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Parametric Instability of Axially
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Multifrequency Tension and
Speed Fluctuations
This work investigates the stability of axially moving media subjected to param
excitation resulting from tension and translation speed oscillations. Each of these ex
tion sources has spectral content with multiple frequencies and arbitrary phases. Sta
boundaries for primary parametric instabilities, secondary instabilities, and combina
instabilities are determined analytically through second-order perturbation. The class
result that primary instability occurs when one of the excitation frequencies is clos
twice a natural frequency changes as a result of multiple excitation frequencies. Un
interactions occur for the practically important case of simultaneous primary and
ondary instabilities. While sum type combination instabilities occur, no difference
instabilities are detected. The nonlinear limit cycle amplitude that occurs under prim
instability is derived using the method of multiple scales.@DOI: 10.1115/1.1343914#
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Introduction
The transverse vibration of axially moving materials subjec

to parametric excitations has received considerable attention
many researchers. Most studies have addressed the stability u
parametric excitation with a single frequency component. Pra
cal systems, however, are subjected to multifrequency excitat
that may significantly impact the dynamic behavior. In vehic
serpentine belt drives, for example, the engine drives a cranks
pulley that powers a single belt, which in turn supplies power
multiple automotive accessories. Engine firing pulses cause
translation speed fluctuations. Additionally, these engine fir
pulses, in combination with dynamic accessory torques, ex
pulley rotational vibrations that lead to tension oscillations in
individual belt spans. The speed and tension fluctuations b
parametrically excite the belt spans. The speed oscillations h
spectral content related to harmonics of the engine speed, an
tension oscillations have multifrequency spectral content ass
ated with the engine speed and dynamic accessory
frequencies.

This study investigates the stability of parametrically excite
moving media subjected to dynamic tension and speed fluc
tions with arbitrary spectral content. A discretization/perturbat
method yields the excitation frequency-amplitude parameter p
boundaries separating stable and unstable regions for the s
mode primary and secondary resonances and the combin
resonances for any two modes. These boundaries are determ
analytically in closed form through second-order perturbati
Nonlinear limit cycles that occur in the parametric resonance
gions are determined analytically and numerically.

This work builds on that of Mockensturm et al.@1#, who deter-
mined closed-form analytical expressions for all primary and
first sum type combination resonance regions of a moving st
with tension fluctuation. Similarly, Pakdemirli and Ulsoy@2# de-
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termined stability boundaries for the moving string with spe
fluctuation. Both of these analyses are limited to monofreque
parametric excitation and first-order approximation. They do
address secondary resonances. The present work shows u
and practically important behaviors associated with mu
frequency excitation, secondary resonances, and second-
approximation.

The two works noted above give a good review of prior stud
on parametrically excited moving media. Particularly releva
studies include the work of Mahalingam@3#, Mote @4,5#,
Naguleswaran and Williams@6#, and Asokanthan and Ariaratnam
@7#. Recent studies include Oz et al.@8# and Chakraborty and Mal-
lik @9#. Ulsoy et al.@10# motivated the studies for automotive be
drives by showing a primary source of transverse belt vibration
be parametric instability caused by tension fluctuation.

Problem Formulation
The system is a beam/string of lengthL moving with time-

dependent transport velocityc(T). The equation of motion for
transverse vibration is

rA~VTT1cTVx12cVTX1c2VXX!2~Pd1Ps!VXX1EIVXXXX50
(1)

whererA is the mass per unit length,EI is the bending stiffness
V is the transverse displacement,T is the time,X is the spatial
coordinate,Ps is the mean belt tension, andPd(T) is the dynamic
tension. The dynamic tension results from longitudinal b
motion and midplane stretching from transverse deflection. Un
the assumption of quasi-static stretching~@11#!, the dynamic
tension is

Pd5
EA

L FU~L,T!2U~0,T!1
1

2 E0

L

Vx
2dXG (2)

whereEA is the longitudinal stiffness modulus andU is the lon-
gitudinal displacement. Use of the dimensionless parameters

x,v,u5
X,V,U

L
, t5A Ps

rAL2 T, g5cYAPs

rA
,

z5
EA

Ps
, a5

EI

PsL
2 (3)
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v tt12gv tx1g tvx2~12g2!vxx1avxxxx

2zFu~1,t !2u~0,t !1
1

2 E0

1

vx
2dxGvxx50. (4)

The relative longitudinal motion of the end points, which r
sults from rotational pulley oscillations, consists of multifr
quency excitation of the form

z@u~1,t !2u~0,t !#5z(
i 51

k

ui cos~V i t1u i !5(
i 51

k

« i cos~V i t1u i !.

