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ABSTRACT
A finite element formulation for the dynamic response of

gear pairs is proposed. Following an established approach in
lumped parameter gear dynamic models, the static transmission
error is used as the excitation in a frequency domain solution
of the finite element vibration model. The nonlinear finite ele-
ment/contact mechanics formulation provides superior calcula-
tion of static transmission error and average mesh stiffness that
is used in the dynamic simulation. The frequency domain finite
element calculation of dynamic response correlates to numeri-
cally integrated (time domain) finite element dynamic results and
previously published experimental results. Simulation time with
the proposed formulation is two orders of magnitude lower than
numerically integrated dynamic results. This formulationadmits
system level dynamic gearbox response, which may include mul-
tiple gear meshes, flexible shafts, rolling element bearings, and
housing structures.

INTRODUCTION
Gear vibration is transfered to the surrounding structure by

shafts and bearings, creating unwanted noise. Dynamic tooth
loads at or near resonant gear speeds cause high stresses in the
teeth and bearings and can cause premature failure. For these
reasons the dynamic behavior of gears is essential to the proper
design of geared systems.

∗Address all correspondence to this author.

Although gear dynamics has been studied for decades, few
studies present a formulation intended for full gear-trainsystems
that contain multiple gear meshes, flexible shafts, bearings, and
housing structures. There are few reliable computational tools
for the dynamic analysis of general gear configurations. Some
models exist, but they are limited by poor modeling of gear
tooth mesh interface, two-dimensional models that neglectout-
of-plane behavior, and specific models for a single gear config-
uration. General three-dimensional finite element models are a
rarity because they require significant computational effort for
dynamic response. In multi-body dynamic simulations, many
time steps are required for the transient response to diminish so
that steady state data can be obtained. This study attempts to
fill this gap with a general finite element formulation that can be
used for full gearbox dynamic analyses.

A linear approach that uses the static transmission error as
excitation is proposed. The use of static transmission error as ex-
citation is common in gear dynamics modeling [5, 11, 13, 19].
This work offers superior static transmission error calculation
from a nonlinear, three-dimensional finite element/contact me-
chanics formulation. The static transmission error is thenused
as excitation to a linear finite element model of a gear pair. The
variations from tooth compliance or profile modifications are de-
termined at multiple locations over a mesh cycle. Spur and heli-
cal gears are handled naturally by this formulation.

This formulation is examined for single gear pairs as a
benchmark. Both spur and helical gears are examined. Compar-
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isons are made to numerically integrated (time domain) finite ele-
ment solutions and experimental data found in the literature. This
method works well for off-resonance regimes for highly nonlin-
ear spur gears and in all regimes for helical gear pairs. Addi-
tionally, the new formulation brings computational efficiency to
general three-dimensional gear dynamics. This method allows
system level dynamic analyses for gear transmission systems in
reasonable times.

Typical analyses model gear dynamics using lumped param-
eter models. These models commonly assume the gear blanks to
be rigid bodies with lumped spring elements to model the gear
mesh interface. The complexity of the gear mesh interface varies
for each model. Accurate gear mesh modeling is essential to
capturing the dynamics of gears, and lumped parameter models
suffer due to the various approximations made in modeling the
gear mesh interface. A review of gear dynamic models can be
found in [14].

Lumped parameter mesh models for helical gears are more
complex than the single lumped stiffness element used for spur
gears. Some models use many lumped stiffness elements that
are placed along the discretized contact lines of a helical gear.
Blankenship and Singh review the mathematical models used for
gear mesh interfaces [2] and develop a general three-dimensional
formulation for gear pairs in [3,4]. Kahraman [5] investigated the
dynamics of a helical gear pair using a single stiffness element to
represent each tooth pair in mesh. He found the helix angle had
little effect on the natural frequency of a helical gear pair, and,
for helix angles less than twenty degrees, a spur gear model gives
reasonable results for natural frequency.

Experimental studies by Kahraman and Blankenship showed
the existence of nonlinear response in spur gears [6–9]. Addi-
tionally, they experimentally investigated the effect of contact
ratio and tooth profile modifications on spur gear dynamics.

