of the carrier r).

The equations of motion for the sun and carrier are the same as
those in the discrete model [5], while the equations of motion for
the ring and planets change. The equation of motion for the elastic
ring gear is [11]

N
M i + kpengLytt + kpLou + krpE L5(¢, sin a,— 7, cos @, —u,) =0

n=1
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Planet 1 “

Fig. 1 Elastic-discrete model of a planetary gear and corre-
sponding system coordinates. The distributed springs around
the ring circumference are not shown.

s F d
Ly=- 2 [(sin2 a5 cos? a,)&(&— ) + (sin a,—

n=l a0
36— &
+ cos a,) sin arM] + (kmsR - krbsR—) ke
a9 s
a8(0—
g = Cos arg(e_ (/fn) —sin ar% (2)

where ky.qq is the ring bending stiffness (see the Nomenclature).
Ly, Ly, and L are dimensionless operators. The first two terms of
Eq. (1) represent the in-plane vibration of a free ring; the last two
terms incorporate the effects of gear meshes and elastic supports.

Separation of the ring rigid body motions from the elastic de-
formation v(#,1) is achieved with the expansion

u(6,0) =v(6,1) + U (e’ + U_ (1) + Uy(1)

= D V(0™ + U0+ U_ (D + Uy(t)  (3)

m=*2

Thus, v is orthogonal to the rigid body motions

2 27 2
f vd#=0, J ve'?do=0, f ve%do=0  (4)
0 0 0

Substituting Eq. (3) into Eq. (1) and forming the inner product of
the result with e”? yield the discretized equations of motion.
Comparison of the equations for the rigid ring motions
U,,U_;,U, to the equations of motion for a rigid ring planetary
gear model with variables p,=(x,,y,,u,)T [5] yields the relations

X,.Z—i(Ul - U—l)s I,.=er2

®)

The true moment of inertia expression for a ring is I,,mlezm,(r%
+r%)/2, where | and r, are the inner and outer radii of the ring
gear, respectively. The difference between [, and I, . is small
when the ring is thin.

We introduce the following dimensionless quantities:

y.=U+U_, u.,=Ucos a,
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_ v t m, ~ k;
v = _’ T= _’ T: _’ kl = _’
R T ke ke
~  kpR
i=r,c.s,p,rp,sp,bend, k=~ (6)
kip
- kR m;, ~ I
krus= ;:S ’ ﬁ/>=_J.’ Ij= 25 Jj=r.c,s,n (7)
. m, m,r;

In what follows, the ~ on all variables is omitted, and the equa-
tions of motion remain the same except that k, is replaced by 1,
M, is replaced by 1/27(1—(6%/36%)), and kR, kyysR are replaced
b)’ krbs’ krus-

The displacement of the whole system is separated into v (6, 7)
and q(7). v is the elastic deformation of the ring gear, and q is a
vector of the deflections for the discrete elements including the
ring rigid body motions,

T
q= [x,,y,,u,, XesYeslhes X Ys s §l’ NUys s §N7 77N?”N]
P, Pc Ps P Py
(®)

The dimensionless equations of motion and the associated eigen-
value problem in extended operator form are

Ma+Ka=0 )

—w’Ma+Ka=0 (10)

where a=[v,q”]" is referred to as an extended variable, w is the
natural frequency, and M, K are extended stiffness and inertia
operators defined by their action on elements of the space of ex-
tended variables according to

o [(v — PuloP)(/2m) ] e [(kbendLl +L)v +Lygq ]

Mq L4U +Kq
(11
N
ao(6 -
Lyq=>, [cos a,8(0— ) —sin a,%] 6, (12
n=1
¥ T
L4U = 2 ( brX|0:¢/,,) 00 prX|9:1//1 bPTX|9:‘/’N ’
n=1
X=£Sina,+vcos @, (13)
b,=[-siny,, cosiy,, 11, b,=[sine, -cosa, -1]
(14)
(Sn ==X sin lzbm +, €08 wrn +u,+ gn sin a,.—1n,Cos a,— U,
(15)

M and K are self-adjoint with the inner product (a;,a,)
=[ g”vlﬁzd 6+q]q,, where an overbar denotes complex conjugate.
M and K (see Appendix for details) are the dimensionless mass
and stiffness matrices for planetary gears based on a discrete
model. Their dimensional forms are identical to the mass and
stiffness matrices in Ref. [5] with the only difference in M, and
K, as

M, = diag(1,1,1/cos’ a,),
(16)

Expansion of Eq. (10) into N+4 groups of equations associated
with the individual components yields

Kyp=m diag(krbs + Kpugs Krvs + Krugs 2krus/COSZ ar)
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Table 1

Dimensional parameters and dimensionless natural frequencies of a planetary gear

with six equally spaced planets. The designations R, T, P, and PR denote rotational, transla-

tional, planet, and purely ring modes.

Inertias (kg)
Masses (kg)
Stiffnesses (N/m) :
k,= 10B
Pressure angle (deg) a,=a,=24.60
Dimensionless
natural frequencies

1,/r7=8.891, I./r7=6.000, I,/ r;=2.500, 1,/ r;=2.000
m,=1.350, m,=5.430, m;=0.400, m,=1.000
krpzks = 1087 krbs=krus=09kbend=5 X 106’ kszksuzs X 107’ kczk(?uzs X 10”’

©,=0.1520 (R), w,3=0.1871 (T), w,5=0.6472 (P), ws=1.0227 (P),
©75=1.0231 (T), 0y=1.1009 (R), w9 ;,=1.1695 (P), w;,=1.6971 (PR),

w,=1.8549 (P), w,,=1.9161 (R)

w2

Tom

(1 —ﬁ>v+kbendle +L2U +L3q=0 (]7)

- szrpr"' (Krb + 2 K’rll)p; + 2 K:}an + 2 ( brX|0=l,//") =0
n

n n

(18)
_szcpc"' (ch+2 Kgl)pc"'z KZZPnzo (19)
- szspx + <Ksb + 2 K?l)py + 2 K;ZZPH =0 (20)
- szppn + (ng)’rpc + (K:}Z)T r + (K;lz)’r s + Kpppn
+ pr|0:¢"=0, I’l=1,...,N (21)

Equation (10) is cast entirely in discrete form with modal ex-
pansion of v as
+JN

v(0,7) = 2 v, (1)em?

m=*2

(22)

where J=1 is an integer. The basis functions ¢”? are complete,

Eq. (22) converges, and J is arbitrarily large. Thus, the error in Eq.
(22) can be made as small as desired. No restriction is put on J in
what follows, so the findings apply to the continuum ring model
without any limitation introduced by the expansion (22).