(5)

« i5(EAui)/Ps,1 represents the ratio of the dynamic tensi
fluctuation caused by thei th spectral component of the relativ
endpoint motion to the mean span tension. The relative longit
nal motion of the endpointsu(1,t)2u(0,t) is specified. In serpen
tine belt drives, it is calculated from dynamic analysis of the d
crete pulley rotations induced by crankshaft excitations a
dynamic accessory torques. Engine firing pulses cause a s
‘‘ripple’’ on the mean crankshaft rotation speed. The associa
belt speed fluctuations are

g5g01(
i 51

k8

« i8 sin~V i8t1u i8!. (6)

Typically, the dominant speed and tension fluctuation freque
equalsN/2 times the engine speed, whereN is the number of
cylinders, though higher harmonics of this frequency and acc
sory torque frequencies are also present. The dimensionless
quencies are related to the dimensional ones (V i* ) by V i

5ArAL2/PsV i* . From ~4!, the linearized equation of motion
with tension and speed fluctuations is

v tt12g0v tx2~12g0
2!vxx1avxxxx2(

i 51

k

« i cos~V i t1u i !vxx

1(
i 51

k8

« i8$2v tx sin~V i8t1u i8!12g0vxx sin~V i8t1u i8!

1V i8vx cos~V i8t1u i8!%1S (
i 51

k8

« i8 sin~V i8t1u i8!D 2

vxx50.

(7)

For subsequent discretization, it is convenient to rewrite~7! in
state space form as

AWt1BW1(
i 51

k8

« i8$sin~V i8t1u i8!C1V i8 cos~V i8t1u i8!D%W

2(
i 51

k

« i cos~V i t1u i !EW1S (
i 51

k8

« i8 sin~V i8t1u i8!D 2

EW

50 (8)

A5F 1 0

0 2~12g0
2!

]2

]x2 1a
]4

]x4
G ,

B5F 2g0

]

]x
2~12g0

2!
]2

]x2 1a
]4

]x4

~12g0
2!

]2

]x22a
]4

]x4 0
G ,
50 Õ Vol. 68, JANUARY 2001
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C5F 2
]

]x
2g0

]2

]x2

0 0
G , D5F 0

]

]x

0 0
G ,

(9)

E5F 0
]2

]x2

0 0
G , W5Fv t

v G .
The inner product in the state space is^W,V&5*0

1WTV̄dx, where
the overbar denotes complex conjugate and superscriptT denotes
transpose.

The Galerkin basis consists of the state-space eigenfunct
for the nonparametrically excited system~8! ~@12#!

Fn5F j vncn

cn
G5Flncn

cn
G (10)

wherecn are the complex eigenfunctions of~7! (« i5« i850) and
vn are the natural frequencies. TheFn possess the orthonormalit
properties ^AFn ,Fm&5dmn , ^BFn ,Fm&52lndmn5
2 j vndmn . For the moving string model (a50) the eigensolu-
tions are

cn5
1

npA12g0
2

ejnpg0x sin~npx!, ln5 j vn5 jnp~12g0
2!

(11)

for fixed pulleys at the string supports. Eigensolutions for a tr
eling beam can not be expressed in closed form and require
merical solution~@4#!.

Multifrequency Parametric Instabilities
To investigate primary parametric instabilities, we use a sing

term Galerkin discretization for thenth mode obtained by use o
one traveling system basis function

W5jn~ t !Fn~x!1 j̄n~ t !F̄n~x!52 Re@jn~ t !Fn~x!#. (12)

Mockensturm et al.@1# demonstrated the excellent convergen
achieved with this single term expansion for a string model. S
stituting ~12! into ~8! and taking the inner product withFn yields
the complex, time-varying equation~the notation Enm

5^EFn ,Fm&, En̄m5^EF̄n ,Fm&, Ēnm5^EFn ,Fm&, etc., and
similar relations for theC andD operators are used throughout!

j̇n2 j vnjn2F«(
i 51

k

f i cos~V i t1u i !G ~jnEnn1 j̄nEn̄n!

1F «(
i 51

k8

f i8 sin~V i8t1u i8!G ~jnCnn1 j̄nCn̄n!

