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Graduate Stude This work investigates the stability of axially moving media subjected to parametric

excitation resulting from tension and translation speed oscillations. Each of these excita-
tion sources has spectral content with multiple frequencies and arbitrary phases. Stability
boundaries for primary parametric instabilities, secondary instabilities, and combination

instabilities are determined analytically through second-order perturbation. The classical

result that primary instability occurs when one of the excitation frequencies is close to
twice a natural frequency changes as a result of multiple excitation frequencies. Unusual
interactions occur for the practically important case of simultaneous primary and sec-

ondary instabilities. While sum type combination instabilities occur, no difference type
instabilities are detected. The nonlinear limit cycle amplitude that occurs under primary

instability is derived using the method of multiple scal¢®Ol: 10.1115/1.1343914
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Introduction termined stability boundaries for the moving string with speed

ctuation. Both of these analyses are limited to monofrequency

I . . . ol
The trans_verse_ V|brat|on of aX|a_IIy moving materials sul_)]ecte rametric excitation and first-order approximation. They do not
to parametric excitations has received considerable attention fr _%d

. - ress secondary resonances. The present work shows unique
many researchers. Most studies have addressed the stability u practically important behaviors associated with multi-

parametric excitation with a single frequency component. Pra_cﬁ'equency excitation, secondary resonances, and second-order
cal systems, however, are subjected to multifrequency exc'tat'oﬁﬁ‘proximation.

that may significantly impact the dynamic behavior. In vehicle' The two works noted above give a good review of prior studies
serpentine belt drives, for example, the engine drives a crankshgft harametrically excited moving media. Particularly relevant
pulley that powers a single belt, which in turn supplies power @y dies include the work of Mahalingarf3], Mote [4,5],
multiple automotive accessories. Engine firing pulses cause bliguleswaran and Willian$], and Asokanthan and Ariaratnam
translation speed fluctuations. Additionally, these engine firing] Recent studies include Oz et E8] and Chakraborty and Mal-
pulses, in combination with dynamic accessory torques, exciig [9]. Ulsoy et al[10] motivated the studies for automotive belt
pul!ey rotational vibrations that lead to tension oscnlatlops in th@rives by showing a primary source of transverse belt vibration to
individual belt spans. The speed and tension fluctuations baje parametric instability caused by tension fluctuation.
parametrically excite the belt spans. The speed oscillations have

spectral content related to harmonics of the engine speed, and the )

tension oscillations have multifrequency spectral content assoBiroblem Formulation

ated with the engine speed and dynamic accessory loadrhe system is a beam/string of lengthmoving with time-

frequencies. ] . ) . dependent transport velocity(T). The equation of motion for
This study investigates the stability of parametrically excitedyansverse vibration is

moving media subjected to dynamic tension and speed fluctua-

tions with arbitrary spectral content. A discretization/perturbatiofA(Vr1+ CVy+ 2CVrx+ C?Vyx) = (Py+ Pg) Vxx+ ElVyxxx=0

method yields the excitation frequency-amplitude parameter plane (1)

boundaries separating stable and unstable regions for the singlerepA is the mass per unit lengtEl is the bending stiffness,

mode primary and secondary resonances and the combinatofs the transverse displacemeiits the time,X is the spatial

resonances for any two modes. These boundaries are determig@stdinate P, is the mean belt tension, amy(T) is the dynamic

analytically in closed form through second-order perturbatiofension. The dynamic tension results from longitudinal belt

Nonlinear limit cycles that occur in the parametric resonance remotion and midplane stretching from transverse deflection. Under

gions are determined analytically and numerically. the assumption of quasi-static stretchifig.1]), the dynamic
This work builds on that of Mockensturm et al], who deter- tension is

mined closed-form analytical expressions for all primary and the EA 1 (L

first sum type combl_natlon_ resonance regions of a moving string Py=— | U(L,T)=U(0T)+ _f Vv, 2dX @)

with tension fluctuation. Similarly, Pakdemirli and Ulsg®| de- L 2 ),

o whom correspondence should be addressed whereEA is the longitudinal stiffness modulus atdlis the lon-
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gives 9 92 9