A discretized model results from substitution of Eq. (22) into
Egs. (17)=(21) and then forming the inner product of Egs. (17),
(18), and (21) with ¢’?%. Numerical experiments on the discretized
equations confirm that ring elastic deformation alters the natural
frequencies and vibration modes compared to the lumped param-
eter model and introduces additional natural frequencies associ-
ated with modes dominated by ring elastic deformation. The nu-
merical solutions indicate that all vibration modes of this elastic-
discrete model are classified into four types: rotational,
translational, planet, and purely ring modes.

For example, a planetary gear with six equally spaced planets is
analyzed with J=3 in Eq. (22). The system parameters and the
dimensionless natural frequencies are listed in Table 1. The natu-
ral frequencies in Table 1 include all four mode types: w;, wq, and
wyy are for rotational modes; w, 3 and w;g are for translational
modes; wy s and wyqj; are for degenerate planet modes (type 2)
and wg, w3 are for distinct planet modes (type 3); wi, is for a
purely ring mode.

Figure 2(a) shows the vibration mode of a rotational mode
(w;). From the numerical simulations, a rotational mode has the
following characteristics: (a) The discrete elements q have the
same properties as a discrete rotational mode, where the transla-
tions of the sun, carrier, and ring rigid motion are zero, and all
planets have identical deflections; (b) the associated natural fre-
quency is distinct; (c) the elastic deformation of the ring contains
only jN, j=1,2,...,J nodal diameter components.

Journal of Applied Mechanics

Figure 2(b) shows the vibration mode of a translational mode
(wy3). A translational mode has the following characteristics: (a)
The discrete elements q have the same properties as a discrete
translational mode, where the rotations of the sun, carrier, and ring
rigid motion are zero, and the deflections of the planets are related
by a rotation matrix; (b) the associated natural frequency is re-
peated with multiplicity 2; (c) the elastic deformation of the ring
contains only jN =1 nodal diameter components, where j is any
nonzero integer satisfying jN* 1 e {~JN,-JN+1,...,JN} (a con-
dition imposed by the =JN limits in Eq. (22)).

Planet modes are classified into two subtypes according to the
degeneracy of the natural frequencies. For odd N, all planet modes
are degenerate, as are the majority of planet modes for even N.
Degenerate planet modes have the following characteristics: (a)
The discrete elements q have the same properties as a discrete
planet mode, where the deflections of the sun, carrier, and ring
rigid motion are zero, and the deflections of the planets are scalar
multiples of the first planet’s deflection; (b) the associated natural
frequency is repeated with multiplicity 2; (c) each mode is asso-
ciated with a particular s €{2,3,...,int((N—1)/2)}. For that par-
ticular s, the elastic deformation of the ring contains only jN *s
nodal diameter components, where j is any integer satisfying
JN*xse{-JN,-JN+1,...,JN}. Figure 2(c) shows a degenerate
planet mode (w4 s) where the two nodal diameter component is
the dominant ring deformation. For even N, the remaining planet
modes have distinct natural frequencies. Their discrete elements
behave as in (a) above, but their elastic ring deflection contains
only jN+N/2 nodal diameter components, where j is any integer
satisfying jN+N/2 e {-JN,...,JN} (see Fig. 2(d) for a distinct
planet mode).

Thus, planet modes are classified into int(N/2)—1 subtypes ac-
cording to the ring nodal diameter components they contain.
Planet modes having jN*s nodal diameter components are
named type s planet modes. Each planet mode belongs to a unique
type. For the example where N=6, two types exist: the degenerate
planet modes are type 2 (s=2,...,int((N—1)/2)), and the distinct
planet modes are type 3 (s=N/2), which only exist for even N.
There are no planet modes outside of these two types for N=6.
Table 2 summarizes the number of degenerate/distinct planet
modes and their types for varying numbers of planets.

Figure 2(e) shows a purely ring mode (w;,). A purely ring mode
has the following characteristics: (a) The discrete elements q are
all zero; (b) the natural frequency is distinct; (c) the elastic defor-
mation of the ring contains only a single nodal diameter compo-
nent.

In this example (N=6, J=3), 3N+2JN+7=61 eigensolutions
are obtained numerically: J+6=9 rotational modes, 4/+10=22
translational modes, (2JN-7J)+(3N-9)=24 planet modes di-
vided as 2J+3=9 degenerate pairs and J+3=6 distinct modes,
and 2J=6 purely ring modes.

The remainder of this paper analytically proves that these prop-
erties (natural frequency multiplicity, modal properties, and the
number of each type of mode) hold for general planetary gears.
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Fig. 2 Typical modes of a planetary gear. The system param-
eters are given in Table 1. Distinct planet modes as in (d) only
exist for an even number of planets.

3 Perturbation Analysis

To find all natural frequencies and vibration modes of the
elastic-discrete model of a planetary gear, two perturbations are

031014-4 / Vol. 75, MAY 2008

used for different ranges of parameters. For the chosen nondimen-
sional variables, the stiffness of the ring-planet mesh is always
unity (k,,=1). The first perturbation is termed discrete planetary
perturbation (DPP), with the unperturbed system being a discrete
planetary gear having a nearly rigid ring gear where the bending
stiffness is O(1/&) while the stiffnesses of all remaining meshes/
supports are O(1). The small quantity € is the ring bending com-
pliance. The opposite case of DPP is elastic ring perturbation
(ERP). In this case, the bending stiffness is O(1) and the stiff-
nesses of the remaining meshes/supports (except k,,=1) are
O(1/g). The unperturbed system for the ERP is an elastic ring
having multiple springs with the elimination of the rigid body
motions. The attached springs represent the ring-planet gear
meshes. The combined eigensolutions from the DPP and ERP
form a complete set of eigensolutions for planetary gears having
elastic rings without any redundancy (as proved in a subsequent
candidate mode method solution). This process leads to analytical
results that mathematically expose the system’s highly structured
modal properties.

3.1 Discrete Planetary Perturbation. In DPP, the ring bend-
ing stiffness is much larger than the mesh and bearing stiftnesses.
The mesh and bearing stiffnesses are O(1), while the ring bending
stiffness kyp.ng=1/¢€, where ¢ is a small parameter. The eigenvalue
problem in extended operator form is

5 R - w*(v = PvlIP)(/2) Lle
- w'Ma+Ka= 5 +
- w'Mq 0
Lyv+L
+[ B 3q]:o (23)
L4U+Kq

where M and K are self-adjoint operators. The eigensolutions of
Eq. (23) are represented as

a=a+ea' +0(e?), o’= a)g +eu+0(e?),

0 0!
aoz{ ol a'=|
q q

Substitution of Eq. (24) into Eq. (23) gives the perturbation equa-
tions. The perturbation equation of order &' is L,v°=0. L, is
positive definite, giving

(24)

v'=0 (25)

Substitution of Eq. (25) into the remaining perturbation equations
yields

- wgMq" +Kq =0 (26)

L1U] == quo, (27)

Equation (26) is the eigenvalue problem for a discrete (rigid
ring) planetary gear model [5]. From (25) and (26), the unper-
turbed eigenfunction is

0
q

The structured properties of the discrete model unperturbed eigen-
solutions are proven analytically in Ref. [5], where the discrete
system vibration modes q° are classified into rotational, transla-
tional, and planet modes. In this study, they are called discrete
rotational, translational, and planet modes. In the elastic-discrete
model, similar mode types are found; they are called rotational,
translational, and planet modes. The different mode types are con-
sidered separately.