1F «(
i 51

k8

f i8V i8 cos~V i8t1u8!G ~jnDnn1 j̄nDn̄n!50,

n51,2,¯ (13)

where all the excitations are taken to be of the same order, th

« i5« f i , « i85« f i8 f i , f i850~1!. (14)

Based on the Floquet theory~@13#!, combinations of parametric
excitation frequency and amplitude for which~13! has periodic
solutions separate the regions of bounded and unbounded
tions. These stability boundaries are sought in the form of per
bation expansions~@11#!,

jn5p01«p11«2p2 , vn5ṽn1«r 11«2r 2 . (15)

For simplicity, the body of the paper examines the case of tens
excitation alone (« i850), where~13! reduces to
Transactions of the ASME
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j̇n2 j vnjn2F«(
i 51

k

f i cos~V i t1u i !G ~jnEnn1 j̄nEn̄n!50

n51,2,¯ . (16)

Stability results for speed fluctuations and simultaneous ten
and speed fluctuations are given in the Appendix. Substitution
~15! into ~16! gives the sequence of perturbation problems

ṗ02 j ṽnp050 (17)

ṗ12 j ṽnp15 j r 1p01F(
i 51

k

f i cos~V i t1u i !G @p0Enn1 p̄0En̄n#

(18)

ṗ22 j ṽnp25 j r 1p11 j r 2p0

1F(
i 51

k

f i cos~V i t1u i !G @p1Enn1 p̄1En̄n#.

(19)

The periodic solution of~17! is

p05aei ṽnt. (20)

Substitution of~20! into ~18! yields

ṗ12 j ṽnp15 j r 1aej ṽnt1(
i 51

k
f i

2
$aEnn@ej @~V i1ṽn!t1u i #

1e2 j @~V i2ṽn!t1u i ##

1āEn̄n@ej @~V i2ṽn!t1u i #1e2 j @~V i1ṽn!t1u i ##%.

(21)

1 Primary Instability. In general, the sole secular term
~21! is j r 1aej ṽnt and its elimination leads to the trivial solutio
(a50) or r 150 ~secondary instability, considered later!. When
any excitation frequency is near 2vn , however, additional secula
terms exist. In this case,V l'2vn ~that is, V l52ṽn! and V i
Þ2vn for iÞ l . The periodicity condition demands that secu
terms vanish, yielding

j r 1a1
f l

2
āEn̄nej u l50. (22)

Separating the real and imaginary parts leads to

F 2r 11
f l

2
Im~En̄nej u l !

f l

2
Re~En̄nej u l !

2
f l

2
Re~En̄nej u l ! r 11

f l

2
Im~En̄nej u l !

G F Im~a!

Re~a!G50.

(23)

For a nontrivial solution of~23! to exist,

r 156
f l

2
uEn̄nu. (24)

With r 156( f l /2)uEn̄nu, a solution of~21! is

p15bej ṽnt1(
i 51

k

j
f iaEnn

2V i
@2ej @~V i1ṽn!t1u i #1e2 j @~V i2ṽn!t1u i ##

2 (
i 51,iÞ l

k

j
f i āEn̄n

2~V i2V l !
ej @~V i2ṽn!t1u i #

1(
i 51

k

j
f i āEn̄n

2~V i1V l !
e2 j @~V i1ṽn!t1u i #. (25)

Substitution of~20! and ~25! into ~19! yields
Journal of Applied Mechanics
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ṗ22 j ṽnp25 j r 2aej ṽnt1 j r 1bej ṽnt1
f l

2
En̄nb̄ej ~ṽnt1u l !

1 j (
i 51,iÞ l

k
f i

2auEn̄nu2

4~V i2V l !
ej ṽnt2 j(

i 51

k
f i

2auEn̄nu2

4~V i1V l !
ej ṽnt

1N.S.T. (26)

where N.S.T. denotes nonsecular terms. Elimination of sec
terms fromp2 requires

j r 1b1
f l

2
b̄En̄nej u l52 jaH r 21uEn̄nu2F (

i 51,iÞ l

k
f i

2

4~V i2V l !

2(
i 51

k
f i

2

4~V i1V l !
G J . (27)

Considering Re(b) and Im(b) as the unknowns,~22!–~24! show
that the coefficient matrix in~27! is singular. The solvability con-
dition for ~27! leads tor 2 , and the final boundary curves ar
obtained from~15! as

vn5
V l

2
6

« l

2
uEn̄nu1uEn̄nu2F2 (

i 51,iÞ l

k
« i

2

4~V i2V l !

1(
i 51

k
« i

2

4~V i1V l !
G . (28)

Using V l52vn1O(«), ~28! is converted to

V l52vn6« l uEn̄nu2uEn̄nu2F2 (
i 51,iÞ l

k

« i
2

2vn

V i
224vn

2 1
« l

2

8vn
G .