- 0 —
Utt+27vtx+7tvx_(1_yz)vxx+avxxxx C= 2(9)( Zyom , D= 28 ’
1 (1 0 0 0 O ©)
—g[u(l,t)—u(o,t)—l- Efo 020X |vy=0.  (4) P
. . . . . =l |, w=|"
The relative longitudinal motion of the end points, which re- o o ’ v

sults from rotational pulley oscillations, consists of multifre-

quency excitation of the form The inner product in the state spacéW¥,V)=[iWTVdx, where
k k the overbar denotes complex conjugate and superstignotes
_ _ transpose.
10— = ; Qit+6)= ; Qit+6,). . . . . .
futh-un] gzl Uj cos i+ 6) .21 & CO QL+ 6) The Galerkin basis consists of the state-space eigenfunctions
(5) for the nonparametrically excited syste8) ([12])

g;=(EAL)/P,<1 represents the ratio of the dynamic tension jontn| [Nt
fluctuation caused by thgh spectral component of the relative Un Un
endpoint motion to the mean span tension. The relative longitudi- . . ,
nal motion of the endpoints(1t) —u(0y) is specified. In serpen- Where, are the complex eigenfunctions @ (&= =0) and
tine belt drives, it is calculated from dynamic analysis of the dig2n @€ the natural frequencies. Tiig, possess the orthonormality
crete pulley rotations induced by crankshaft excitations amtiorerties — (Adn,®m=sny, (BOp, B )= —NnSmn=
dynamic accessory torques. Engine firing pulses cause a spadd’ndmn- For the moving string modela(=0) the eigensolu-
“ripple” on the mean crankshaft rotation speed. The associatdigns are

belt speed fluctuations are

d,=

(10)

1 :
K :,//n=mr—\/1__yze'“”“/oxsin(n7-rx), Nn=jwp=inm(1-7})
H ’ ! 0
=0+ 2 6l SinQt+0)). (6) (11)
=

for fixed pulleys at the string supports. Eigensolutions for a trav-
Typically, the dominant speed and tension fluctuation frequenejing beam can not be expressed in closed form and require nu-
equalsN/2 times the engine speed, whexeis the number of merical solution([4]).
cylinders, though higher harmonics of this frequency and acces-
sory torque frequencies are also present. The dimensionless fre-

quencies are related to the dimensional on€k‘) by Q;

= pALHP O .

with tension and speed fluctuations is
k
—(1—A2 _E O
Uit 2700 ix = (L= ¥5) Uy @V xynx “~ £ COLQit+ 6;)vyy
{=

k/
+ D & {204 SINQt+ 8]) + 2900 SINQ/ L+ 0))
=1

K’ 2
+0Q/v,cogQ/t+6)}+ ( > &l sinQ/t+ 0{)) Vy=0.
i=1

@)

For subsequent discretization, it is convenient to rewfiein
state space form as

k/
AW, +BW+ D, &/{sinfQ/t+6)C+Q/ cogQ/t+ 6/ )D}W
i=1

K K’ 2
— > & cogQt+ ei)Ew+(2 el sin(Q/t+ 9()) EW
i=1 =1

=0 (8)
1 0
_ 2 P
0 —(l—‘yé)m‘i‘am
2 i 1— 42 i + "
Yogx ( Yo)ﬁ a-a
B= P ’
A2 ey — 0
(1 7’0)3)(2 “ox?
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From (4), the linearized equation of motion

Multifrequency Parametric Instabilities

To investigate primary parametric instabilities, we use a single-
term Galerkin discretization for theth mode obtained by use of
one traveling system basis function

W= £,(D)®(X) + E()Dp(X) =2 REE(DD (0], (12)

Mockensturm et al[1] demonstrated the excellent convergence
achieved with this single term expansion for a string model. Sub-
stituting (12) into (8) and taking the inner product witlk, yields

the complex, time-varying equation(the notation Epp,
=(E®,,?,), Enn=(E®D,, D), Esn=(ED,,D,), etc., and
similar relations for theC and D operators are used throughput

k

.gn_jwnfn_ 82 fi cogQit+6)) (annn'i'EnEFn)
=

K’

+ 82 fi/ sin(Qi’t+ Hi/) (gncnn'i_gncﬁn)
i=

K’