Common to each mode type, v' is solved from the first equation
of Eq. (27) by expanding v' as v'=3 "N V! ¢™¢ multiplying Eq.

(27) by ¢~ and integrating from O to 2. This yields

- wiMq' +Kq' = uMq° - Lo

(28)
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Table 2 Number of planet modes in different subtypes for different number of planets N, where X denotes not applicable

Number of planets, N

Planet mode catergory 4 5 6 7 8 9 10
Distinct planet modes J+3 0 J+3 0 J+3 0 J+3
Degenerate planet modes 0 2(2J+3) 2(2J+3) 4(2J+3) 4(2J+3) 6(2J+3) 6(2J+3)
Type 2 planet modes J+3 2(2J+3) 2(2J+3) 2(2J+3) 2(27+3) 2(2J+3) 2(2J+3)
Type 3 planet modes X X J+3 2(2J+3) 2(2J+3) 2(2J+3) 2(2J+3)
Type 4 planet modes X X X X J+3 2(2J+3) 2(2J+3)
Type 5 planet modes X X X X X X J+3
P N (ky, + Nk, — 021 u' = Nk (u! — & sin o, + 77} cos o) = ul o’
Vo cos @, — im sin arz ry— (29) su sp — Wols)Us sp\ll] — 6 st s) = MLU
mT 2amP(m? - 1)2 - (37)
where 62 is the nth ring-planet mesh deflection without consider- N[(Kiz)TPi + (K' )p)+ (K;2)T Iy (K,p— ngp)p{]
ing the elastic deformation of the ring gear, as given by Eq. (15).
According to Eq. (29), V! =V!. _ MNMppl 2 v, (38)
3.1.1 Rotational Modes. When the unperturbed eigenfunction m=jN

q° from Eq. (26) is a discrete rotational mode, the translational
motions of the sun, carrier, and ring are zero and all the planets
have the same deflections [5]

=0 0 & 0 0

0 0

g 7 1 (30)
In the absence of any rigid constraints on any degrees of freedom
(e.g., fixed carrier rotation), six such modes exist, each having a

distinct natural frequency. Application of these properties to Eq.
(29) yields

g m oW

| cos @, — im sin a,

Vm = 712 e’”"‘ﬁn

2mm?(m® - 1)?

(31)

Because the planets are equally spaced with ¢, =27(n—1)/N, the
identity SV e="¥n=0 holds for m+# jN, where j is an arbitrary
nonzero integer. Thus, for q° being a discrete rotational mode, the
elastic deformation of the ring in the perturbed system contains
only the jN nodal diameter components

-0 ; 0 0
& = ul+ & sin @, — 7] cos a, — u

cos @, —im sin «, &
27Tm2(m2— 1)2 rl>
The eigenvalue perturbation u is determined by the solvability
condition of the second of Eq. (27) as (with (Mq°,q%=1)
N2(60 )2’ L.
ym’

m=jN

Vi=- m==*=N,...,=JN (32)

cos? a, + m” sin’ a,
m2(m?—1)?
(33)
A candidate solution of the second of Eq. (27) is proposed as
q'=[0, 0 u 0 0 u' 0 0 u & #n ul
& m ol (34)
Note that q' has the same form as q°. Use of Eq. (34) and the
known discrete rotational mode properties reduces Eq. (27) to

rl 2 Yim

m=jN

1U’=<L4Ul7q0>=_ Y=

(27kyyg/cos a, + N — il )u} + N6, = ,uI,.u(r)
(35)

(key + Nk, — wglc)ul - Nkpn{ = ,ulcug (36)
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Expressing Eqs. (35)—(38) in matrix form yields the 6 X6 linear
system,

Arolprlot =by (39)
Po=luy e ug & o w] (40)
v =l d
brotzl‘l’Mrotp(r)ot__é(r)l 2 Yull 0 0 bZ]T’
™ m=jN
M, = diag(lr’[c’IS’NMp) (41)

One can show that the solvability condition of Eq. (39) is identical
to Eq. (33), so it is satisfied. This guarantees that the solution of
the second of Eq. (27) has the assumed form Eq. (34). The nor-
malization condition (q',Mq®)=0 becomes (p} ,M,,p")=0 in
this problem. This and Eq. (39) yield

|: Arot :| 1 |:brol
Prot =
(Mth?ot)T 0

The solution of Eq. (42) is pl,= (Amt o) AT
pletes the solution for q' in Eq. (27).

Collecting results, we have six eigenfunctions a in Eq. (24)
with the form

:| = Armprlot =bry (42)

rotbrm. This com-

jEEl e

>

a= m=jN
q*+eq'
The discrete elements of the planetary gear (including the ring
rigid body motion) deflect as in the discrete rotational modes de-
scribed in Ref. [5]. The elastic ring deflection contains only the jN

nodal diameter components. The natural frequencies of these
modes are distinct.

Vl eim(i
m (43)

3.1.2 Translational Modes. When the unperturbed eigenfunc-
tion from Eq. (26) is a discrete translational mode, the eigenvalues
are repeated with multiplicity 2 and the rotational motions of the
carrier, sun and ring are zero [5]. The pair of degenerate vibration
modes q° and §° satisfy

~0

a’=[p; B! b B Al

a’=[p; b b By ... Byl (44)
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=[) 30 0 =0 -a) 0. j=res (45)
When the planets are located at ,=2m(n—1)/N, the nth planet

displacements p_, p° are related as
sin i,

~0 . ~0

cos ¢,1 1
lfg =[ ,¢ ] If(‘) , n=12,...,N (46)
P, —sin ¢, I cos I || p;

where I is a 3 X3 identity matrix. Six such eigensolution pairs
exist.