(29)

Equation~29! applies for moving, tensioned beams. When sp
cialized to the moving string (a50), the result~29! can be ex-
pressed entirely in terms of system parameters with the follow
expressions obtained from~11!:

En̄n5~12e22 jnpg0!/~4g0!, Enn5 jnp~11g0
2!/2. (30)

Up to the first order of perturbation, the stability boundaries
given by ~29! are determined solely by the root cause parame
excitationV l'2vn with no effect from excitations at other fre
quencies ~see Eq. ~24!!. Changes in the stability boundarie
caused by the presence of multiple parametric excitation terms
evident at higher orders of perturbation. Note that the prim
instability boundaries~29! are not affected by the phase anglesu i
between the multiple excitations. These features are also refle
in the stability boundaries for speed excitation and simultane
speed and tension excitation derived from~13! ~~52! and ~55! in
the Appendix!. In the simultaneous tension and speed excitat
case~~55!–~57!!, the tension and speed fluctuations share a co
mon frequency component that excites instability. This is typi
of automotive belt drives where the tension and speed both fl
tuate at the engine firing frequency.

Figure 1 compares the stability boundaries for a moving str
(a50) under two simultaneous tension excitations (« i850) ob-
tained by three methods: first-order perturbation, second-o
perturbation, and numerical methods.V1'2v1 is the root cause
of primary instability. Numerical boundaries are determined
examining the eigenvalues of the numerically integrated fun
mental matrix of~16! for varying V1 and «1 . The first-order
stability boundaries~dotted lines! do not capture the effects of th
second parametric excitation (V2) and are the same as for mono
frequency excitation. The second-order boundaries reflect the
pact of the second excitation, and the entire instability reg
shifts ~solid lines!. The classical result that parametric instabili
JANUARY 2001, Vol. 68 Õ 51
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Fig. 1 Comparison among numerical results „* …, first-order perturbation „dots … and
second-order perturbation „solid curves … of the first mode „v1Ä2.76… primary instability
region of an axially moving string under two parametric tension excitations. gÄ0.35, «2
Ä0.35.
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occurs when an excitation frequency is twice a natural freque
does not hold when multiple parametric excitations are pres
To see this, consider~29! when two excitations exist,

V152vn6«1uEn̄nu2uEn̄nu2F «1
2

8vn
2

2«2
2vn

~V2
224vn

2!
G .

Because of the excitation at frequencyV2 , the cusp («1→0)
moves fromV152vn to V152vn12uEn̄nu2«2

2vn /(V2
224vn

2).
The whole instability region shifts accordingly, and paramet
instability occurs at higher excitation frequency (V1.2vn) when
V2.2vn and lower excitation frequency (V1,2vn) when V2
,2vn . Note that a separate analysis including additional sec
terms is required for the caseV2'V1'2vn .

The continuous dependence of the first mode primary instab
region with the two excitation amplitudes«1,2 is illustrated in Fig.
2. V1 causes the primary instability. The shift of the instabili
region away fromV152v1 due to the second excitation is appa
ent from the drift in the cusp at«150.

2 Secondary Instability. Primary instabilities are charac
terized by a response frequency of half the parametric excita
frequency. In automotive belt drives, however, transverse bel
bration frequently occurs where the belt frequency is the sam
the engine firing frequency. This is characteristic of second
instability where a parametric excitation frequency is close to
of the system natural frequencies (V l'vn).

In the absence of primary instability, the only secular term
~21! is j r 1aej ṽnt. Specifying r 150, ~25! is again a solution of
~21! except the second summation allows any value ofi. Substi-
tution of this solution into~19! yields
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ncy
nt.

ric

lar

lity

y
r-

-
tion
vi-
as

ary
ne

in

ṗ22 j ṽnp25 j r 2aej ṽnt

2 j(
i 51

k

(
p51

k
f i f pāEn̄nEnn

4~Vp22ṽn!
ej @~V i1Vp2ṽn!t1~u i1up!#

2 j(
i 51

k

(
p51

k
f i f pāEn̄nĒnn

4Vp
ej @~V i1Vp2ṽn!t1~u i1up!#

1 j(
i 51

k
f i

2auEn̄nu2

4~V i22ṽn!
ej ṽnt2 j(

i 51

k
f i

2auEn̄nu2

4~V i12ṽn!
ej ṽnt

1N.S.T. (31)

Elimination of secular terms in~31! for the case whenV l'vn
andV iÞvn for iÞ l leads to the secondary instability boundari

V l5vn6
« l

2

vn
Im~Enn!uEn̄nu

2uEn̄nu2F2 (
i 51,iÞ l

k

« i
2

vn

V i
224vn

2 1
« l

2

3vn
G . (32)

Analogous results for speed and tension/speed excitation are g
in the Appendix.