+ 821 70/ cogQ/t+8') | (£Dpn+ EDn) =0,
=
n=1.2,:- (13)
where all the excitations are taken to be of the same order, that is
ei=ef;, e/=ef] f;,f/=0(1). (14)

Based on the Floquet theoty13]), combinations of parametric
excitation frequency and amplitude for whi¢h3) has periodic
solutions separate the regions of bounded and unbounded mo-
tions. These stability boundaries are sought in the form of pertur-
bation expansion§11]),

&n=Pot+ep1te?py, (15)
For simplicity, the body of the paper examines the case of tension
excitation alone §; =0), where(13) reduces to

Wa=Wpt+er+er,.
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k

gn_jwngn_{SE fi coqQ;t+ 6,) (annn"'EnEﬁn):O
=1

n=12,- (16)

Stability results for speed fluctuations and simultaneous tension
and speed fluctuations are given in the Appendix. Substitution of

(15) into (16) gives the sequence of perturbation problems

Po—j@npe=0 (17)
k
bL= a1 =ir1Po+| 2, fi COS Qit+0) | [PoEnn+ PoErn]
“
(18)
P2—j@nP2=]r 1P+ jr2Po
k
+| 2} ficogit+ 6) | [P1Enn+ PrEr ]
“
(19)
The periodic solution of17) is
po=aeont, (20)
Substitution of(20) into (18) yields
Kog
P1—@npy=riae®i+ X S {a, [ell @t Ent ]
i=1
+e_j[(ni_z’n)t+9i]]
+EEFn[ej[(Qi7":’n)t+6i]+e*j[(9i+:"n)t+ ﬂi]]}.
(21)

1 Primary Instability.

In general, the sole secular term in

(21 is jrlaejant and its elimination leads to the trivial solution
(a=0) orr;=0 (secondary instability, considered lgtewWhen

- S T
Po= JBaPo=ir p2e 4 jr ybel“n'+ 2 Exbel it 1)
k
ffalEml®

k
2 f a|Enn|2
i=Tie A — Q) =l

4(0,+Q)) +Q|)

+j ont

+N.S.T. (26)

where N.S.T. denotes nonsecular terms. Elimination of secular
terms fromp, requires

k flz

=T+ 4(Qi—Q)

i fi— jo i 2
jrib+ EbEﬁne I=—jaj ry+|Eml

27)

Considering Rdf) and Imp) as the unknowns(22)—(24) show
that the coefficient matrix ii27) is singular. The solvability con-
dition for (27) leads tor,, and the final boundary curves are
obtained from(15) as

k 2
i

Q| €] P &
on=— * o |Em|+|ER —i:lzmm
k 2
Z 4(Q; +Q,) (28)
Using Q,=2w,+0(¢), (28) is converted to

Kk 2

2(1) 8|

0=20,*&|Eqn| —|Em|?| — > E |Qz - +8wn
(29)

Equation(29) applies for moving, tensioned beams. When spe-

any excitation frequency is neat2 , however, additional secular cialized to the moving string=0), the result(29) can be ex-

terms exist. In this cas€),~2w, (that is, Q,=2®,) and ;

pressed entirely in terms of system parameters with the following

#2w, for i#1. The periodicity condition demands that seculagXpressions obtained frofi1):

terms vanish, yielding

jria+ f2 aEqnel 1=0. (22)

Separating the real and imaginary parts leads to

-r +Dlm(E*e"9') lRe(Efe”")
2 a 2 " Im(a)
f| . f| ) [ ga)|
-5 Re(Eqnel ) rnts IM(Epne' )
(23)
For a nontrivial solution 0f23) to exist,
fi

ri==+|Eml. (24)

With =+ (f, /2)|Eﬁn| a solution of(21) is

bejwnt+z j 'aE“”[ ell(Qi+on)t+6] L o= il(Q2i- wn)H—B]]
k J—
_ j _Ti8Em  ira-apt o
=T 2(Q2i= )
fiaEm

—j[(ﬂi+2>n)t+0i]
+E’29+Q|) : (25)

Substitution of(20) and (25) into (19) yields

Journal of Applied Mechanics

Emn=(1—e 2"™0)/(4yg), Epp=jnm(1+75)/2. (30)