The degenerate unperturbed eigenvalue w% of multiplicity 2 in
Eq. (24) has two orthonormal, unperturbed eigenfunctions a° and
a% of the extended operator form (10). As a consequence, the
unperturbed eigenfunction a’ is a linear combination of a° and a°,

0 0
aO=C150+CzﬁO, 50=|:A0:|, ﬁO=|:"0:|
q q

where ¢ and ¢, are constants. Analogous to the procedure for the
rotational mode, use of the discrete translational mode properties
reduces Eq. (29) to

(47)

N
1 COs &, —im sma

Vi=— —2 UE o~ im=1), | UE o itm+ 1),
4am*(m* - 1)? - -

v= (Cl + iCz)(Al - lAz)

A=y cos a, —x¥ sin a, + &) sin a, — 7\ cos a, — i1}

Ay ==y sin @, — x¥ cos a, + € sin a, — 7\ cos a, — i1 (48)

where ¥ is the complex conjugate of v. = e7"=D¥n being zero
requires m # jN+ 1, where j is an arbitrary integer; EnNzle”'(”lJrl)‘p"
being zero requires m # jN—1. Thus, V,ln vanishes if and only if
m+# jN=* 1. This yields the following rule: The elastic deforma-
tion of the ring for elastic translational modes contains only
JN =1 nodal diameter components.

The solvability conditions of the second equation of Eq. (27)
form a 2X?2 algebraic eigenvalue problem D,c=puec, where ¢
=(cy.cy)T. D, is diagonal with the repeated eigenvalues

N2 (AT +A3) s

dar “49)

My =My =—
m=jN+1
where here (and in all subsequent summations) j is an integer such
that m takes only values within the range specified in Eq. (22),
i.e., ~JINs=m=<JN and m#-1,0, 1. Thus, the eigenvalues for the
elastic ring model remain degenerate and c;,c, are indeterminate.
The eigenfunction perturbation is proposed as q'=c,q'+c,q’,
where q' and §' are a pair of vectors having the same properties
(44)—(46) as the discrete translational modes. Substitution of '
into Eq. (27) yields a set of simplified equations that, if satisfied,
ensures Eq. (27) is satisfied for any ¢, and c¢,. The perturbation
equations from Eq. (27) for the sun, carrier, and ring rigid motion
reduce to the six equations (50)—(55), and the perturbation equa-
tions for all the planets reduce to Egs. (56) and (57)

N P N Al
ks + Thpys + — 5 - wym, |x, — 5 (0, sin a, + &, cos a,)

= pm,x) + By (50)
N 2 1 N ~1 Al -
This + Thius + = = @M, |y, + E(U’ cos @, — G sin a;.)
= pm,y, + By (51)
(kc + Nkpn wOm )x + ( fl + 7]1) M, JC (52)
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N A -
(ke + Nk, = w(z)mc)ytl. + Ekp(— &-m)= /.mey?, (53)

1 N ~1 : Al 0
kg + k — wpmy |x! + EkSp(_ O, sin @, + G, COs @) = umgx,

(54)

! N -1 Al 0
ky+ k — wymy |y} + EkSp(_ 0, COS a;— G, sin a;) = wm,y,

(55)
kpni’l + K;1'4pr + K14ps + (Kpp w()M )pl - ILLMpp] + 183

(56)
kpnpc + Kr4p) + K14ps + (Kpp wOM )pl - MMppl + ﬁ4b

(57)

where

S P -1 S Al 8| |
o, =§ sin o, — m, cos a, — u, =§ sina,— 7, cos a, — i,

(58)
Gl=—¢& sina;— 7} cos a, +1) G =— & sin a,— 7} cos ay + i}
(59)
— N?(A, sin a, + A, cos a,)
B] = 4 2 Y
™ m=jN+1
N*(A; cos a, — A, sin a,)
BZ = 4 E Y (60)
™ m=jN+1
NA1 NA2
E Yim> B4 - E Ym (61)
m=jN+1 m=jN+1
—sin®@, sina,cosa, 0
1 : 2
K, =|sina,cosa, cos“a, 0],
sin a, cos a, 0
—sin® a; —sin agcos a, 0
K}.4 = kgp| — sin a cos a —cos® a 0
sin a; COos a; 0

5'; and &i are the deflections of the first planet in the direction of
the lines of action for the ring-planet and sun-planet meshes, re-
spectively. The superscript 1 denotes the first-order perturbation.

Expressing Egs. (50)—(57) in matrix form after multiplying Eqs.
(56) and (57) by N/2, the second equation of Eq. (27) reduces to
the 12X 12 linear system,

Almptlrn = btrn (62)
Po=l ¥, X ye xo oy & omoam & ol
(63)

B, 0 0 0 0 Bsb, Bib]
(64)

btm = MMtrnp?m + [Bl

. N N
M, =diag| 1,1,m_m,mgm, EMP’ EMP (65)

One can show that the solvability condition of Eq. (62) is identical
to Eq. (49), so it is satisfied. Thus, Eq. (27) is satisfied for the
given q' independent of ¢, and ¢, (which remain indeterminate),

Transactions of the ASME

Downloaded 01 May 2008 to 149.171.235.191. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



and the perturbation q' has the same form as q".
In summary, there are six degenerate pairs of eigenfunctions a
in Eq. (24) with the form

e > Viemice.

m=jN+1 = m=jN*1
q°+eq’ q°+eq'
Note that terms associated with m=jN—-1 in Eq. (66) are the com-
plex conjugate terms for m=jN+1. The discrete elements of the
planetary gear (including the ring rigid body motion) deflect as in
the translational modes described in Ref. [5]. The elastic ring

deflection contains only the jN =1 nodal diameter components.
The natural frequencies of these modes are degenerate.

1 im6
8 2 Ve

a= (66)

3.1.3 Planet Modes. For N=4, the unperturbed system has
three unperturbed eigenvalues associated with the discrete planet
modes, and each of them is degenerate with multiplicity N—3. For
these modes, the sun, carrier, and rigid ring motions are zero. The
deflections of the planets are proportional with pn—wnpl, where
the N—3 sets of coefficients satisfy [5]

N N
Dwh=0, D whcos i, =0,
n=1

n=1

N
2w, sin ¢, =0,
n=1

I=1,...,N-3 (67)
When N is odd, the N-3 solutions of Eq. (67) are
N-1
wr 3 =cossi,, wrl=sinsg,, s=2,... - (68)

When N is even, the N-3 solutions of Eq. (67) consist of Eq. (68)
for s=2,...,int(N—1/2) and the additional solution

N-3

wh = cos ]Xz,//,, (69)

A general discrete planet mode of the unperturbed system is the
linear combination

N-3
qO = E dl‘l?
I=1
with

=[0 0 0 wip} wip{T" (70)

With this mode, reduction of Eq. (29) yields the elastic deforma-
tion of the ring as