3 Simultaneous Primary and Secondary Instability. In a
system under multiple parametric excitations, a mode may be
multaneously excited to primary instability by one excitation a
secondary instability by another. This situation is expected in
tomotive belt drives as discussed later. With simultaneous in
bility, the instability boundaries may be significantly differe
from those of either excitation acting individually. Figure 3~a!
shows the first mode primary and secondary instability bounda
for a moving string for a single excitation (V1). The secondary
Transactions of the ASME
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Fig. 2 Continuous dependence on excitation amplitudes of the first mode „v1Ä3.07…
primary instability region of an axially moving string under two parametric tension exci-
tations. V2Ä7,gÄ0.15.
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h

instability region is characteristically much narrower than the p
mary one. When a second tension excitation exists with freque
V252V1'2vn , primary instability from V2 occurs near the
secondary instability fromV1 . Perturbation analysis of this dua
excitation case gives the instability region

V15vn6
«2

2
uEn̄nu2uEn̄nu2F «1

2

3vn
1

«2
2

16vn
G7

«1
2

vn
Im~Enn!uEn̄nu.

(33)

As shown in Fig. 3~b!, the coincidence of the primary instabilit
caused byV2 and the secondary instability ofV1 significantly
widens the secondary instability region. Notice that the unsta
region iswider for small«1 . Considering the dual excitation cas
with V25(1/2)V1 , the presence of a simultaneous secondary
stability from V2 impacts the primary instability atV1'2vn as
seen by comparing Figs. 3~a! and 3~c!. Here, the primary instabil-
ity region narrows overall andclosesfor nonzero amplitude of the
excitation causing primary instability («1'0.1). This phenom-
enon is further depicted in Figs. 4 and 5 for instability in t
second mode. Figures 4~a! and 4~b! contrast the dependence o
the second mode primary instability region on excitation am
tude and speed for the cases with and without simultaneous
ondary instability. In Fig. 4~b!, notice that the instability region
closes for nonzero«1'0.3 even though each of theV1 and V2
excitations induce instability individually. While the width of th
primary instability regions widen with excitation amplitude~Fig.
4~a!!, the width of the simultaneous primary/secondary reg
may decrease with excitation amplitude~Fig. 4~b! for small «1!.
One can see similar interplay between the primary and secon
instabilities in Fig. 5, which is analogous to Fig. 4 except t
focus is on the secondary instability.

The widening of the secondary instability region (V1'vn)
when a second excitationV252V1'2vn is present~Fig. 3~b!!
has implications for practical systems. In automotive belt driv
~and other systems!, the excitation is periodic but not sinusoida
Because of the integer harmonics of the fundamental freque
~the firing frequency in automotive belt drives! in the excitation
Mechanics
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e
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f
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Fig. 3 First mode „v1Ä2.95… stability boundaries of an axially
moving string caused by three parametric excitation combina-
tions for gÄ0.25: „a… single excitation V1 , „b… two excitations
V2Ä2V1 ,«2Ä0.3, and „c… two excitations V2Ä„1Õ2…V1 ,«2
Ä0.3
JANUARY 2001, Vol. 68 Õ 53
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spectrum, simultaneous primary and secondary parametric in
bility is likely. This may explain the common observation of be
span vibration at the engine firing frequency in automotive driv
To explain these observations with a monofrequency excita
model of secondary instability, large excitation amplitudes
required because of the narrowness of the secondary insta
region~Fig. 3~a!! and the inherent damping. The behavior is mo
plausibly understood with a multifrequency excitation model
realistic excitation amplitudes.

As the translation speed increases, both of the secondary
primary instability regions narrow and even close at some spe

Fig. 4 Dependence of the second mode „v2Ä2p„1Àg0
2
……

moving string principal instability region on translation speed
for „a… single excitation, V1É2v2 , „b… two excitations, V1
É2v2 and V2Ä„1Õ2…V1Év2 ,«2Ä0.3

Fig. 5 Dependence of the second mode „v2Ä2p„1Àg0
2
……

moving string secondary instability region on translation
speed for „a… single excitation, V1Év2 , „b… two excitations,
V1Év2 and V2Ä2V1É2v2 ,«2Ä0.3
54 Õ Vol. 68, JANUARY 2001
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~Figs. 4~a! and 5~a!!. As pointed out by Mockensturm et al.@1#
for primary instability, there aren subcritical translation speed
where thenth mode primary instability region closes. The sam
holds true for secondary instability.

