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ABSTRACT

A finite element formulation for the dynamic response of
gear pairs is proposed. Following an established approath i
lumped parameter gear dynamic models, the static trangoniss
error is used as the excitation in a frequency domain sotutio
of the finite element vibration model. The nonlinear finite- el
ment/contact mechanics formulation provides superiocual
tion of static transmission error and average mesh stiffrtaat
is used in the dynamic simulation. The frequency domairefinit
element calculation of dynamic response correlates to mame
cally integrated (time domain) finite element dynamic ressaihd
previously published experimental results. Simulatiometiwith
the proposed formulation is two orders of magnitude lowanth
numerically integrated dynamic results. This formulatammits
system level dynamic gearbox response, which may includle mu
tiple gear meshes, flexible shafts, rolling element beariagd
housing structures.

INTRODUCTION
Gear vibration is transfered to the surrounding structyre b
shafts and bearings, creating unwanted noise. Dynamib toot

loads at or near resonant gear speeds cause high streskes in t
teeth and bearings and can cause premature failure. Fa thes

reasons the dynamic behavior of gears is essential to thpepro
design of geared systems.

*Address all correspondence to this author.

Although gear dynamics has been studied for decades, few
studies present a formulation intended for full gear-tsgistems
that contain multiple gear meshes, flexible shafts, beariagd
housing structures. There are few reliable computaticmalbst
for the dynamic analysis of general gear configurations. &om
models exist, but they are limited by poor modeling of gear
tooth mesh interface, two-dimensional models that neglatt
of-plane behavior, and specific models for a single gear gonfi
uration. General three-dimensional finite element modelsaa
rarity because they require significant computationalréefiar
dynamic response. In multi-body dynamic simulations, many
time steps are required for the transient response to dimiso
that steady state data can be obtained. This study attempts t
fill this gap with a general finite element formulation thah dze
used for full gearbox dynamic analyses.

A linear approach that uses the static transmission error as
excitation is proposed. The use of static transmission agex-
citation is common in gear dynamics modeling [5, 11, 13, 19].
This work offers superior static transmission error caitioh
from a nonlinear, three-dimensional finite element/cantae-
chanics formulation. The static transmission error is theed
as excitation to a linear finite element model of a gear pdie T
variations from tooth compliance or profile modifications ee-
termined at multiple locations over a mesh cycle. Spur afid he
cal gears are handled naturally by this formulation.

This formulation is examined for single gear pairs as a
benchmark. Both spur and helical gears are examined. Cempar
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isons are made to numerically integrated (time domain gfielie- FINITE ELEMENT ANALYSIS

ment solutions and experimental data found in the liteeatlihis

method works well for off-resonance regimes for highly menl  Time Domain Finite Element/Contact Mechanics For-
ear spur gears and in all regimes for helical gear pairs. -Addi mulation

tionally, the new formulation brings computational effiody to
general three-dimensional gear dynamics. This methoavallo

Z;;ir::algl\:ee:iriinsamlc analyses for gear transmission system dimensional finite element/contact mechanics formulafimm
. ' . _ gear dynamics. This work extends the same formulation &ethr

Typical analyses model gear dynamics using lumped param- dimensions. The formulation of the three-dimensionaldieiie-

eter models. These models commonly assume the gear blanks tq . approach s similar to the two-dimensional case. Thege

be rigid bodies with lumped spring elements to mode| the gear only an overview is provided here and the details can be found
mesh interface. The complexity of the gear mesh interfadeva in [16]

for each model. Accurate gear mesh modeling is essential to
capturing the dynamics of gears, and lumped parameter sodel
suffer due to the various approximations made in modelireg th
gear mesh interface. A review of gear dynamic models can be
found in [14].