N-3 N
cos a,— im sin «, .
eS8 )
" " 2mm*(m® - 1) i P
=& sina, - 7 cos a, —u® (71)
The N-3 solvability conditions for the second of Eq. (27) give
Dd=ud, d=[d, d, dy_s]" (72)

Dp = [Dtj](N—'i)X(N—3)

)2 *JN
S o[ St S e
m=*2 (N=-3)X(N-3)

(73)

Although the elements D,; of D, appear complicated, use of the
solutions (68) and (69) simplifies them. D, is diagonal, yielding
closed-form expressions for . When N is odd, the first-order
eigenvalue perturbations are

Journal of Applied Mechanics

N(a9)? N-1
Mos—3 = Mos—2 == E Ym> S = a cees T T (74)
41 2

m=jN+s
When N is even, Eq. (74) holds for s=2, ...
remaining eigenvalue perturbation is
N(a})

dar

,(N/2)-1, and the

Y (75)
m=jN+(N/2)

MN-3 =~

For each of the three unperturbed discrete planet modes with mul-
tiplicity N—3, the corresponding perturbed eigenfunctions evolve
into int((N—3)/2) pairs of degenerate planet modes for arbitrary
N and one additional distinct planet mode for even N.

For degenerate planet modes with natural frequency perturba-
tion from Eq. (74), the unperturbed eigenfunction is a linear com-
bination of two instead of N—3 modes in Eq. (70). According to
this and Eq. (68), Eq. (71) reduces to

(COs @, —im sin a,
T
" 2mmi(m? - 1) 4

via_ 2 (dyy_3 cOS sf,e~ M

m

+dy,_, sin sif,e” ") (76)

V,ln is zero when m # jN = s. This yields a rule governing the nodal
diameter components of the ring modal deflections for a mode
with given s €{2,...,int((N=1)/2)}: The elastic deformation of
the ring for degenerate planet modes contains only jN * s nodal
diameter components. The nonzero nodal diameter components
are

0COS a, — im sin a,

1 . .
Vi==No, 4’7Tm2(m2 _ 1)2 r(d25—3 —idy ), m=jN+s
(77)
1 OCOS a, —im sin a,
sz_No-r 2 (dZs 3+ld25 2) m= ]N s
dam*(m*-1)

(78)

For distinct planet modes whose natural frequency is wzzw(z)

+eumyy, (exist only for even N), Eq. (71) reduces to

N

cos @, — im sin «, N .

Vl o—_ cos(— ,,>e"’"‘/’"
Ir 2mam*(m? - 1)? z 2l//

0C0s @, —im sin «, -

= _Na-r—4'rrmz(m2 S for all m=jN =

N 9

Terms in the first expression for V,ln in Eq. (79) vanish for m
# JN = (N/2). Accordingly, the perturbed eigenfunction contains
only jN = (N/2) nodal diameter components (s=N/2).

For the degenerate eigensolution p,,_3=u,,_» With specified s

€{2,3,---,int((N-1)/2)}, the eigenfunction perturbation q' is
proposed as the linear combination:
q'=dy3q" + dy; 54 (80)
q'=[0 0 0 Zl(p)” a1
=[0 0 0 zZ(p)” )T (81)

where q' and ' have the same form as the discrete planet modes
in Eq. (70). Substituting this form of q' into Eq. (27), the equa-
tions associated with the sun, carrier, and ring rigid motions lead

to three equations 1dent1ca1 to Eq. (67) except w —>z but here
[=1,2. The solutions for zn zn are
z =cossiy,, Z=sinsg,, n=12,...,N (82)

The remaining equations of Eq. (27) (the ones associated with
deflections of the planets) yield
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(Kpp - w(z)Mp)p} = 1U’23—3Mpp(1) (83)

—_]N+\
One can show that the solvability condition of Eq. (83) is identical
to Egs. (74) and (75). Thus, p{ is solved from Eq. (83), which,
with Eq. (82), completes the solution for q'. This ensures q' has
the structure of a discrete planet mode.

For the distinct eigenvalue wy_3 in Eq. (75), one can similarly
show that the eigenfunction perturbation q' has the form of a
discrete planet mode.

In summary, for each se{2,3,...,int((N-1)/2)} there are
three degenerate pairs of eigenfunctions a, in Eq. (24) with the
form

€ E Vie™m?tc.c

m=jN+s

q’+eq'

For even N, an additional three distinct eigenfunctions are present
with the form of Eq. (84) and s=N/2. The discrete elements of the
planetary gear (including the ring rigid body motion) deflect as in
the planet modes described in Ref. [5]. The elastic ring deflection
contains only the jN = s nodal diameter components.

(84)

s

3.2 Elastic Ring Perturbation. ERP is the complementary
case of DPP. The stiffness of the ring-planet mesh is unity in both
cases (from Eq. (6)). In ERP, the ring bending stiffness is O(1),
while in DPP it is O(1/g); the stiffnesses of all the remaining
meshes/bearings are O(1/g), while in DPP they are O(1). The
perturbation parameter is defined by e=1/kg,. A perturbation pro-
cgss similar to Egs. (24)—(27) yields the perturbation equations for
a

- (1)(2)(1 + (92/(902)1}0/(277) + kbcndLlUO + L2U0 + L:;qo =0 (85)

Kp)=0, Kgp!+ > Kl,p)=0 (86)
( sb T E Ksl)ps + E Ks2pn ’
(K2, p? + (K,)"p! + K, py =0 (87)

Equations (86) and (87) form a problem as Aq”=0. One can prove
that A is positive definite so q"=0. Accordingly, the last item in
Eq. (85) vanishes, so the unperturbed system is an elastic ring
having equally spaced spring supports with elimination of the
three rigid body motions as indicated in Eq. (4). The unperturbed
eigenfunction is

(88)

Equations (28) and (88) are the unperturbed eigenfunctions from
DPP and ERP, respectively. Together they form a nonoverlapping,
complete (in the mathematical sense) basis for the linear space of
extended variables a=[v,q"]". This suggests that the set of per-
turbed eigenfunctions from DPP and ERP forms a complete set of
vibration modes for planetary gears having elastic ring gears. This
conclusion is made rigorous subsequently.