4 Combination Instability. This section addresses sum an
difference type combination instabilities involving two mode
Taking thenth andmth modes, the discretized equations are o
tained from the expansion

W5jn~ t !Fn~x!1 j̄n~ t !F̄n~x!1jm~ t !Fm~x!1 j̄m~ t !F̄m~x!

52 Re@jn~ t !Fn~x!1jm~ t !Fm~x!#. (34)

Considering tension fluctuations only, use of~34! in Galerkin dis-
cretization of~8! yields

j̇n2 j vnjn2F«(
i 51

k

f i cos~V i t1u i !G
3~jnEnn1 j̄nEn̄n1jmEmn1 j̄mEm̄n! (35)

j̇m2 j vmjm2F«(
i 51

k

f i cos~V i t1u i !G
3~jnEnm1 j̄nEn̄m1jmEmm1 j̄mEm̄m!. (36)

Motivated by the expected sum-type instability whenV l'vn
1vm , the solution forms are chosen as

V l5~vn1vm!22«r 122«2r 2

5~vn2«r 12«2r 2!1~vm2«r 12«2r 2!5ṽn1ṽm

⇒ jn5p01«p11«2p2 ,
vn5ṽn1«r 11«2r 2 ,

jm5q01«q11«2q2

vm5ṽm1«r 11«2r 2
. (37)

Substitution of~37! into ~35! and ~36! yields

ṗ02 j ṽnp050, q̇02 j ṽmq050 (38)

ṗ12 j ṽnp15 j r 1p01F(
i 51

k

f i cos~V i t1u i !G @p0Enn1 p̄0En̄n

1q0Emn1q̄0Em̄n# (39)

q̇12 j ṽmq15 j r 1q01F(
i 51

k

f i cos~V i t1u i !G @p0Enm1 p̄0En̄m

1q0Emm1q̄0Em̄m# (40)

and similar equations forp2 and q2 . The periodic solutions of
~38! arep05anej ṽnt, q05amej ṽmt. With these solutions, elimina
tion of secular terms in~39! and ~40! for V l'vn1vm requires

j r 1an1
f l

2
āmEm̄nej u l50 j r 1am1

f l

2
ānEn̄mej u l50. (41)

After solution of~41! and use ofV l5vn1vm1O(«), ~37! gives

V l5vn6vm1« lAEn̄mĒm̄n (42)

A natural extension to second-order perturbation was also ca
lated. As with primary and secondary instabilities, these bou
aries are independent of the phasing between the different ex
tion frequencies. Figure 6 shows the sum type instability region
a moving string under tension fluctuation obtained by first a
second-order perturbation. Note the scaling of Fig. 6; the com
nation instability region is much narrower than the primary ins
bility region ~Fig. 1!. The effects from multiple excitation fre
quencies, including the shift of the entire instability region, a
minimal, and first-order approximations that do not capture th
Transactions of the ASME
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Fig. 6 Moving string stability boundaries of first „v1Ä3.071… and second mode „v2
Ä6.142… sum-type combination instability „V1Év1¿v2… for two parametric tension exci-
tations. Dotted curves denote first-order perturbation, and solid curves denote second-
order perturbation.
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w

effects appear justified for practical systems. See the Appendix
speed excitation and simultaneous speed and tension excit
results.

To examine possible difference type combination instabilit
whereV l'vn2vm , the approximate solutions are constructed

V l5~vn2vm!22«r 122«2r 2

5~vn2«r 12«2r 2!2~vm1«r 11«2r 2!5ṽn1ṽm

⇒ jn5p01«p11«2p2 ,
vn5ṽn1«r 11«2r 2 ,

jm5q01«q11«2q2

vm5ṽm2«r 12«2r 2
.

(43)

In this case, the first-order stability boundaries are

V l5~vn2vm!6« lAEmnEnm. (44)

Closed-form evaluation of the inner products in~44! gives com-
plex values forV l . This implies that there are no difference typ
instabilities up to first-order perturbation.

The results given in~29!, ~32!, ~33!, ~42!, and the Appendix
generalize those of Mockensturm et al.@1#, where tension fluctua-
tion is examined, and Pakdemirli and Ulsoy@2#, where speed fluc-
tuation is considered. In those analyses, the parametric excita
is restricted to a single harmonic term of either tension or sp
excitation, only first-order approximations are derived, and s
ondary instabilities are not investigated.