Lumped parameter mesh models for helical gears are more
complex than the single lumped stiffness element used far sp

Parker et al. [16] gives the detailed mathematics for the two

The equations of motion for an arbitrary single gear body
can be written as

gears. Some models use many lumped stiffness elements that Mypi Mg | (% Cyrri Crri | ((Xpi
; ; ; ; T . + T .
are placed along the discretized contact lines of a helieal.g ML M, Ryri ct . Cpi Ky
: . . : Iri fri 1)
Blankenship and Singh review the mathematical models used f Kppi Kpri ] [ Xpi fri
gear mesh interfaces [2] and develop a general three-diorals + [K}Tn Km] (Xm) = (f”.)

formulation for gear pairs in [3,4]. Kahraman [5] investigéthe
dynamics of a helical gear pair using a single stiffness elerto o i
represent each tooth pair in mesh. He found the helix angle ha WhereM s andK ; are the finite element mass and stiffness

little effect on the natural frequency of a helical gear paird, matrices, respectively. The vectay; contains the finite ele-
for helix angles less than twenty degrees, a spur gear mogsig ~ Ment degrees of freedom, and the veotpr contains the six
reasonable results for natural frequency. rigid body degrees of freedom of th& gear reference frame.

¢ The damping matrix is found using a Rayleigh damping model,
Cyri = aMyy; + BK g Any added lumped mass or inertia
is placed inM,.;. Stiffness and damping terms from a lumped
element bearing model are addedKg,; andC,..;. The off-
diagonal matrices couple the elastic and rigid body degoées
freedom.

Experimental studies by Kahraman and Blankenship showe
the existence of nonlinear response in spur gears [6-9].i-Add
tionally, they experimentally investigated the effect ahtact
ratio and tooth profile modifications on spur gear dynamics.

Recently, a finite element/contact mechanics approach has
been used to study the dynamic properties of gears [15, 16,
18]. All dynamic results so far have been restricted to two-
dimensional analyses that assume plane strain behavidreof t Assembling the equations of motion for each gear into a sin-
gears in mesh. Parker et al. showed the ability of a two- gl matrix equation gives
dimensional finite element/contact mechanics formulatioac-
curately capture the strongly nonlinear dynamics of spuar ge
pairs [16]. The model was able to predict the nonlinear jumpp-
and jump-down frequencies and amplitude of resonant resspon
accurately as compared to experiments. This formulatios wa
shown to predict more accurate nonlinear behavior overlsimp
single degree-of-freedom models. The major advantageeof th

finite element/contact mechanics approach is that no céetis Equation (2) is solved using a time discretization method.

or assumptions about the gear mesh interface are made and thefer discretization, Equation (2) can be written in the qot
contact forces are calculated at each instant as the geams mo orm

kinematically. Parker et al. used the same formulation 6] {a

study the dynamic response of a two-dimensional planetay g

train model [15]. The finite element/contact mechanics fdemn

tion has been used successfully in many other studies det@ate

gear stress and dynamics, for example [1,10,12,17]. Kx = f 3)

MX + CX + Kx = f )
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where

K =M 4+ ~vALC + BAEK

f= —[-aM + (1 - 29)AIC + (1 — 26 + ) ALPK]x,

—[M = (1 = )AIC + (3 + 5 — ) ALPK]x,—1
FALC B+ (3 =28+ fn+ (3 +8-7)faa] @)
Xn = X(t, +nAt)

fo = f(to + nAt).

The discretization parametefsand~ are chosen to give
numerical stability without adding damping. We can thinkof
andf in Equations (3) and (4) as the effective stiffness matrik an
forcing vector. The unknown dynamic solution vector at time
to + (n+ 1)Atis given byX = X, 1.

The response vectak, is broken up by a linear transforma-
tion that separates the elastig,§ and rigid body ,) degrees of
freedom according to

(5)

where the matrixl contains the eigenvectors of the symmetric
matrixK .

Substitution of Equation (5) into (3) and premultiplying by
the transpose df breaks the matrix equation of motion into two
separate equations, one that leads to the displacemerti@qgua
for the gear tooth interface and one that gives a force balanc

tion, g, is a vector of rigid body degrees of freedom, arid the
contribution to separation from finite element deformadidne
to external loading.

The forces on the finite element mesh are balanced by

C'h=2A 7)

where) is the transformed external force vector.