Recently, a finite element/contact mechanics approach has
been used to study the dynamic properties of gears [15, 16,
18]. All dynamic results so far have been restricted to two-
dimensional analyses that assume plane strain behavior of the
gears in mesh. Parker et al. showed the ability of a two-
dimensional finite element/contact mechanics formulationto ac-
curately capture the strongly nonlinear dynamics of spur gear
pairs [16]. The model was able to predict the nonlinear jump-up
and jump-down frequencies and amplitude of resonant response
accurately as compared to experiments. This formulation was
shown to predict more accurate nonlinear behavior over simple
single degree-of-freedom models. The major advantage of the
finite element/contact mechanics approach is that no restrictions
or assumptions about the gear mesh interface are made and the
contact forces are calculated at each instant as the gears move
kinematically. Parker et al. used the same formulation in [16] to
study the dynamic response of a two-dimensional planetary gear
train model [15]. The finite element/contact mechanics formula-
tion has been used successfully in many other studies related to
gear stress and dynamics, for example [1,10,12,17].

FINITE ELEMENT ANALYSIS

Time Domain Finite Element/Contact Mechanics For-
mulation

Parker et al. [16] gives the detailed mathematics for the two-
dimensional finite element/contact mechanics formulationfor
gear dynamics. This work extends the same formulation to three
dimensions. The formulation of the three-dimensional finite ele-
ment approach is similar to the two-dimensional case. Therefore,
only an overview is provided here and the details can be found
in [16].

The equations of motion for an arbitrary single gear bodyi
can be written as

[
Mffi Mfri

MT
fri Mrri

] (
ẍfi

ẍri

)
+

[
Cffi Cfri

CT
fri Crri

](
ẋfi

ẋri

)

+

[
Kffi Kfri

KT
fri Krri

](
xfi

xri

)
=

(
ffi

fri

) (1)

whereMffi andKffi are the finite element mass and stiffness
matrices, respectively. The vectorxfi contains the finite ele-
ment degrees of freedom, and the vectorxri contains the six
rigid body degrees of freedom of theith gear reference frame.
The damping matrix is found using a Rayleigh damping model,
Cffi = αMffi + βKffi. Any added lumped mass or inertia
is placed inMrri. Stiffness and damping terms from a lumped
element bearing model are added toKrri and Crri. The off-
diagonal matrices couple the elastic and rigid body degreesof
freedom.

Assembling the equations of motion for each gear into a sin-
gle matrix equation gives

Mẍ + Cẋ + Kx = f (2)

Equation (2) is solved using a time discretization method.
After discretization, Equation (2) can be written in the compact
form

K̂x̂ = f̂ (3)
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where

K̂ = M + γ∆tC + β∆t2K

f̂ = −[−2M + (1 − 2γ)∆tC +
(

1

2
− 2β + γ

)
∆t2K]xn

−[M − (1 − γ)∆tC +
(

1

2
+ β − γ

)
∆t2K]xn−1

+∆t2[βfn+1 +
(

1

2
− 2β + γ

)
fn +

(
1

2
+ β − γ

)
fn−1]

xn = x(to + n∆t)

fn = f(to + n∆t).

(4)

The discretization parametersβ and γ are chosen to give
numerical stability without adding damping. We can think ofK̂
and̂f in Equations (3) and (4) as the effective stiffness matrix and
forcing vector. The unknown dynamic solution vector at time
to + (n + 1)∆t is given byx̂ = xn+1.

The response vector,x̂, is broken up by a linear transforma-
tion that separates the elastic (qφ) and rigid body (qθ) degrees of
freedom according to

x̂ = T
(

qφ

qθ

)
(5)

where the matrixT contains the eigenvectors of the symmetric
matrix K̂.

Substitution of Equation (5) into (3) and premultiplying by
the transpose ofT breaks the matrix equation of motion into two
separate equations, one that leads to the displacement equation
for the gear tooth interface and one that gives a force balance
equation for the gear bodies. These two equations are used to
solve the contact problem at the gear mesh interface.

The contact modeling is the highlight of the finite ele-
ment/contact mechanics formulation. A combined finite ele-
ment and semi-analytical formulation (a surface integration of
the Bousinesq solution for a point load on an elastic half-space)
is used to model the contact between the gear teeth [20–22]. A
detailed overview can be found in [15,16] as applied to gear dy-
namics. A brief overview is given below.