Up to the first order of perturbation, the stability boundaries as
given by (29) are determined solely by the root cause parametric
excitation),~2w, with no effect from excitations at other fre-
quencies(see Eg.(24)). Changes in the stability boundaries
caused by the presence of multiple parametric excitation terms are
evident at higher orders of perturbation. Note that the primary
instability boundarie$29) are not affected by the phase angtes
between the multiple excitations. These features are also reflected
in the stability boundaries for speed excitation and simultaneous
speed and tension excitation derived fréh®) ((52) and (55) in
the Appendiy. In the simultaneous tension and speed excitation
case((55)—(57)), the tension and speed fluctuations share a com-
mon frequency component that excites instability. This is typical
of automotive belt drives where the tension and speed both fluc-
tuate at the engine firing frequency.

Figure 1 compares the stability boundaries for a moving string
(a=0) under two simultaneous tension excitatioss=0) ob-
tained by three methods: first-order perturbation, second-order
perturbatlon and numerical method$;~2w; is the root cause
of primary instability. Numerical boundaries are determined by
examining the eigenvalues of the numerically integrated funda-
mental matrix of(16) for varying }; and ;. The first-order
stability boundariegdotted line$ do not capture the effects of the
second parametric excitatiofig) and are the same as for mono-
frequency excitation. The second-order boundaries reflect the im-
pact of the second excitation, and the entire instability region
shifts (solid lineg. The classical result that parametric instability

JANUARY 2001, Vol. 68 / 51
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Fig. 1 Comparison among numerical results (*), first-order perturbation (dots) and
second-order perturbation  (solid curves ) of the first mode (w;=2.76) primary instability
region of an axially moving string under two parametric tension excitations. y=0.35, &,
=0.35.

occurs when an excitation frequency is twice a natural frequenciy — jBnpo= Jrzaejwnt
does not hold when multiple parametric excitations are present.

To see this, considgR29) when two excitations exist, K

_12 E ffpaEnnEn” Qll(Q+Qp=0t+(6+0p)]
i=1 p=1 4(Q -2 n)

2 2 k
el 2e50, ff _E E. -
Ql_zwnisl|Enn|_|Enn|2[8_wn_m- —Jz Z ' p NN O+ Q=)+ (6+ 6]
k k
F et gl gy FlEsl

Because of the excitation at frequen€)s,, the cusp §,—0) j 4(Q —20 ) Ji:1 4(Q0;+2w,)
moves fromQ,=2w, t0 Q;=2w,+2|En|%e30,/(Q5—40?).
The whole instability region shifts accordingly, and parametric +N.S.T. (31)

instability occurs at higher excitation frequendy {>2w,) when  Ejimination of secular terms i1t31) for the case wheif);~w,

Q,>2w, and lower excitation frequencyX;<2w,) whenQ,  andQ,+ w, for i #| leads to the secondary instability boundaries
<2w,. Note that a separate analysis including additional secular

terms is required for the cage,~0,~2w,,. gj
The continuous dependence of the first mode primary instability 0= “’niw_ IM(Enn) | Eqnl

region with the two excitation amplitudes , is illustrated in Fig. "

2. O, causes the primary instability. The shift of the instability K wy, i

region away from(),; =2w, due to the second excitation is appar- —|Eml? — 2 SEW ta,l (32)

ent from the drift in the cusp at;=0. i=1i#l i @n

Analogous results for speed and tension/speed excitation are given

Bhthe Appendix.

2

2

2 Secondary Instability. Primary instabilities are charac-
terized by a response frequency of half the parametric excitati
frequency. In automotive belt drives, however, transverse belt vi-3  Simultaneous Primary and Secondary Instability. In a
bration frequently occurs where the belt frequency is the same fgtem under multiple parametric excitations, a mode may be si-
the engine firing frequency. This is characteristic of secondagyultaneously excited to primary instability by one excitation and
instability where a parametric excitation frequency is close to or@condary instability by another. This situation is expected in au-
of the system natural frequencieQ & wy,). tomotive belt drives as discussed later. With simultaneous insta-