Equations (6) and (7) are solved by linear programming
methods [21] for each element dfandp subject to the con-
straints that each of thle componentsdy, pr > 0 and one (but
not both) ofd; andp,, are zero for every. The calculated and
p are then used to find the finite element displacement vector,

The main limitation of a full three-dimensional finite ele-
ment dynamic simulation is the computational cost of rugnin
such a model. Because this is a multi-body dynamic formaati
a full gear model is used, and the gear pair is kinematicatitr
ing during the analysis. Additionally, a number of compiagtat
steps are required to remove the transient response. Wese-t
eas, which are crucial to the dynamic finite element simoihti
consume much computation time.

Frequency Domain Finite Element/Contact Mechanics
Formulation

The frequency domain method begins by finding the gear
tooth mesh stiffness and static transmission error bycssatiu-
lations at many points over a mesh cycle. For a static siiomat
the time derivatives of in Equation (2) are set to zero, leaving

equation for the gear bodies. These two equations are used to

solve the contact problem at the gear mesh interface.

The contact modeling is the highlight of the finite ele-
ment/contact mechanics formulation. A combined finite ele-
ment and semi-analytical formulation (a surface integratf
the Bousinesq solution for a point load on an elastic hadfes)

is used to model the contact between the gear teeth [20-22]. A

detailed overview can be found in [15, 16] as applied to ggar d
namics. A brief overview is given below.

The separation due to external and contact loading is writte
as

d=Ap+Cq,+e (6)

whereA is a compliance matrix that gives the contribution of the
inner (semi-analytical) and outer (finite element) conitidn to
separation from contacp is a vector of contact load€; is a
kinematic matrix that adds the rigid body contribution tpae-

Kx = f (8)

Equation (8) is in the same form as Equation (3) and is
solved in exactly the same way. The results from the forego-
ing time domain formulation apply with Equation (8) in plaxfe
Equation (3).

Equations (6) and (7) give componentscbandp, each of
which contains positive or zero elements with nonzero estn
p corresponding to zero entriesdn If we partitionp,, to contain
all nonzero entries g, then the corresponding elementsdyf
will be zero. The partitioned equation of (6) is then writeen

db =0= Abbpb + que + € (9)

Solution of (9) forp, gives
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P, = —Ay' Coly — A€ (10)

In general Ay is a large matrix and calculation of its inverse
is computationally intensive. This is not the case, howedver
caused\l;)1 is calculated during the linear programming solution
of d andp from Equation (6) and (7). Therefor,éb_b1 is available
with no additional computations.

Substitution of (10) into the basic partition of (7) and rear
ranging gives

Kglyp = A+ Ac (11)

whereK ,, = C['A,;'C, andA. = —C{ A}, '€

Equation (11) represents the contact stiffness of the gear
mesh interface. The matri,, is the time varying (as the gears
rotate) contact stiffness matrix with respect to the rigidiypde-
grees of freedom ilg,. The second forcing term in (11),, is
the excitation that occurs due to tooth surface modificatamd
vanishes for gear teeth that have no modifications.

Because Equation (11) is a stiffness matrix that depends on
the contact conditions as the gears rotate kinematicaibutyh a
mesh cycle, multiple steps are analyzed over a mesh perfea. T
mesh cycle is divided intdV steps and a correspondibg,, is
found at each step. This mesh stiffness depends only on the po
sition in the mesh cycle and is transformed into a time depend
stiffnessK 4, (¢) using the mesh frequency. The static displace-
ment vectoix, is found at each of th& steps and is transformed
using the mesh frequency to gixg(¢).