The separation due to external and contact loading is written
as

d = Ap + Cqθ + εεε (6)

whereA is a compliance matrix that gives the contribution of the
inner (semi-analytical) and outer (finite element) contribution to
separation from contact,p is a vector of contact loads,C is a
kinematic matrix that adds the rigid body contribution to separa-

tion, qθ is a vector of rigid body degrees of freedom, andεεε is the
contribution to separation from finite element deformations due
to external loading.

The forces on the finite element mesh are balanced by

CTp = λλλ (7)

whereλλλ is the transformed external force vector.

Equations (6) and (7) are solved by linear programming
methods [21] for each element ofd and p subject to the con-
straints that each of thek components,dk, pk ≥ 0 and one (but
not both) ofdk andpk are zero for everyk. The calculatedd and
p are then used to find the finite element displacement vector,x̂.

The main limitation of a full three-dimensional finite ele-
ment dynamic simulation is the computational cost of running
such a model. Because this is a multi-body dynamic formulation
a full gear model is used, and the gear pair is kinematically rotat-
ing during the analysis. Additionally, a number of computation
steps are required to remove the transient response. These two ar-
eas, which are crucial to the dynamic finite element simulation,
consume much computation time.

Frequency Domain Finite Element/Contact Mechanics
Formulation

The frequency domain method begins by finding the gear
tooth mesh stiffness and static transmission error by static simu-
lations at many points over a mesh cycle. For a static simulation
the time derivatives ofx in Equation (2) are set to zero, leaving

Kx = f (8)

Equation (8) is in the same form as Equation (3) and is
solved in exactly the same way. The results from the forego-
ing time domain formulation apply with Equation (8) in placeof
Equation (3).

Equations (6) and (7) give components ofd andp, each of
which contains positive or zero elements with nonzero entries in
p corresponding to zero entries ind. If we partitionpb to contain
all nonzero entries ofp, then the corresponding elements ofdb

will be zero. The partitioned equation of (6) is then writtenas

db = 0 = Abbpb + Cbqθ + εεεb (9)

Solution of (9) forpb gives
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pb = −A−1

bb Cbqθ − A−1

bb εεεb (10)

In general,Abb is a large matrix and calculation of its inverse
is computationally intensive. This is not the case, however, be-
causeA−1

bb is calculated during the linear programming solution
of d andp from Equation (6) and (7). Therefore,A−1

bb is available
with no additional computations.

Substitution of (10) into the basic partition of (7) and rear-
ranging gives

Kqqqθ = λλλ + λλλε (11)

whereKqq = CT
b A−1

bb Cb andλλλε = −CT
b A−1

bb εεεb.
Equation (11) represents the contact stiffness of the gear

mesh interface. The matrixKqq is the time varying (as the gears
rotate) contact stiffness matrix with respect to the rigid body de-
grees of freedom inqθ. The second forcing term in (11),λλλε, is
the excitation that occurs due to tooth surface modifications and
vanishes for gear teeth that have no modifications.

Because Equation (11) is a stiffness matrix that depends on
the contact conditions as the gears rotate kinematically through a
mesh cycle, multiple steps are analyzed over a mesh period. The
mesh cycle is divided intoN steps and a correspondingKqq is
found at each step. This mesh stiffness depends only on the po-
sition in the mesh cycle and is transformed into a time dependent
stiffnessKqq(t) using the mesh frequency. The static displace-
ment vectorxs is found at each of theN steps and is transformed
using the mesh frequency to givexs(t).