The perturbation equations for a' are

(89)

1 w’ 0
K.op, = b, % sin &, + " COs a,

n

o=,
chpl + 2 anpn = 0 <Ksb + E K’\ll) + E K\2pn
(90)
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(?UO
(K pL+ (K5 p) +K,p,=-b, (a—osinarﬂjocosa,)

o=y,
o1
2 0
o > i
—ﬁ(l+ﬁ)l}l+kbcndL1U1+L2U1=;( 0 {902) L';q
(92)

We draw on the modal properties of a ring on a general elastic
foundation as determined analytically in Ref. [11], where the
modal expressions for rings having equally spaced springs are
given. In the unperturbed problem (85), each spring is oriented
with an angle of 77/2 -, to the radial direction. With elimination
of the ring rigid body motions, the ring deflection is represented as
Eq. (22). Thus, 2JN-2 unperturbed modes exist. For a free ring
with no supports, all the natural frequencies are degenerate with
multiplicity two. When the ring has equally spaced springs, some
natural frequencies split and the others remain degenerate. The
unperturbed modes of the ERP are classified into four types based
on the nodal diameter components they contain: Type 0, Type 1,
Type s, and single nodal diameter component modes [11].

For brevity, only Type 0 modes are considered. They are linear
combinations of the jN nodal diameter components, v°
=EJJ-=1V7N cos jN6. Such a mode exists for each of the J values of
d=N,2N, ... ,JN, where d indicates the dominant nodal diameter
component. Substitution of this expression for v° into Eq. (89)
yields

J=leond T
K.p'=|0 0 -Ncosa, 2, v;’,,] (93)
m=jN
Because K, is diagonal, the first two elements of pi correspond-
ing to ring rigid translations are zero, which is the same as for a
discrete rotational mode. Similar analysis of Egs. (90) and (91) for
the sun, carrier, and planets reveals that q' has the form (30) of a
discrete rotational mode. The eigenvalue perturbation u is ob-
tained from the solvability condition of Eq. (92). Following
lengthy algebra, the solution v' of Eq. (92) has the same form as
v°. These results show that the perturbed eigenfunction has the

properties of a rotational mode as defined earlier.

Similar processes show that when the unperturbed mode v° is
of Type 1 from Ref. [11], the perturbed mode of the elastic-
discrete model is a translational mode. When the unperturbed
mode v° is of Type s from Ref. [11], the perturbed mode is a
planet mode. When the unperturbed mode is a single nodal diam-
eter component mode, the perturbed mode is a purely ring mode.

Thus, every unperturbed ERP mode evolves into one of the four
modal categories of the elastic-discrete model. The same is true
for DPP. The numbers of modes obtained from each of DPP and
ERP are 3N+9 and 2JN-2, respectively. The total number of
eigenfunctions obtained from the perturbation analyses is 3N
+2JN+7, which equals the number of degrees of freedom for
arbitrary J in Eq. (22). The modal property classification from
perturbation analysis exactly matches the properties of the nu-
merical results in Fig. 2, and Tables 1 and 2. Evidently, all modes
have been included and categorized from the two perturbations.

4 Candidate Mode Method

The foregoing perturbation analysis derives the modal proper-
ties by combining two perturbation problems, each having a dif-
ferent perturbation parameter and unperturbed problem. The
method appeals to physical reasoning where the elastic-discrete
system modes are seen to evolve from known simpler systems. A
plausible argument given above heuristically concludes that this
approach captures all modes of the general system. Nevertheless,
perturbation is inherently linked to small values of the perturba-
tion parameter, and the use of two separate perturbation problems
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to conclude that all modes are accounted for is not rigorous math-
ematically. Guided by the foregoing perturbation results, this sec-
tion derives the general elastic-discrete system modal properties in
a rigorous way that is free from any reliance on a small parameter.
This alternate derivation assumes eigensolutions having the prop-
erties of the four mode types from perturbation and then confirms
that such eigensolutions satisfy the eignevalue problem. An ac-
counting at the end ensures this approach captures all possible
vibration modes.
A candidate rotational mode has the ring deflection

J
Urot = E Viycos jNO

j=1

(94)

and discrete element deflection q,.; having the form (30). Substi-
tuting Eq. (94) into Eq. (17), multiplying by cos /6, and integrat-
ing from O to 27 yield

J

1+, ¢ 5
- w 'V + EV,+Ncos a,jzzl Viy+ No,.cos @, =0,
[=N2N, ..., JN (95)
;= 2kpenal> (P = 1) + 27k g + 27K s,
o,.=§& sin a,.— 7, cos a,— u, (96)

Use of the assumed modal properties to reduce Eq. (18) yields
only one equation for the ring rigid motion,

J
(2 7k, /cos® a, + N — w?/cos’ a,)u, + No, + cos arz Vin=0
=1
97)

The remaining equations in Eq. (18) vanish. Similarly, Egs. (19)
and (20) reduce to

(key + Nk, — 0’I)u, — Nk, 77, = 0 (98)

(ksu N(Sp wzls)us Nksp( 61 SiIl A 71 COS a ul) 0

With the assumed modal form and algebraic manipulation, Eq.
(21) becomes

(KLI'Z)T c + (K}Z)T rt (KEZ)T s + (Kpp - w2M17)p]

J
+b,cos a, >, Viy=0 (100)
j=1
Equations (95)—(100) form a reduced eigenvalue problem of order
J+6 with the eigenvector (Vy,...,Vyiu, e, ug, &, 71,up)7. In
general, the eigenvalues are all distinct (except for especially cho-
sen parameters). From the eigenvectors of the reduced eigenvalue
problem, J+6 rotational modes of the full system are constructed
from Eq. (94) and q-
A pair of candidate translational modes is

R . . o T
a= 2 Vme”"”+c.c.,q£n], a=[ 2 iV,e™ +cc.,ql,

m=jN+1 m=jN+1
(101)

where ., G are a pair of discrete translational modes having
the same form, as described in Egs. (44)—(46). (Recall the note
below Eq. (49) regarding allowable values of m.) Guided by the
perturbation solution in Eq. (48), V,, is expressed as V,,=(cos a,
—im sin ,)U,,, where U,, is complex.

Substituting a and a into Eq. (17), multiplying by e¢, and
integrating from O to 27 yield the equations governing U,,. When
[=jN+1, there are 2J/—1 equations,
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N
—(1+Po’Uj+ U+ E(A1 —iA,)

+N 2 (cos® a, + m? sin®> a,)U,, =0 (102)

m=jN+1
where A; and A, have the form in Eq. (48), and ¢, is defined in Eq.
(96). When [=jN-1, the following 2J—1 equations result

N
- (l + 12)(1)2[]["' C[Ul+ E(Al + lAz)

+N E (cos® a, + m? sin” a,)U,, = 0
m=jN-1

(103)

For other values of [, the resulting equations from Eq. (17) vanish.
For each [ in Eq. (102), there is a corresponding —/ in Eq. (103)
whose equation is the complex conjugate of Eq. (102). Thus, Egs.
(103) and (102) are equivalent. One obtains 4J—-2 real equations
because U, in Eq. (102) is complex. Substitution of a and a into
Eq. (18)—(21) generates an additional 12 real equations similar to
Eqgs. (50)—(57) with the elimination of superscripts 0 or 1, substi-
tution of =0, and replacement of By, B2, B3, B4 by Bs, Be b7
Bs, respectively,

e_iar i
[’85 ] =— E (cos® @, + m* sin® a,)U,, - [ ] +c.c.
Bs 2 m=jN+1 -1

(104)

['87] = E (cos® a, + m” sin a,)U,, - [1 ] +c.c. (105)

Bs m=jN+1

The resulting 4J+10 real equations form a reduced order eigen-
value problem. Because a and a are interchangeable, all eigenso-
lutions of the reduced order problem must occur as degenerate
eigenvalues with multiplicity 2. With these eigensolutions, 2J+5
pairs of degenerate translational modes are constructed from Eq.
(101).