Using static condensation to eliminate certain degrees of

freedom and Guyan reduction of the mass and damping matrices

in Equation (2) (the stiffness matrix is unchanged by the &uy
reduction) gives

M§* +Cq* +Lg* =f (12)
where
M = (TW)"TMTW = (TW)TCTW
L= (TW)TKTW f: (TW)Tf (13)
x = TW (qf) — TWq*
Ay

where(-)* indicates the degrees of freedom retained during static
condensation. The matrW is the transformation matrix from
the static condensation process that relates the retaegees

4

of freedom to the removed degrees of freedom.
The stiffness matrix. does not contain mesh stiffness from
gear tooth contact and has components

0 0 (14)

Sk
Augmenting Equation (14) with the stiffness due to contact
(Kgq(t)) found from the nonlinear semi-analytical formulation

leaves the mass and damping matrices unchanged, but the stif
ness equation becomes

(15)

The mesh stiffness associated with the contact can be broken
into mean and time varying parts,,(t) = Kyq + Kgq(t). The
stiffness matrixK 4, does not change with time. The stiffness

matrix is also decomposed into mean and time varying phrts,
K, + K, (t). With the addition of contact stiffness, these are
Kes O

S IR O

Substitution of the stiffness matrices in Equation (16pint
Equation (12) gives

0 O

0k, 0] 19

M§* + Cq" + (K + Ko ()q* = f (17)

Equation (17) is a linear time varying equation of motion
for the geared system with time varying mesh stiffness. This
equation is not in the ideal form for a finite element solution
Therefore, the time varying stiffness term is brought toright-
hand side giving

M§" + Cq" + Knq' =f — K, (H)q* (18)

To solve (18) the right-hand side of the equation is approx-
imated as follows to get a linear time-invariant system afaeq
tions. If we assume the dynamic contribution to the tootledsr
is small, the static and dynamic tooth forces will be equélisT
means thaM§* andCq* in Equation (17) are small compared
to the other terms. Neglecting them gives
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(Km +K, (t)) q =t (19)

Equation (19) has the static solutigh = g*. Rearranging,
the approximation for the RHS of Equation (18) becomes

f— Kv(t)q*

S

=Kq; (20)

Substitution of the approximation in Equation (20) into
Equation (18) gives the final approximate equation for the dy
namic response of the system

Mq + cq + IA(mq = Ksz (21)
The eigenvalue problem associated with Equation (21)

comes from the homogeneous solution with the assumed har-
monic displacemerg = Qe/«?

—-w’MQ+K,,Q=0 (22)

Equation (22) is solved by conventional methods for the gear
system natural frequencies,() and mode shape€)(,). Equa-
tion (21) represents a forced linear oscillator. The faydierm,

K..0,, is repeated as each tooth passes through the gear mesh in

terface and contains frequency components at integer ptegti

of the tooth mesh frequendy,. Typically, only a few harmonics

of mesh frequency are used in the analysis because the Fourie
coefficients of the higher harmonics of static transmissoor

are negligible compared to the first few. Generally 3-5 teanes
used in the dynamic calculation. More or less terms can becgdd
as necessary.

RESULTS AND DISCUSSION
Three-Dimensional Spur Gear Dynamics

Time Domain Analysis. The gear pairs analyzed in this
study are those from an experimental investigation intanthre
linear dynamics of spur gear pairs conducted by Kahraman and
Blankenship [7,9]. The gears have 3 mm modgal#, pressure
angle, and both have 50 teeth. The reference diameteris 450 m
the base diameter is 140.98 mm, and the circular tooth te&kn
is 4.64 mm. Both the pinion and gear have the same geometry
other than the outside diameter, which is varied to giveediit
involute contact ratios (ICR). The outside diameters toeh

TR
\\\\‘\\\\\\\llll' %

FINITE ELEMENT MODEL OF A SPUR GEAR PAIR.

Figure 1.

a 1.37 ICR are 154.4 and 154.7 mm for the pinion and gear, re-
spectively. Togeta 1.77 ICR the pinion and gear have 156184 a
156.08 mm outer diameters, respectively. Figure 1 show8-the
nite element mesh of the spur gear model used in the dynamic
simulations.

The natural frequency is found from a numerical impulse
test. The gears are brought to rest at zero speed at a speci-
fied torque then loaded impulsively with 1.2 times this nomi-
nal torque for a single integration step. The next step Isrthg
gears back to operational torque. The resulting transiargs
analyzed to find the natural frequency and damping in the spur
gear pair. Spur gears will have two distinct natural freques
for one and two tooth contact (assuming the the contact ratio
is between one and two). To obtain a single natural frequency
the two values are averaged according to the contact ratio by
fn = (2 —ICR)f; + (ICR — 1)fo, where f; and f, are the
natural frequencies of the gear pair with one and two teeth in
contact, respectively.