Using static condensation to eliminate certain degrees of
freedom and Guyan reduction of the mass and damping matrices
in Equation (2) (the stiffness matrix is unchanged by the Guyan
reduction) gives

M̂q̈∗ + Ĉq̇∗ + L̂q∗ = f̂ (12)

where

M̂ = (TW)TMTW Ĉ = (TW)TCTW
L̂ = (TW)TKTW f̂ = (TW)Tf

x = TW

(
q∗

φ

q∗

θ

)
= TWq∗

(13)

where(·)∗ indicates the degrees of freedom retained during static
condensation. The matrixW is the transformation matrix from
the static condensation process that relates the retained degrees

of freedom to the removed degrees of freedom.
The stiffness matrix̂L does not contain mesh stiffness from

gear tooth contact and has components

L̂ =

[
K̂φφ 0

0 0

]
(14)

Augmenting Equation (14) with the stiffness due to contact
(Kqq(t)) found from the nonlinear semi-analytical formulation
leaves the mass and damping matrices unchanged, but the stiff-
ness equation becomes

L̂ =

[
K̂φφ 0

0 Kqq(t)

]
(15)

The mesh stiffness associated with the contact can be broken
into mean and time varying parts,Kqq(t) = Kqq + K̃qq(t). The
stiffness matrixK̂φφ does not change with time. The stiffness
matrix is also decomposed into mean and time varying parts,L̂ =
K̂m + K̂v(t). With the addition of contact stiffness, these are

K̂m =

[
K̂φφ 0

0 Kqq

]
K̂v(t) =

[
0 0
0 K̃qq(t)

]
(16)

Substitution of the stiffness matrices in Equation (16) into
Equation (12) gives

M̂q̈∗ + Ĉq̇∗ + (K̂m + K̂v(t))q
∗ = f̂ (17)

Equation (17) is a linear time varying equation of motion
for the geared system with time varying mesh stiffness. This
equation is not in the ideal form for a finite element solution.
Therefore, the time varying stiffness term is brought to theright-
hand side giving

M̂q̈∗ + Ĉq̇∗ + K̂mq∗ = f̂ − K̂v(t)q
∗ (18)

To solve (18) the right-hand side of the equation is approx-
imated as follows to get a linear time-invariant system of equa-
tions. If we assume the dynamic contribution to the tooth forces
is small, the static and dynamic tooth forces will be equal. This
means that̂Mq̈∗ andĈq̇∗ in Equation (17) are small compared
to the other terms. Neglecting them gives
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(
K̂m + K̂v(t)

)
q∗ = f̂ (19)

Equation (19) has the static solutionq∗ = q∗

s . Rearranging,
the approximation for the RHS of Equation (18) becomes

f̂ − K̂v(t)q∗

s = K̂mq∗

s (20)

Substitution of the approximation in Equation (20) into
Equation (18) gives the final approximate equation for the dy-
namic response of the system

M̂q̈ + Ĉq̇ + K̂mq = K̂mqs (21)

The eigenvalue problem associated with Equation (21)
comes from the homogeneous solution with the assumed har-
monic displacementq = Qejωt

−ω2M̂Q + K̂mQ = 0 (22)

Equation (22) is solved by conventional methods for the gear
system natural frequencies (ωn) and mode shapes (Qn). Equa-
tion (21) represents a forced linear oscillator. The forcing term,
Kmqs, is repeated as each tooth passes through the gear mesh in-
terface and contains frequency components at integer multiples
of the tooth mesh frequencyfm. Typically, only a few harmonics
of mesh frequency are used in the analysis because the Fourier
coefficients of the higher harmonics of static transmissionerror
are negligible compared to the first few. Generally 3-5 termsare
used in the dynamic calculation. More or less terms can be added
as necessary.

RESULTS AND DISCUSSION
Three-Dimensional Spur Gear Dynamics

Time Domain Analysis. The gear pairs analyzed in this
study are those from an experimental investigation into thenon-
linear dynamics of spur gear pairs conducted by Kahraman and
Blankenship [7, 9]. The gears have 3 mm module,20◦ pressure
angle, and both have 50 teeth. The reference diameter is 150 mm,
the base diameter is 140.98 mm, and the circular tooth thickness
is 4.64 mm. Both the pinion and gear have the same geometry
other than the outside diameter, which is varied to give different
involute contact ratios (ICR). The outside diameters to achieve

Figure 1. FINITE ELEMENT MODEL OF A SPUR GEAR PAIR.

a 1.37 ICR are 154.4 and 154.7 mm for the pinion and gear, re-
spectively. To get a 1.77 ICR the pinion and gear have 156.04 and
156.08 mm outer diameters, respectively. Figure 1 shows thefi-
nite element mesh of the spur gear model used in the dynamic
simulations.