A pair of candidate planet modes

for a selected s

e{2.3,...,int((N=-1)/2)} is
. N T
a”=[ > Vme’m0+c.c.,q§h’5:| (106)
m=jN+s
. T
aszz[ E iVme””g+c.c.,ﬁghqs] (107)
m=jN+s
4,=[0 0 0 cossyp] cos sipi ],
a5, =[0 0 0 sinsyp] sinsyyp]]  (108)

where flplt,s? Gpie,s are a pair of discrete planet modes having the
same form, as described in Eq. (70). The linear combination
dy_3a,+dy_ra gives the elastic deformation of the ring in the
form

v= Dy Vo(dyys+idy, o)™ +coc. (109)

m=jN+s

Comparing Eq. (109) to the perturbation solution (77) and (78)
suggests that the V,, in Egs. (106) and (107) can be written as
V,,=(cos a,—im sin a,)U,, with real U, and U_,,=U,,. This is
adopted in the candidate modes (106) and (107).

Substituting a,; into Eq. (17), multiplying by ¢/, and integrat-
ing from O to 27 yield the equations for U,,. When [=jN+s, there
are 2J equations,
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N
—(1+P)o®Uj+ U + Ea’,+ N E (cos® a, + m® sin” a,)U,, = 0
m=jN+s

(110)

where o, is defined in Eq. (71). When [=jN-s, 2J equations
result that are equivalent to Eq. (110). For other values of /, the
resulting equations vanish. With the properties of a,, Eqgs.
(18)—(20) are satisfied. Substitution of ay; into Eq. (21) yields the
same equation for each n,

(Kpp = o’M,)p, =-2 E (cos? a, + m” sin’ a,) U,

m=jN+s
(111)

The resulting 2J+3 equations in Egs. (110) and (111) form a
reduced order eigenvalue problem with 2J/+3 eigensolutions. Sub-
stitution of ay, into Eq. (10) yields the same 2J+3 order eigen-
value problem. Therefore, each of the 2/+3 eigensolutions corre-
sponds to a pair of planet modes. Thus, for each s, 2J+3 pairs of
degenerate modes are constructed from Eqgs. (106)—(108). When N
is odd, there are (N-3)/2 different values of se{2,3,...,N
—1/2}, so (N=3)(2J+3)/2 degenerate pairs of planet modes are
constructed from Egs. (106)-(108). When N is even, there are
N/2-2 different values of se{2,3,...,N/2—1}, so (N/2-2)
X(2J+3) degenerate pairs of planet modes are similarly con-
structed.

When N is even, besides the degenerate planet modes, there are
additional distinct planet modes. They have the same form as the
degenerate planet mode in Eq. (106) with s=N/2. With some
algebraic manipulation of Eq. (106), the distinct planet modes
have the form

Jj=0,...,J-1 T
T
a= 2 Vm cosm@ qpll,N/Z ’

m=jN+(N/2)

qv2=[0 0 0 p{ -p{ ... p| -pi] (112
where V,, is real. A similar reduction as above yields a J+3 order
eigenvalue problem for the V,, and p, with eigenvalue w? from
Egs. (17) and (21). This gives J+3 planet modes with distinct
eigenvalues from Eq. (112). Totally, for even N, there are (2JN
—7J)+(3N-9) planet modes constructed from Egs. (106)—(108)
and (112). Table 2 summarizes the different numbers and types of
planet modes.

The final mode type is that of purely ring modes having the (not
normalized) form
o1,

a=[(cos a, sin mf—m sin a, cos mO)V,,

JN, j=1,...,J  for odd or even N

m=
{jN+N/2, j=0,...,J-1 for even N

(113)

In such modes, only the ring gear deforms, and the ring has nodes
at all ring-planet mesh locations. All purely ring mode natural
frequencies are distinct. Note that a purely ring mode with m
=jN in Eq. (113) has the same structure as a rotational mode
except that many elements of the rotational mode are zero. Simi-
larly, a purely ring mode with m=jN+N/2 in Eq. (113) has the
same structure as a distinct planet mode. Rotational modes and
purely ring modes with m=jN emerge as split modes of the de-
generate eigensolution pairs of a free ring; distinct planet modes
and purely ring modes with m=jN+N/2 similarly emerge as split
modes for even N [11].

Substitution of Eq. (113) into Eq. (17), multiplication by e~//?,
and integration from 0 to 27 yield the following J order diagonal
eigenvalue problem for odd N (2J order for even N) with eigen-

value w?,

031014-10 / Vol. 75, MAY 2008

[-(1+P)o?+¢]]V,=0,

jN, j=1,....J

; for odd or even N
T|jN+N2, j=0,...,.0-1

for even N

(114)
where ¢; is from Eq. (96). The remaining equations (18)—(21)
vanish for the a in Eq. (113). According to Eq. (114), the closed-
form natural frequencies expressions are w’=c;/(1+1?), where ¢,
depends on the ring bending stiffness (kpenq) and the distributed
stiffnesses around the ring circumference (k. and ky,). Thus, the
natural frequencies of purely ring modes are independent of mesh
stiffnesses (kg, and k). This can also be explained through the
gear mesh deflections. The general expressions of sun-planet and
ring-planet mesh deflections (&, and &,,) are

55n = Y5 €08 l/’sn - X sin lﬂsn - gn sin Q5 — 7, COS @+ U+ Uy,
(115)

— X, s wm +Yy,cos lﬁm +u,
0=¢N

.
0,= |\vcosa,+ % sin «,.

(116)

Substitution of Eq. (113) into Egs. (115) and (116) ensures that
both the sun-planet and ring-planet mesh deformations are zero.

Overall, four types of modes are identified. For odd N, the
numbers of modes for rotational, translational, planet, and purely
ring modes are J+6, 4J+10, (2JN-6J)+(3N-9), and J, respec-
tively. For even N, they are J+6, 4J+10, (2JIN-7J)+(3N-9), and
2J, respectively. While the numbers of planet and purely ring
modes are different for odd and even numbers of planets, the total
number of modes is (2J+3)N+7 for either odd or even N. This
total equals the total degrees of freedom with v(#6,) from Eq. (22)
and J arbitrarily large. Thus, a/l modes have been categorized.