The time domain finite element calculation of natural fre-
qguency for the ICR 1.37 gear pair at 170 N-m torque gives 2457
Hz and 3011 Hz for one and two teeth in contact, respectively.
The average natural frequency is 2662 Hz, within 3% of the ex-
perimentally reported natural frequency in [7].

The dynamic response of a gear pair is found by running the
time domain simulation at a specified speed while the tramsie
response diminishes. After the transients are gone, tlaelgte
state data is recorded over a number of mesh cycles. The vibra
tion is quantified by the dynamic transmission error (DTE) de
fined asDTE = r10;1 + r26>, wherer; andr, are the base radii
andd, andd, are the rotational deflections of the gear and pinion.
To change between two fixed speeds, the gears are slowly accel
erated over a number of mesh cycles to not introduce nunterica
instabilities into the solution.

The dynamic response of a unity ratio spur gear pair with
ICR of 1.37 is shown in Figure 2 at 170 N-m torque. The gears
are operated for a wide range of mesh frequencies and thenonl

Copyright © 2009 by ASME



30

N
a1
T

N
o
T

=
ol
T

=
o
T

%

1500 2000 2500
Mesh frequency (Hz)

RMS of oscillating DTE component (um)

O
o
o

ul

0 . .
500 1000 3000 3500

Figure 2. TIME DOMAIN FINITE ELEMENT CALCULATION OF RMS
OF OSCILLATING DYNAMIC TRANSMISSION ERROR FOR A THREE-
DIMENSIONAL SPUR GEAR PAIR WITH ICR 1.37 AT 170 N-m
TORQUE (/\) COMPARED TO EXPERIMENTAL DATA FROM [7] (o).

ear response is shown for the primary resonarfige~£ f,,) and
excitation at higher harmonicg,{ ~ f,/l for integerl > 1).

The finite element results accurately capture the dynanfiteeo
gear pair as compared to the experimental data in [7]. The re-
sponse shows the well-known softening type nonlinearibgne

the backbone of the nonlinear response at the primary resena
bends toward the left as the large amplitude vibration cause
tooth separation [7,16]. The jump frequencies are idedt#ied
match the experimental data.

While the ability to capture the strongly nonlinear three-
dimensional spur gear dynamics with contact loss is engpura
ing, the analysis takes a great deal of time. It takes approxi
mately five hours to analyze one mesh frequency on a conven-
tional dual-core computer. Considering one typically vgatat
find the response over a wide rage of mesh frequencies, a typ-
ical analysis may consist of 20 or more mesh frequencies. To
capture the nonlinear response, increasing and decresséeg]
sweeps are analyzed, requiring a total of 40 mesh frequ&ncie
This gives a total of 200 hours of computation time. With this
kind of time investment, the time domain finite element folaru
tion is not practical in most cases. Additionally, this idyofor a
spur gear pair, meaning this method of solution is not féady
a system level analysis where multiple gears are couplestieg
with shafts, bearings, and a housing.

Frequency Domain Analysis. To avoid the long cal-
culation time using the time domain formulation, the lin&ar
quency domain method is adopted. Considerable time savings
are obtained from this method as only a static simulatioh &it

6

relatively few number of time steps are needed to solve fti bo
the natural frequencies and dynamic response. For coroparis
three simulations are needed if the time domain solutiosésiu
two for the impulse tests (for one and two tooth pairs in cota
to find the natural frequency and a speed sweep to find the dy-
namic response around the resonance. These simulati@hs tot
thousands of time steps and many hours of computation. The
frequency domain method only requires a static analysis ove
one mesh cycle, which typically totals 20-30 steps. Thisisec
shows the effectiveness of this approach, which uses statis-
mission error as excitation to approximate gear pair dyndoa+
havior as described earlier.