The natural frequency is found from a numerical impulse
test. The gears are brought to rest at zero speed at a speci-
fied torque then loaded impulsively with 1.2 times this nomi-
nal torque for a single integration step. The next step brings the
gears back to operational torque. The resulting transientsare
analyzed to find the natural frequency and damping in the spur
gear pair. Spur gears will have two distinct natural frequencies
for one and two tooth contact (assuming the the contact ratio
is between one and two). To obtain a single natural frequency,
the two values are averaged according to the contact ratio by
fn = (2 − ICR)f1 + (ICR − 1)f2, wheref1 and f2 are the
natural frequencies of the gear pair with one and two teeth in
contact, respectively.

The time domain finite element calculation of natural fre-
quency for the ICR 1.37 gear pair at 170 N-m torque gives 2457
Hz and 3011 Hz for one and two teeth in contact, respectively.
The average natural frequency is 2662 Hz, within 3% of the ex-
perimentally reported natural frequency in [7].

The dynamic response of a gear pair is found by running the
time domain simulation at a specified speed while the transient
response diminishes. After the transients are gone, the steady
state data is recorded over a number of mesh cycles. The vibra-
tion is quantified by the dynamic transmission error (DTE) de-
fined asDTE = r1θ1 + r2θ2, wherer1 andr2 are the base radii
andθ1 andθ2 are the rotational deflections of the gear and pinion.
To change between two fixed speeds, the gears are slowly accel-
erated over a number of mesh cycles to not introduce numerical
instabilities into the solution.

The dynamic response of a unity ratio spur gear pair with
ICR of 1.37 is shown in Figure 2 at 170 N-m torque. The gears
are operated for a wide range of mesh frequencies and the nonlin-
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Figure 2. TIME DOMAIN FINITE ELEMENT CALCULATION OF RMS

OF OSCILLATING DYNAMIC TRANSMISSION ERROR FOR A THREE-

DIMENSIONAL SPUR GEAR PAIR WITH ICR 1.37 AT 170 N-m

TORQUE (4) COMPARED TO EXPERIMENTAL DATA FROM [7] (◦).

ear response is shown for the primary resonance (fm ≈ fn) and
excitation at higher harmonics (fm ≈ fn/l for integerl > 1).
The finite element results accurately capture the dynamics of the
gear pair as compared to the experimental data in [7]. The re-
sponse shows the well-known softening type nonlinearity, where
the backbone of the nonlinear response at the primary resonance
bends toward the left as the large amplitude vibration causes
tooth separation [7,16]. The jump frequencies are identified and
match the experimental data.

While the ability to capture the strongly nonlinear three-
dimensional spur gear dynamics with contact loss is encourag-
ing, the analysis takes a great deal of time. It takes approxi-
mately five hours to analyze one mesh frequency on a conven-
tional dual-core computer. Considering one typically wants to
find the response over a wide rage of mesh frequencies, a typ-
ical analysis may consist of 20 or more mesh frequencies. To
capture the nonlinear response, increasing and decreasingspeed
sweeps are analyzed, requiring a total of 40 mesh frequencies.
This gives a total of 200 hours of computation time. With this
kind of time investment, the time domain finite element formula-
tion is not practical in most cases. Additionally, this is only for a
spur gear pair, meaning this method of solution is not feasible for
a system level analysis where multiple gears are coupled together
with shafts, bearings, and a housing.

Frequency Domain Analysis. To avoid the long cal-
culation time using the time domain formulation, the linearfre-
quency domain method is adopted. Considerable time savings
are obtained from this method as only a static simulation with a

relatively few number of time steps are needed to solve for both
the natural frequencies and dynamic response. For comparison,
three simulations are needed if the time domain solution is used,
two for the impulse tests (for one and two tooth pairs in contact)
to find the natural frequency and a speed sweep to find the dy-
namic response around the resonance. These simulations total
thousands of time steps and many hours of computation. The
frequency domain method only requires a static analysis over
one mesh cycle, which typically totals 20-30 steps. This section
shows the effectiveness of this approach, which uses statictrans-
mission error as excitation to approximate gear pair dynamic be-
havior as described earlier.