Furthermore, the numbers of rotational and translational modes
are independent of the number of planets N. Changing the number
of planets N, while retaining the same J in the ring deformation
expansion (22), only changes the numbers of planet modes and
purely ring modes. Table 2 lists how the number of planets N
affects the number of degenerate and distinct planet modes, and it
specifies the planet mode type breakdown for each N. If N in-
creases by 1, the total number degrees of freedom increases by
2J+3 as the total degrees of freedom is (2J+3)N+7. If N in-
creases by 1 from odd to even, J+3 of the additional modes are
distinct planet modes, and the remaining J additional modes are
purely ring modes (the total number of purely ring modes be-
comes 2J). If N increases by 1 from even to odd, all 2/+3 addi-
tional modes are planet modes; furthermore, J purely ring modes
change into planet modes. Therefore, the number of planet modes
increases by 3J/+3, and the number of purely ring modes de-
creases by J.

The natural frequency multiplicities and all modal properties
from the candidate mode method match the numerical solution in
Tables 1 and 2 and Fig. 2 (as well as the perturbation results) for
arbitrary N and J.

+ &, sin a,— 71, cos a, — u,

5 Conclusions

The distinctive modal properties of planetary gears having
equally spaced planets and an elastic continuum ring gear are
derived using perturbation analysis and proved using a candidate
mode method. The main conclusions are the following:

1. All vibration modes of equally spaced planetary gears hav-
ing an elastic ring gear are classified into rotational, transla-
tional, planet, and purely ring modes. For each mode type,
the deflections of each planetary gear component, including
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the elastic ring, are derived in closed form. In addition, the
number of each mode type and multiplicity of the natural
frequencies are determined.

2. The modal deflection properties of the sun, carrier, and plan-
ets for rotational, translational, and planet modes are the
same as for the discrete model, while the deformation of the
ring gear is governed by simple analytical rules dictating
which nodal diameter components are present in each mode
type.

3. Rotational modes contain jN nodal diameter ring deforma-
tion components, while the sun, carrier, and ring rigid mo-
tions have only rotational motion. All planets have the same
displacement. The natural frequencies are distinct.

4. Translational modes contain jN = 1 nodal diameter ring de-
formation components, while the sun, carrier, and ring rigid
motions have only translational motion. The deflections of
individual planets are related by a rotation matrix. The natu-
ral frequencies have multiplicity 2.

5. Planet modes contain jN *s nodal diameter ring deforma-
tion components, where s is one of 2,3,...,int(N/2). The
translation and rotation of the sun, carrier, and rigid ring are
zero, and the deflections of the planets are proportional to
each other. Most of these natural frequencies have multiplic-
ity 2, but some natural frequencies are distinct for an even
number of planets.

6. A purely ring mode has only a single nodal diameter ring
deformation component. The deflections of all the discrete
elements, including the ring rigid motion, are zero. The natu-
ral frequencies are distinct.

7. Changing the number of planets N does not affect the num-
ber of rotational and translational modes. How the vibration
modes are distributed between purely ring modes and planet
modes with the addition of a planet depends on whether N
changes from odd to even or vice versa.

Nomenclature

Superscripts 0 and 1 of a,q,v denote the unperturbed and the
first-order perturbation eigenfunctions, respectively. Subscripts
c,r,s,n denote the carrier, ring, sun, and the nth planet.

a, = ring-planet pressure angle
@, = sun-planet pressure angle
¢, = location of the nth planet
wﬂ + ar

l/’n — Qg

v = Poisson’s ratio

p = mass density per unit length
E = Young’s modulus

J = area moment of inertia

N = number of planets

R = neutral radius of the ring gear

kj, kj, = translational and rotational stiffness of
supports/bearing for the carrier and sun, j=c,s
kpena = ring bending stiffness

ky, = ring-planet mesh stiffness
sun-planet mesh stiffness
ks ks = radial, tangential distributed ring elastic foun-
dation stiffnesses
I; = mass moment of inertia for the ring, carrier
and sun, j=r,c,s
m; = mass of the ring, carrier and sun, j=r,c,s
r; = base radius for the ring and sun, j=r,c,s
ry, r, = inner, outer radii of the ring gear
u, w = ring tangential, radial deflections
v = ring elastic tangential deflection
Xj,Yj,up = translational and rotational displacements of
the ring, sun and carrier, j=r,c,s
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radial, tangential, and rotational displacements
of the nth planet

gn’ 7]}1’”}1 =

Appendix: Nondimensional Matrices M and K

M =diag(M,,M_,M,M|, ..., M,)
. ) .
Mj=d1ag(mj,mj,1j/rj), j=c¢,s,1,...,N,

M, = diag(1,1,1/cos® a,)

2K} +K,, K, - K}
2K +K,, K, - K
K= 2 K +K, Kj - K}
K,
symmetric
! K5 ]

K= diag(ij,kjy,kju), Jj=c,s,

Krb =m diag(krbs + krus’krbss 2krus/cosz ar)

ks and kg are uniform radial and tangential distributed stiff-
nesses, respectively. k;.ku is torsional stiffness with units F—L/rad

and kj, =k’ /r7 with units F/L.
Ju - J

n _yn n n
Kpp =K5+ K5 +K{;

. 2 . .
s lﬂrn —COS lﬂm s ¢rn —Sin lﬂrn
2
:’] = Cos (!/m Cos lr//m
symmetric 1
—sin ¢, sina, sin ¢, cos o,  sin Y,

=\ cos ¢, sina, —cos i, cosa, —cos i,
sin —cos a, -1
sin® @, —cos a,,sina, cosa,
n 2
n= cos” a, cos a,
symmetric 1
1 0 —sin ¢,
no_
K? =k, 1 cosy, |,
symmetric 1
—cosy, sinyg, O
n .
w=k,,| —sing, —cosyy, 0
0 -1 0
K ; = diag(k,,.k,,.0)
. 2 . .
s d’sn —COos l/jsn sin wm —sm lﬁsn
n 2
Ksl = ksp Cos wxn COoSs l//xn
symmetric 1
sin ¥, sin ay sin ¢, cos o, —sin ¢,

n .
2= k| — €08 iy, sin @y — cos i, cos oy cOs Py,

—sin a; —Cos a; 1
sin® @,  cosa,sina, —sina,
n o _ 2
3 =kgp cos” ay —Cos a;
symmetric 1
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l//sn = lpn - lpm = lpn +a,
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