Table 1 shows the frequency domain finite element calcu-
lation of natural frequency as compared to experimentalli®es
in [7,9]. The natural frequency is predicted accurately g t
frequency domain method for each torque, with 7.08% as the
highest percent difference. The natural frequency preditly
the time domain finite element formulation is 2662 Hz for the
ICR 1.37 spur gear pair at 170 N-m torque. There is less than
0.1% difference between the time domain and frequency domai
finite element results for natural frequency.

Table 1. FREQUENCY DOMAIN FINITE ELEMENT CALCULATION
OF NATURAL FREQUENCY (Hz) FOR A UNITY RATIO SPUR GEAR
PAIR WITH ICR 1.37 AND 1.77 FOR 85, 170 AND 340 N-m TORQUE.

85N-m | 170 N-m | 340 N-m
ICR 1.37
Frequency domain
finite element 2592 2664 2728
Experimental [7,9]] 2620 2740 2880
Percent difference| 1.07% | 2.81% 5.42%
ICR 1.77
Frequency domain
finite element 2780 2800 2860
Experimental [7,9]] 2700 2900 3070
Percent difference 2.92% | 3.51% 7.08%

Figure 3 shows the finite element calculation of static trans
mission error over one mesh cycle and its spectra for the spur
gear pairs with ICR 1.37 and 1.77 at 85, 170, and 340 N-m
torque. The magnitude of each harmonic gives an idea of the
relative amount of forcing to the gear pair and gives a qaialié
picture of what to expect in the dynamic response.

Figures 4 and 5 show the frequency domain finite element
calculation of dynamic response as compared to experienta

Copyright © 2009 by ASME
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Figure 3. FINITE ELEMENT CALCULATION OF STATIC TRANSMIS-
SION ERROR AND SPECTRA (MEAN REMOVED) FOR A THREE-
DIMENSIONAL ICR 1.37 (a,c) AND 1.77 (b,d) SPUR GEAR PAIR FOR
85 N-m (0), 170 N-m (<), AND 340 N-m (/\) TORQUE.

data in [7, 9] for 1.37 and 1.77 contact ratio spur gear pairs a

RMS of oscillating component of DTE (um)

varying torque. Figures (a), (b), and (c) are for 85, 170, 24@ 5ol
N-m torque for each contact ratio. The resonant frequeraties ©
the natural frequency and higher harmonics are predicted-ac 40}
rately by the frequency domain method for both contact satio

at varying torques (also seen in the natural frequency tegul 30¢
Table 1). The off-resonant amplitudes of dynamic response c

relate well with the experimental data. Amplitudes at resue, 20t
however, do not correlate well with experiments due to thengt

nonlinear behavior for this lightly damped gear set. Nogdin 10t
phenomena cannot be captured by the proposed frequency do-

main solution because the linear formulation is based omshe

sumption the static tooth forces approximate the dynanathto 500
forces. This is a poor assumption for large amplitude vibrat Mesh frequency (Hz)

In such cases, especially with tooth contact loss deviatiam

the frequency domain method and nonlinear gear response areFigure 4. FREQUENCY DOMAIN FINITE ELMEENT CALCULATION
expected. OF RMS OF DYNAMIC TRANSMISSION ERROR FOR A THREE-

. . N DIMENSIONAL ICR 1.37 SPUR GEAR PAIR (SOLID) AS COMPARED
The overall correlation in Figures 4 and 5 is posmve. The 10 EXPERIMENTAL DATA FROM [7.9] (0) AT 85 (a), 170 (b), AND 340
natural frequency and off-resonant regimes are prediated-a (c) N-m TORQUE.

rately. Additionally, resonances due to excitations withhler
harmonics are captured.