Table 1 shows the frequency domain finite element calcu-
lation of natural frequency as compared to experimental results
in [7, 9]. The natural frequency is predicted accurately by the
frequency domain method for each torque, with 7.08% as the
highest percent difference. The natural frequency predicted by
the time domain finite element formulation is 2662 Hz for the
ICR 1.37 spur gear pair at 170 N-m torque. There is less than
0.1% difference between the time domain and frequency domain
finite element results for natural frequency.

Table 1. FREQUENCY DOMAIN FINITE ELEMENT CALCULATION

OF NATURAL FREQUENCY (Hz) FOR A UNITY RATIO SPUR GEAR

PAIR WITH ICR 1.37 AND 1.77 FOR 85, 170 AND 340 N-m TORQUE.

85 N-m 170 N-m 340 N-m

ICR 1.37

Frequency domain

finite element 2592 2664 2728

Experimental [7,9] 2620 2740 2880

Percent difference 1.07% 2.81% 5.42%

ICR 1.77

Frequency domain

finite element 2780 2800 2860

Experimental [7,9] 2700 2900 3070

Percent difference 2.92% 3.51% 7.08%

Figure 3 shows the finite element calculation of static trans-
mission error over one mesh cycle and its spectra for the spur
gear pairs with ICR 1.37 and 1.77 at 85, 170, and 340 N-m
torque. The magnitude of each harmonic gives an idea of the
relative amount of forcing to the gear pair and gives a qualitative
picture of what to expect in the dynamic response.

Figures 4 and 5 show the frequency domain finite element
calculation of dynamic response as compared to experimental
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Figure 3. FINITE ELEMENT CALCULATION OF STATIC TRANSMIS-

SION ERROR AND SPECTRA (MEAN REMOVED) FOR A THREE-

DIMENSIONAL ICR 1.37 (a,c) AND 1.77 (b,d) SPUR GEAR PAIR FOR

85 N-m (◦), 170 N-m (�), AND 340 N-m (4) TORQUE.

data in [7, 9] for 1.37 and 1.77 contact ratio spur gear pairs at
varying torque. Figures (a), (b), and (c) are for 85, 170, and340
N-m torque for each contact ratio. The resonant frequenciesat
the natural frequency and higher harmonics are predicted accu-
rately by the frequency domain method for both contact ratios
at varying torques (also seen in the natural frequency results in
Table 1). The off-resonant amplitudes of dynamic response cor-
relate well with the experimental data. Amplitudes at resonance,
however, do not correlate well with experiments due to the strong
nonlinear behavior for this lightly damped gear set. Nonlinear
phenomena cannot be captured by the proposed frequency do-
main solution because the linear formulation is based on theas-
sumption the static tooth forces approximate the dynamic tooth
forces. This is a poor assumption for large amplitude vibration.
In such cases, especially with tooth contact loss deviations from
the frequency domain method and nonlinear gear response are
expected.

The overall correlation in Figures 4 and 5 is positive. The
natural frequency and off-resonant regimes are predicted accu-
rately. Additionally, resonances due to excitations with higher
harmonics are captured.

The resonance regimes for more highly damped gear sys-
tems may yield better correlation from the diminished amplitude
and less contact loss. The experimental gear test stand was in-
tentionally built with light damping. Gears used in industry may
have more damping that would be better predicted using the pro-
posed method.
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Figure 4. FREQUENCY DOMAIN FINITE ELMEENT CALCULATION

OF RMS OF DYNAMIC TRANSMISSION ERROR FOR A THREE-

DIMENSIONAL ICR 1.37 SPUR GEAR PAIR (SOLID) AS COMPARED

TO EXPERIMENTAL DATA FROM [7,9] (◦) AT 85 (a), 170 (b), AND 340

(c) N-m TORQUE.