In the absence of primary instability, the only secular term igjlity, the instability boundaries may be significantly different
(22) is jrq aeont, Specifyingr,=0, (25) is again a solution of from those of either excitation acting individually. FiguréaB
(21) except the second summation allows any valué. &ubsti- shows the first mode primary and secondary instability boundaries
tution of this solution inta(19) yields for a moving string for a single excitatior();). The secondary

52 / Vol. 68, JANUARY 2001 Transactions of the ASME
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Fig. 2 Continuous dependence on excitation amplitudes of the first mode (w,=3.07)
primary instability region of an axially moving string under two parametric tension exci-
tations. Q,=7,y=0.15.

instability region is characteristically much narrower than the pri-
mary one. When a second tension excitation exists with frequency | @ Qponly
0,=20,~2w,, primary instability from{), occurs near the } [ RTEE e
secondary instability fronf),. Perturbation analysis of this dual ] : i
excitation case gives the instability region

2 2 2
€2 ol €1 €2 |_&1
lewniE|Eﬁn|7|Eﬁn| 3 +16w +7Im(Enn)|Eﬁn|- :
@n n @n Secondary Instability

(33) A imdarbo ........

As shown in Fig. 8), the coincidence of the primary instability
caused by(), and the secondary instability &?, significantly
widens the secondary instability region. Notice that the unstable
region iswider for smalle, . Considering the dual excitation case
with Q,=(1/2)),, the presence of a simultaneous secondary in-
stability from ), impacts the primary instability &,~2w,, as
seen by comparing Figs(8® and 3c). Here, the primary instabil-
ity region narrows overall andosesfor nonzero amplitude of the
excitation causing primary instabilitys(~0.1). This phenom-
enon is further depicted in Figs. 4 and 5 for instability in the
second mode. Figures& and 4b) contrast the dependence of

b) Q=20

Primary Instabifity

the second mode primary instability region on excitation ampli- 05 ; :

tude and speed for the cases with and without simultaneous sec- | O Ly=120

ondary instability. In Fig. &), notice that the instability region Odp ol e s thstability
closes for nonzere;~0.3 even though each of the; and (2, ¢ under Q)
excitations induce instability individually. While the width of the 0.3 hee -+ Secondary Instability]
primary instability regions widen with excitation amplitud€ig. o under £,

4(a)), the width of the simultaneous primary/secondary region 0.2 R

may decrease with excitation amplitudieig. 4(b) for small ¢,). Seconjdary Instability -

One can see similar interplay between the primary and secondary 0.4 UnderIQy o
instabilities in Fig. 5, which is analogous to Fig. 4 except the o : _

focus is on the secondary instability. 2 3 4 5 6 7

The widening of the secondary instability regiof (~ w,)
Wher.] a _secpnd eXC|tat|oﬁ2:2(ll~2wn IS present(Flg. b)) . Fig. 3 First mode (w;,=2.95) stability boundaries of an axially
has implications for practlc_al systems. _In _automotlve_belt qr'v':'?ﬁoving string caused by three parametric excitation combina-
(and other systemisthe excitation is periodic but not sinusoidal.sions for 4=0.25: (a) single excitation Q;, (b) two excitations
Because of the integer harmonics of the fundamental frequen@y=20,,¢,=0.3, and (¢) two excitations Q,=(1/2)Q,, e,
(the firing frequency in automotive belt driem the excitation =0.3

Journal of Applied Mechanics JANUARY 2001, Vol. 68 / 53
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Fig. 4 Dependence of the second mode (w,=2m(1—72))
moving string principal instability region on translation speed

for (a) single excitation, Q;=~2w,, (b) two excitations, €,
~2w, and Q,=(1Y/2)Q,~w,,e,=0.3

(Figs. 4a) and 5a)). As pointed out by Mockensturm et dlL]

for primary instability, there ar@ subcritical translation speeds
where thenth mode primary instability region closes. The same
holds true for secondary instability.