The resonance regimes for more highly damped gear sys- Three-Dimensional Helical Gear Dynamics

tems may yield better correlation from the diminished atapk Nonlinear tooth contact loss is not common in moderately
and less contact loss. The experimental gear test standnwas i to heavily loaded helical gear pairs [5]. Because of the gmoo
tentionally built with light damping. Gears used in indystnay tooth mesh action from the helix angle, a constant mesmes#
have more damping that would be better predicted using thre pr  can be used in lumped parameter helical gear models [5, ©8]. F
posed method. these two reasons the frequency domain method should perfor

7 Copyright © 2009 by ASME



for the addition of a helix angle. Two helix angles are inirest
gated,15° and30°. These two helix angles represent the maxi-
mum helix angle (because of geometry constraints) and the mi
imum helix angle without contact loss occurring. Similathe
spur gear analyses, the helical gears are mounted on stffsh
rendering a torsional dynamic model of helical gear vilomti

A time domain finite element numerical impulse test gives
the natural frequency of the profile ICR 1.37 helical gear pai
with a30° helix angle as 1582 Hz. The frequency domain finite
element formulation gives 1593 Hz natural frequency, a 0.7%
difference compared to the time domain calculation.

Figure 6 shows a comparison of the finite element calcula-

0 I I I I I I
500 1000 1500 2000 2500 3000 3500 tion of dynamic response as calculated by the time and frezgyue
20 — , , : : : domain methods for a profile ICR 1.37 helical gear pair with 30
(b) helix angle at 170 N-m torque. The frequency domain solution
% accurately predicts the dynamic response compared to ttehbe

mark time domain solution, including at the higher harmanic
citation zones near 791 Hz and 527 Hz. The time domain simula-
tion in this case took four days to analyze, whereas the &eqy
domain method took less than one hour.

O L L L
500 1000 1500

RMS of oscillating component of DTE (um)

20} '(C)

RMS of oscillating DTE component (um)

0 L L L L L L
500 1000 1500 2000 2500 3000 3500 400 600 800 1000 1200 1400 1600 1800
Mesh frequency (Hz) Mesh frequency (Hz)
Figure 5. FINITE ELMEENT CALCULATION OF RMS OF DYNAMIC Figure 6. FINITE ELEMENT CALCULATION OF RMS OF DYNAMIC
TRANSMISSION ERROR FOR A THREE-DIMENSIONAL ICR 1.77 TRANSMISSION ERROR FOR A THREE-DIMENSIONAL PROFILE ICR
SPUR GEAR PAIR (SOLID) AS COMPARED TO EXPERIMENTAL DATA 1.37 HELICAL GEAR PAIR WITH 30° HELIX ANGLE AT 170 N-m
FROM [7,9] (0) AT 85 (a), 170 (b). AND 340 (c) N-m TORQUE. TORQUE. TIME DOMAIN SOLUTION (o) AND FREQUENCY DOMAIN

SOLUTION (SOLID).

best for these systems. As seen previously, the formulatpn

tures the dynamic response well except at resonance, wbefe n Figure 7 shows the finite element time and frequency do-
linear tooth contact loss occurs. For helical gear modetsowuit main calculation for dynamic response of a profile ICR 1.33rge
tooth contact loss the agreement should be better thandhat f pair with a15° helix angle on bearings represented by linear stiff-
nonlinear spur gears. ness and damping elements. The gears are loaded to 170 N-m

The geometric properties of the helical gear pair used g thi  torque. The bearings are identical lumped element stiéfbear-
study are the same as those for the ICR 1.37 spur gear paptexce ings with equal radial stiffnesses in both translationatimns of

8 Copyright © 2009 by ASME



30x10% N/mm, axial stiffness of 1210° N/mm, and 106 10°
N-mm/rad in both tilting directions. Bearing damping is add

to give 3.3% modal damping at the primary resonance. As com-
pared to the30° helix angle gear pair whose dynamic response
is shown in Figure 6, the natural frequency has increased wit
a decrease in helix angle despite the added bearing coroglian

Additionally, the RMS amplitude of response has increaée. ‘ ‘ ‘ ]
strong correlation of the frequency domain results withttime 02 0% resh cycleo'e 08 !
domain solution remains for the decreased helix angle opédn

D
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Figure 8. FINITE ELEMENT CALCULATION OF STATIC TRANSMIS-
SION ERROR (UPPER) AND SPECTRA (MEAN REMOVED) (LOWER)
FOR A THREE-DIMENSIONAL PROFILE ICR 1.37 HELICAL GEAR
PAIR FOR 85 N-m (0), 170 N-m (<), and 340 N-m (/\) TORQUE.
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Figure 7. TIME DOMAIN (o) AND FREQUENCY DOMAIN (SOLID) FI-
NITE ELEMENT CALCULATION OF RMS OF DYNAMIC TRANSMIS-
SION ERROR FOR A THREE-DIMENSIONAL PROFILE ICR 1.37 HELI-
CAL GEAR PAIR WITH 15° HELIX ANGLE AT 170 N-m TORQUE.