Three-Dimensional Helical Gear Dynamics
Nonlinear tooth contact loss is not common in moderately

to heavily loaded helical gear pairs [5]. Because of the smooth
tooth mesh action from the helix angle, a constant mesh stiffness
can be used in lumped parameter helical gear models [5,19]. For
these two reasons the frequency domain method should perform
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Figure 5. FINITE ELMEENT CALCULATION OF RMS OF DYNAMIC

TRANSMISSION ERROR FOR A THREE-DIMENSIONAL ICR 1.77

SPUR GEAR PAIR (SOLID) AS COMPARED TO EXPERIMENTAL DATA

FROM [7,9] (◦) AT 85 (a), 170 (b), AND 340 (c) N-m TORQUE.

best for these systems. As seen previously, the formulationcap-
tures the dynamic response well except at resonance, where non-
linear tooth contact loss occurs. For helical gear models without
tooth contact loss the agreement should be better than that for
nonlinear spur gears.

The geometric properties of the helical gear pair used in this
study are the same as those for the ICR 1.37 spur gear pair except

for the addition of a helix angle. Two helix angles are investi-
gated,15◦ and30◦. These two helix angles represent the maxi-
mum helix angle (because of geometry constraints) and the min-
imum helix angle without contact loss occurring. Similar tothe
spur gear analyses, the helical gears are mounted on stiff shafts,
rendering a torsional dynamic model of helical gear vibration.

A time domain finite element numerical impulse test gives
the natural frequency of the profile ICR 1.37 helical gear pair
with a 30◦ helix angle as 1582 Hz. The frequency domain finite
element formulation gives 1593 Hz natural frequency, a 0.7%
difference compared to the time domain calculation.

Figure 6 shows a comparison of the finite element calcula-
tion of dynamic response as calculated by the time and frequency
domain methods for a profile ICR 1.37 helical gear pair with 30◦

helix angle at 170 N-m torque. The frequency domain solution
accurately predicts the dynamic response compared to the bench-
mark time domain solution, including at the higher harmonicex-
citation zones near 791 Hz and 527 Hz. The time domain simula-
tion in this case took four days to analyze, whereas the frequency
domain method took less than one hour.
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Figure 6. FINITE ELEMENT CALCULATION OF RMS OF DYNAMIC

TRANSMISSION ERROR FOR A THREE-DIMENSIONAL PROFILE ICR

1.37 HELICAL GEAR PAIR WITH 30◦ HELIX ANGLE AT 170 N-m

TORQUE. TIME DOMAIN SOLUTION (◦) AND FREQUENCY DOMAIN

SOLUTION (SOLID).

Figure 7 shows the finite element time and frequency do-
main calculation for dynamic response of a profile ICR 1.37 gear
pair with a15◦ helix angle on bearings represented by linear stiff-
ness and damping elements. The gears are loaded to 170 N-m
torque. The bearings are identical lumped element stiffness bear-
ings with equal radial stiffnesses in both translation directions of
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30×106 N/mm, axial stiffness of 10×106 N/mm, and 100×109

N-mm/rad in both tilting directions. Bearing damping is added
to give 3.3% modal damping at the primary resonance. As com-
pared to the30◦ helix angle gear pair whose dynamic response
is shown in Figure 6, the natural frequency has increased with
a decrease in helix angle despite the added bearing compliance.
Additionally, the RMS amplitude of response has increased.The
strong correlation of the frequency domain results with thetime
domain solution remains for the decreased helix angle on lumped
element stiffness bearings.
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Figure 7. TIME DOMAIN (◦) AND FREQUENCY DOMAIN (SOLID) FI-

NITE ELEMENT CALCULATION OF RMS OF DYNAMIC TRANSMIS-

SION ERROR FOR A THREE-DIMENSIONAL PROFILE ICR 1.37 HELI-

CAL GEAR PAIR WITH 15◦ HELIX ANGLE AT 170 N-m TORQUE.

The frequency domain methods fast solution time is ideal
for parameter studies. Figure 8 shows the change in static trans-
mission error over one mesh cycle with torque for the 30◦ helix
angle gear pair. Each torque shows nearly uniform deflection
over a mesh cycle. The spectra of the static transmission errors
indicate that the first harmonic for 340 N-m is roughly twice that
of 170 N-m, and the first harmonic of 170 N-m is nearly twice
that of 85 N-m. Figure 9 shows the dynamic response for the
profile ICR 1.37 helical gear pair at 85 N-m and 340 N-m torque
on rigid bearings. As the torque is increased, the response at the
primary resonance increases with the same proportions found in
the static transmission error. The natural frequency changes less
than 6% between each torque.