4 Combination Instability. This section addresses sum and
difference type combination instabilities involving two modes.
Taking thenth andmth modes, the discretized equations are ob-
tained from the expansion

W= (1) D (X) + En(D) D (X) + En(D) P (X) + Em(1) D (%)
=2 RE&,(1) D (X) + En(DP (X ]- (34)

Considering tension fluctuations only, use(8#) in Galerkin dis-
cretization of(8) yields

k
.gn_jwnén_ 32 f; cogQ;t+6;)
L 1= ]

x(gnEnn+EnEFn+§mEmn+EmEﬁn) (39)
k
Em—jonén—| £ 2, ficogQit+0)

L I:l 4

><(§nEnm+EwEﬁm+ ngmm+EmEﬁm)~ (36)

Motivated by the expected sum-type instability wh@p~ w,
+ oy, the solution forms are chosen as

spectrum, simultaneous primary and secondary parametric insta- Q;=(wp+ wm) —2er,—28%r,
bility is likely. This may explain the common observation of belt _ om0+ R N
span vibration at the engine firing frequency in automotive drives. =(@n—er =) H(om=er= &) =0+ o

To explain these observations with a monofrequency excitation E=Potepitepy,  Em=0o+eq+e2q,
model of secondary instability, large excitation amplitudes are = = el t sl o= ter g2, 37
required because of the narrowness of the secondary instability no®nt 20 HmeEm e 2
region(Fig. 3(@)) and the inherent damping. The behavior is morgubstitution of(37) into (35) and(36) yields
plausibly understood with a multifrequency excitation model for o o
realistic excitation amplitudes. Po—Jj@nPo=0, Go—j®ndo=0 (38)
As the translation speed increases, both of the secondary and K
primary instability regions narrow and even close at some speeds. . _ . —
b= i®aPr=r1Po+| 2, fi cOS Qit+0) | [PoEnn+ PoErn
+doEmnt JoEmn] (39)
2 k
o S 01— | @t =17 100+ | 2, i COLQit+ ;) [ PoEnm* PoEin
g ST —
-1 Ba0ce + AoEmmT doEfmm] (40)

Fig. 5 Dependence of the second mode (w2=2n(1—y§))
moving string secondary instability region on translation
speed for (a) single excitation, Q;=~w,, (b) two excitations,
Q=w, and 0,=20,~=2w,,£,=0.3

54 | Vol. 68, JANUARY 2001

and similar equations fop, and q,. The periodic solutions of
(38) arepy=a,e“n, go=ane/“m'. With these solutions, elimina-
tion of secular terms i1t39) and (40) for Q,~ w,+ o, requires

f : f :
jria,+ EIEmEane‘ %=0 jriamt EIEHE;me‘ %=0. (41)

After solution of(41) and use of);= w,+ w,+O(g), (37) gives

Q) =w,Font+eV Eﬁmgan (42)

A natural extension to second-order perturbation was also calcu-
lated. As with primary and secondary instabilities, these bound-
aries are independent of the phasing between the different excita-
tion frequencies. Figure 6 shows the sum type instability region of
a moving string under tension fluctuation obtained by first and
second-order perturbation. Note the scaling of Fig. 6; the combi-
nation instability region is much narrower than the primary insta-
bility region (Fig. 1). The effects from multiple excitation fre-
quencies, including the shift of the entire instability region, are
minimal, and first-order approximations that do not capture these

Transactions of the ASME
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1

Fig. 6 Moving string stability boundaries of first (w;=3.071) and second mode (w,
=6.142) sum-type combination instability  (Q,;=w;+w,) for two parametric tension exci-
tations. Dotted curves denote first-order perturbation, and solid curves denote second-

order perturbation.

effects appear justified for practical systems. See the Appendix for K’

speed excitation and simultaneous speed and tension excitation AVVt+BW+82 f/ cogQ/t+6){sin(Q/t+6/)C

results. s i [ i [ [
To examine possible difference type combination instabilities

whereQ,~ w,— w,,, the approximate solutions are constructed as +Qf cogQft+6/)DIW
k
Q=(w,— wy) —2er{—2°r 1 (1
1= (= )= 267 ? —8(2 fi cog it +6) + 5 ¢ vxzdx) EW
=(wp—&r1— &%) —(wm+er1+&%r,)=0,+ o i=1 0
K’ 2
&=Pot+ep1+e?py, Em=0oT el +e°qy . , ,
T on=wnter ey, wp=on—eli—e2ry + 821 fi sin(Qt+6;) | EW=0. (45)