Nonlinear Response Amplitude for Primary Instability
By including the midplane stretching nonlinearity in~4!, trans-

verse vibration amplitudes are determined for the principal pa
metric resonance regions. Allowing moderate displacements
the orderingv5O(A«) ~@1#!, the nonlinear form of~7! is
d Mechanics
for
tion

es
as

e

tion
ed

ec-

ra-
ith

AWt1BW1«(
i 51

k8

f i8 cos~V i8t1u i8!$sin~V i8t1u i8!C

1V i8 cos~V i8t1u i8!D%W

2«S (
i 51

k

f i cos~V i t1u i !1
1

2
zE

0

1

vx
2dxD EW

1S «(
i 51

k8

f i8 sin~V i8t1u i8!D 2

EW50. (45)

Galerkin discretization of~45! using ~12! yields

j̇n2 j vnjn2«F(
i 51

k

f i cos~V i t1u i !1
1

2
~d1jn

21d2jnj̄n1d3j̄n
2!G

3~jnEnn1 j̄nEn̄n!1«(
i 51

k8

f i8$sin~V i8t1u i8!~jnCnn1 j̄nCn̄n!

1V i8 cos~V i8t1u i8!~jnDnn1 j̄nDn̄n!%

1S «(
i 51

k8

sin~V i8t1u i8!D 2

~jn^EFn ,Fn&1 j̄n^EF̄n ,Fn&!

50 n51,2, . . . (46)

d15E
0

1S dcn

dx D 2

dx, d25E
0

1S dcn

dx

dC̄n

dx
D dx,

d35E
0

1S dc̄n

dx
D 2

dx. (47)
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Fig. 7 Time histories and spectra of the modal response under first-mode primary insta-
bility with single frequency tension excitation. „a… analytical approximation, „b…–„d… nu-
merical integration of coupled equations from a three-mode Galerkin discretization. g
Ä0.4, v1Ä0.84p, «1Ä0.35, sÄÀ0.2, V1Ä2v1À2«1sÄ1.68p.
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The method of multiple scales is applied to~46! with the
expansion

jn~ t;«!5p0~ t,t!1«p1~ t,t! (48)

where t and t5«t are the fast and slow time scales. The tim
derivative is defined asd/dt→]/]t1«(]/]t). Insertion of ~48!
into ~46! gives]p0 /]t2 j vnp050 and a similar inhomogeneou
equation forp1 .

The problem of interest is that when speed and tension fluc
tion share a common frequency component that simultaneo
causes primary instability, that isV l5V l8'2vn . The nearness o
V l andV l8 to 2vn is represented byV l5V l852vn22«s, where
s5O(1). With the solution p05Kn(t)ej vnt

5rn(t)ej (bn(t)1st)ej vnt, elimination of secular terms in the dif
ferential equation forp1 yields the conditions

drn

dt
5«rn@Qn sin~2bn!1Pn cos~2bn!1Rnrn

2#
(49)

dbn

dt
5«F2

s

2
2Pn sin~2bn!1Qn cos~2bn!1Snrn

2G
where Pn ,Qn , respectively, are the real and imaginary parts
@2( f l8/2)( jCn̄n1V i8Dn̄n)1( f l /2)En̄n# andRn ,Sn are the real and
imaginary parts of (z/2)@d2Enn1d1En̄n#. The nontrivial equilib-
ria of ~49! are

~rn
0!25

sSn6A~sSn!224~Rn
21Sn

2!S s2

4
2Pn

22Qn
2D

2~Rn
21Sn

2!
. (50)

Stability analyses reveal that the limit cycle with larger amplitu
is stable, and the one with lower amplitude is unstable. W
specialized to the moving string and only tension excitation,
results of Mockensturm et al.@1# are recovered.
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The foregoing single mode analysis ignores the possibility
other modes being excited through nonlinear coupling. Figur
compares the nonlinear response from~50! with numerical inte-
gration of the coupled nonlinear equations from a three-te
Galerkin discretization of~45!. Figures 7~a! and 7~b! show that
the amplitude of the first mode response is accurately predicte
single-mode analysis. There is, however, considerable en
transfer into other modes that is not captured in the single m
analysis~Figs. 7~c! and 7~d!!.

Conclusions
Closed-form expressions are derived for the stability of axia

moving media subjected to multifrequency parametric excitat
from simultaneous tension and speed fluctuations.