Figure 10 shows the effect of helix angle on the natural
frequency of a profile ICR 1.37 unity ratio and a nonunity ra-
tio gear pair on rigid bearings. The gear pair natural frequen-
cies decreases monotonically with increasing helix angle for both
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Figure 8. FINITE ELEMENT CALCULATION OF STATIC TRANSMIS-

SION ERROR (UPPER) AND SPECTRA (MEAN REMOVED) (LOWER)

FOR A THREE-DIMENSIONAL PROFILE ICR 1.37 HELICAL GEAR

PAIR FOR 85 N-m (◦), 170 N-m (�), and 340 N-m (4) TORQUE.
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Figure 9. FINITE ELEMENT CALCULATION OF RMS OF DYNAMIC

TRANSMISSION ERROR FOR A THREE-DIMENSIONAL PROFILE ICR

1.37 HELICAL GEAR PAIR WITH 30◦ HELIX ANGLE AT 85 N-m

(DASHED - FREQUENCY DOMAIN SOLUTION, CIRCLES - TIME DO-

MAIN SOLUTION) AND 340 N-m (SOLID - FREQUENCY DOMAIN SO-

LUTION, TRIANGLES - TIME DOMAIN SOLUTION) TORQUE.

gear pairs. The difference in natural frequency of the unityratio
gear pair between the time and frequency domain methods from
0◦−15◦ helix angles is due to the time domain impulse test being
analyzed at one location in the mesh cycle. In this range of helix
angles there is a significant difference in mesh stiffness over a

9 Copyright c© 2009 by ASME



mesh cycle. It is expected that helix angles less than15◦ lead to
nonlinear behavior due to the increased variation in mesh stiff-
ness. Nonlinear behavior can be determined by comparing the
natural frequency from a time domain impulse test and the fre-
quency domain solution. If a difference in natural frequency is
found, nonlinear behavior is expected in the dynamic response.
Conversely, agreement of the two natural frequencies implies the
response is linear. This could be useful for system level models
where an increasing and decreasing speed sweep over a reso-
nance may not be possible with conventional computers but nu-
merical impulse tests are possible. The unity ratio gear pair with
15◦ and30◦ helix angles has linear dynamic response and is ac-
curately modeled by the frequency domain method as shown in
Figures 6, 7, and 9.
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Figure 10. FINITE ELEMENT CALCULATION OF NATURAL FRE-

QUENCY FOR A PROFILE ICR 1.37 GEAR PAIR WITH UNITY RATIO

(SOLID) AT 170 N-m TORQUE AND A GEAR PAIR WITH NONUNITY

RATIO (DASHED) WITH VARYING HELIX ANGLE BY THE TIME DO-

MAIN METHOD (◦) AND THE FREQUENCY DOMAIN METHOD (4).

CONCLUSIONS
A computationally efficient frequency domain formula-

tion for gear dynamics has been developed. The finite ele-
ment/contact mechanics formulation accurately predicts the dy-
namic response of multiple three-dimensional spur and helical
gear pairs. The main conclusions are:

1. The time domain finite element/contact mechanics for-
mulation accurately models the strongly nonlinear dy-
namic behavior of lightly damped spur gear pairs in three-

dimensions. The analyses require significant computation
time and are not suited for system level models.

2. The frequency domain method accurately predicts spur gear
dynamic response for low to moderate amplitude vibration.
Agreement in off-resonant amplitudes was shown for multi-
ple contact ratios and torques as compared to experimental
data and time domain finite element data.

3. The frequency domain method is well suited for the dynamic
analysis of helical gears, where the nonlinearity due to con-
tact loss is weaker than for spur gears. Dynamic response
at resonant and off-resonant speeds are accurately captured
using the frequency domain method with much less compu-
tational effort than the time domain solution.

4. The time savings of the frequency domain method could
be used to dynamically model complete gearbox systems.
These models could include multiple gear meshes, flexible
shafts, rolling element bearings, and housing structures.
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