(43)
Galerkin discretization of45) using (12) yields
In this case, the first-order stability boundaries are “9 912y

O =(op—omn) e VEnEnm (44) ;fn_jwngn_e

Closed-form evaluation of the inner products(#) gives com-
plex values for(), . This implies that there are no difference type _ K _
instabilities up to first-order perturbation. X (EpEnnt §nEﬁn)+82 f/{sin(Q{t+6/)(&Chnt ECin)
The results given in29), (32), (33), (42), and the Appendix i=1
generalize those of Mockensturm et [dl], where tension fluctua-
tion is examined, and Pakdemirli and UlS@&}, where speed fluc-
tuation is considered. In those analyses, the parametric excitation
is restricted to a single harmonic term of either tension or speed
excitation, only first-order approximations are derived, and sec-
ondary instabilities are not investigated.

k
1 _
2, fiC0g Ot 6)+ 5 (dii+ dabod+ dafy)

+Q/ cogQ/t+6))(£,Dpn+ £.Dmn)}
K’ 2

e>, sinQ/t+6])

i=1

0 (6n(EQ,, @)+ E(ED, D))

=0 n=1.2,... (46)

2 L dys, d‘?n)
dX, dz—fo(a dx dX,

1
Nonlinear Response Amplitude for Primary Instability dlzJ' (ixn

By including the midplane stretching nonlinearity (), trans-
verse vibration amplitudes are determined for the principal para- 1 dE 2
metric resonance regions. Allowing moderate displacements with 3_f ( ”) dx.
the orderingy =0O(y&) ([1]), the nonlinear form of7) is o\ dx

(47)
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Fig. 7 Time histories and spectra of the modal response under first-mode primary insta-

bility with single frequency tension excitation. (a) analytical approximation, (b)—(d) nu-
merical integration of coupled equations from a three-mode Galerkin discretization. y
=04, w,=0.84w, £,=0.35, 0=—0.2, Q,=2w,;—2£,0=1.687.

The method of multiple scales is applied td6) with the The foregoing single mode analysis ignores the possibility of

expansion other modes being excited through nonlinear coupling. Figure 7
compares the nonlinear response fr with numerical inte-

&n(tie) =po(t,m)+epa(t,7) (48) gratign of the coupled nonFI)inear egﬁgtions from a three-term

wheret and r=¢t are the fast and slow time scales. The tim&alerkin discretization of45). Figures Ta) and qb) show that

derivative is defined ad/dt—d/dt+e(d/d7). Insertion of(48) the amplitude of the first mode response is accurately predicted by

into (46) gives dpy/dt—jw,po=0 and a similar inhomogeneoussingle-mode analysis. There is, however, considerable energy

equation forp; . transfer into other modes that is not captured in the single mode

The problem of interest is that when speed and tension fluctigpalysis(Figs. 7c) and 1d)).

tion share a common frequency component that simultaneously

causes primary instability, that §3,=Q/~2w,,. The nearness of

Q, andQ/ to 2w, is represented b, = Q| =2w,—2ea, where Conclusions

o=0(1). With the solution Po=Kp(7)elon' Closed-form expressions are derived for the stability of axially
= pp(r)eBalD T englent - glimination of secular terms in the dif- moving media subjected to multifrequency parametric excitation
ferential equation fop, yields the conditions from simultaneous tension and speed fluctuations.