1 The effects of the parametric excitations at frequencies o
than the one that is the root cause of an instability are evident o
in a second order perturbation. These effects, however, can
substantial. In a first-order solution, the set of primary and co
bination instability regions for multifrequency excitation are t
superposition of the instability regions for the individual mono
requency excitations.

2 The primary instability region that one expects when an
citation frequency is twice a natural frequency shifts as a resu
the multiple parametric excitations. The classical 2:1 ratio
tween excitation and natural frequencies no longer holds, and
mary parametric instability occurs at different excitation freque
cies higher or lower than 2vn ~Fig. 1!.

3 Secondary resonances that are typically considered be
widen substantially when a second parametric excitation simu
neously excites a primary instability in the same mode~Fig. 3!.
Such conditions occur naturally when the fundamental freque
of periodic ~but not sinusoidal! parametric excitation drives sec
ondary instability and the first harmonic drives primary instabili
Transactions of the ASME
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This provides a plausible explanation for the practically import
case of a serpentine belt span oscillating at the same frequen
the engine firing frequency.

4 Instability regions for combination resonances of the s
type are significantly narrower than those for primary instabili
For practical system damping and realistic excitation amplitud
a first-order approximation appears to be sufficient. Differen
type combination resonances do not occur even with multiple
citation frequencies.

5 The nonlinear response amplitude under primary instab
is determined solely by the excitation causing the instability an
independent of other excitations in a first-order approximati
Transfer of energy from the unstable mode to other modes
result of nonlinear coupling is apparent in a numerical solut
~Fig. 7!, though not captured in a first-order approximation.
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Appendix
Results in this Appendix hold for traveling strings and beam

For traveling strings (a50), the following relations are helpfu
~also see~30!!:

Cn̄n5~12e22 jnpg0!/2, Dn̄n50. (51)

A Primary Instability Caused by Speed Fluctuation:V l8
'2vn , « i50

V l852vn6« l8u2 jCn̄n12vnDn̄nu

2u2 jCn̄n12vnDn̄nu2F2 (
i 51,iÞ l

k8

« i8
2

2vn

V i8
224vn

2 1
« l8

2

8vn
G

1(
i 51

k8 S « i8

2 D 2

uEnnu (52)
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B Secondary Instability Caused by Speed Fluctuation:V l8
'vn , « i50

V l85vn6
« l8

2

vn
Im~Enn!u2 jCn̄n1vnDn̄nu

2u2 jCn̄n1vnDn̄nu2F2 (
i 51,iÞ l

k8

« i8
2

vn

V i8
224vn

2 1
« l8

2

3vn
G

1(
i 51

k8 S « i8

2 D 2

uEnnu (53)

C Combination Instability Caused by Speed Fluctuation:V l8
'vn1vm , « i50

V l85vn1vnn

6« l8A~2 jCn̄m1~vn1vm!Dn̄m!~2 jCm̄n1~vn1vm!Dm̄n!

(54)

D Primary Instability Caused by Tension and Speed Fluct
tion: V l5V l8'2vn

V l5V l852vn6A~« l8u2 jCn̄n12vnDn̄nu!21~« l uEn̄nu!2

2uEn̄nu2F2 (
i 51,iÞ l

k

« i
2

2vn

V i
224vn

2 1
« l

2

8vn
G

2u2 jCn̄n12vnDn̄nu2F2 (
i 51,iÞ l

k8

« i8
2

2vn

V i8
224vn

2 1
« l8

2

8vn
G

1(
i 51

k8 S « i8

2 D 2

uEnnu (55)

E Secondary Instability Caused by Tension and Speed F
tuation:V l5V l8'vn
V l5V l85vn6AS « l
2

vn
Im~Enn!uEn̄nu D 2

1S « l8
2

vn
Im~2 jCnn1vnDnn!u2 jCn̄n1vnDn̄nu D 2

2uEn̄nu2F2 (
i 51,iÞ l

k

« i
2

vn

V i
224vn

2 1
« l

2

3vn
G2u2 jCn̄n1V l8Dn̄nu2F2 (

i 51,iÞ l

k

« i8
2

vn

V i8
224vn

2 1
« l8

2

3vn
G1(

i 51

k8 S « i8

2 D 2

uEnnu

(56)

F Combination Instability Caused by Tension and Speed Fluctuation:V l5V l8'vn1vm

V l5V l85vn1vm6A~« l8!2~2 jCn̄m1~vn1vm!Dn̄m!~2 jCm̄n1~vn1vm!Dm̄n!1~« l !
2En̄mĒm̄n. (57)
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