RMS of oscillating DTE component (um)

The frequency domain methods fast solution time is ideal
for parameter studies. Figure 8 shows the change in statistr
mission error over one mesh cycle with torque for thé Belix
angle gear pair. Each torque shows nearly uniform deflection
over a mesh cycle. The spectra of the static transmissiamserr
indicate that the first harmonic for 340 N-m is roughly twibatt
of 170 N-m, and the first harmonic of 170 N-m is nearly twice
that of 85 N-m. Figure 9 shows the dynamic response for the
profile ICR 1.37 helical gear pair at 85 N-m and 340 N-m torque
on rigid bearings. As the torque is increased, the respdribe a
primary resonance increases with the same proportionslfoun
the static transmission error. The natural frequency cbafess
than 6% between each torque. gear pairs. The difference in natural frequency of the uritio

Figure 10 shows the effect of helix angle on the natural gear pair between the time and frequency domain methods from
frequency of a profile ICR 1.37 unity ratio and a nonunity ra- 0°—15° helix angles is due to the time domain impulse test being
tio gear pair on rigid bearings. The gear pair natural freque  analyzed at one location in the mesh cycle. In this rangelof he
cies decreases monotonically with increasing helix argledth angles there is a significant difference in mesh stiffness av

0.9 1 11 1.2
Nondimensional mesh frequency, fm/fn

Figure 9. FINITE ELEMENT CALCULATION OF RMS OF DYNAMIC
TRANSMISSION ERROR FOR A THREE-DIMENSIONAL PROFILE ICR
1.37 HELICAL GEAR PAIR WITH 30° HELIX ANGLE AT 85 N-m
(DASHED - FREQUENCY DOMAIN SOLUTION, CIRCLES - TIME DO-
MAIN SOLUTION) AND 340 N-m (SOLID - FREQUENCY DOMAIN SO-
LUTION, TRIANGLES - TIME DOMAIN SOLUTION) TORQUE.
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mesh cycle. It is expected that helix angles less ttignead to
nonlinear behavior due to the increased variation in meagh st

ness. Nonlinear behavior can be determined by comparing the 2.
natural frequency from a time domain impulse test and the fre
quency domain solution. If a difference in natural frequeisc

found, nonlinear behavior is expected in the dynamic respon
Conversely, agreement of the two natural frequencies @sjplie
response is linear. This could be useful for system levelatsod 3.
where an increasing and decreasing speed sweep over a reso-
nance may not be possible with conventional computers but nu
merical impulse tests are possible. The unity ratio gearvpith

15° and30° helix angles has linear dynamic response and is ac-
curately modeled by the frequency domain method as shown in
Figures 6, 7, and 9. 4.

/
2500
Unity Gear Ratio
g 2000}
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=3 - = —A
5 —
= - =A
©
5 10001
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5001
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dimensions. The analyses require significant computation
time and are not suited for system level models.

The frequency domain method accurately predicts spur gea
dynamic response for low to moderate amplitude vibration.
Agreement in off-resonant amplitudes was shown for multi-
ple contact ratios and torques as compared to experimental
data and time domain finite element data.

The frequency domain method is well suited for the dynamic
analysis of helical gears, where the nonlinearity due te con
tact loss is weaker than for spur gears. Dynamic response
at resonant and off-resonant speeds are accurately cdpture
using the frequency domain method with much less compu-
tational effort than the time domain solution.

The time savings of the frequency domain method could
be used to dynamically model complete gearbox systems.
These models could include multiple gear meshes, flexible
shafts, rolling element bearings, and housing structures.
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