dpn 1 The effects of the parametric excitations at frequencies other

ar pal Qn SIN(28,) + P, O 28,) + Rypj] than the one that is the root cause of an instability are evident only
(49) in a second order perturbation. These effects, however, can be
dg, substantial. In a first-order solution, the set of primary and com-
dr bination instability regions for multifrequency excitation are the
superposition of the instability regions for the individual monof-
whereP,,Q,,, respectively, are the real and imaginary parts akquency excitations.
[—(f{12)(jCm+Q{Dm) + (fi/2)Exn] andR,,S, are the real and 2 The primary instability region that one expects when an ex-
imaginary parts of {/2)[d,E,,+d.Ex,]. The nontrivial equilib- citation frequency is twice a natural frequency shifts as a result of
ria of (49) are the multiple parametric excitations. The classical 2:1 ratio be-
5 tween excitation and natural frequencies no longer holds, and pri-
2 2, 7 2 A2 mary parametric instability occurs at different excitation frequen-
. TSh= \/(US") 74(R”+S”)(Zi PniQ”) cies higher or lower thand, (Fig. 1).
2_ . . .
(pn)= 2R+ D) . (50) 3 Secondary resonances that are typically considered benign
noon widen substantially when a second parametric excitation simulta-
Stability analyses reveal that the limit cycle with larger amplitudeeously excites a primary instability in the same mdBg. 3).
is stable, and the one with lower amplitude is unstable. Whe&uch conditions occur naturally when the fundamental frequency
specialized to the moving string and only tension excitation, tha periodic (but not sinusoidalparametric excitation drives sec-
results of Mockensturm et dl1] are recovered. ondary instability and the first harmonic drives primary instability.

&

— 5 PnSIN2B,)+ Qq COS 26 + Sy?
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This provides a plausible explanation for the practically important B Secondary Instability Caused by Speed Fluctuatios:
case of a serpentine belt span oscillating at the same frequencyas, , ;=0

the engine firing frequency.

4 Instability regions for combination resonances of the sum

12

r__ 8' H S —
type are significantly narrower than those for primary instability. Q _wniw_n IM(Eqp)| —Crnt @nDr
For practical system damping and realistic excitation amplitudes,
a first-order approximation appears to be sufficient. Difference k 12

type combination resonances do not occur even with multiple ex- -

citation frequencies.

. Wy g
—iC=+w.D-]? — E P L
JCmn n nn| i i Qi/274wﬁ

ST+

5 The nonlinear response amplitude under primary instability

is determined solely by the excitation causing the instability and is
independent of other excitations in a first-order approximation.

+E

(53)

Ve

Transfer of energy from the unstable mode to other modes as a
result of nonlinear coupling is apparent in a numerical solution C Combination Instability Caused by Speed Fluctuatiouj:

(Fig. 7), though not captured in a first-order approximation.
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Appendix

~wpt oy, =0

Q=

wntwnn

+ ¢/ (= [Ciim+ (@n+ @) Diin)(— ] Cim+ (@n+ @) D)
(54)

Results in this Appendix hold for traveling strings and beams. D  Primary Instability Caused by Tension and Speed Fluctua-
For traveling strings ¢=0), the following relations are helpful tion: Q,=Q~2w,

(also seg30)):

Cin=(1—e 2"™0)/2, Dy =0.

A Primary Instability Caused by Speed Fluctuatiofly

~2w,, =0
O/ =2w,*¢(|—Cin+ 20Dy

k/

. 2w

_|_Jcﬁn+2wnDﬁn|2 - .

2
Ve

i=1i#l

+E

12
gl +
2 i Qi!2_4wﬁ

1)  =0=200% (o]~ iCm+ 20,Dm) *+ (&1 Eq)?
X 2w &t
_ |2 2 n '
- - : +
| Eqnl izlz,i;tl SIQiZ_4wﬁ 8w,
Kk’ 12

TC— 12
/2 _l_JCnn+2wnDnn| s
€ i=1i#l

+2( ) |Enil

E Secondary Instability Caused by Tension and Speed Fluc-
tuation: Q= Q| ~w,

! 2 ~—7n +—
& Qi,2_4wﬁ

8w,
(55)
(52)

8|’2

2
/ il

0 =0 =wy* \/(_ IM(Epn)|Enpl
Wn

n
k
- |El?

2
m(—jCpnt wnDnn)| —jCmt wnDnn|>

k

2 2
2 @n € . , 2 2 @n
f——+ — | —|—JCam+ nlél — —+ +
r%i:#l 8|Qi2_4wﬁ 30, | JICmt &y Dnn| i:;,i: gj Q/Z 4o 2 2 ( ) |Enn|
(56)
F Combination Instability Caused by Tension and Speed Fluctuaflpa:Q| ~ w,+ o,
0=0/=0,ton* \/(Slr)z(_jcﬁm+(wn+wm)Dﬁm)(_jcﬁn"'(wn'i_wm)Dﬁn)"'(sl)zEﬁmEEn' (57)
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