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ABSTRACT

This paper examines the vibration modes of single stage he-
lical planetary gears in three dimensions with equally spac
planets. A lumped-parameter model is formulated to obtaén t
equations of motion. The gears and shafts are modeled ds rigi
bodies with compliant bearings at arbitrary axial locasiam
the shafts. A translational and a tilting stiffness accdonthe
force and moment transmission at the gear mesh interface. Th
modal properties generalize those of two-dimensional pfaur-
etary gears; there are twice as many degrees of freedom &nd na
ural frequencies due to the added tilting and axial motiofi. A
vibration modes are categorized as planet, rotationakaand
translational-tilting modes. The modal properties arenghto
hold even for configurations that are not symmetric about the
gear plane, due to, for example, shaft bearings not beinigisqu
tant from the gear plane. Computational modal analysis are p
formed to numerically verify the findings.

INTRODUCTION

Knowledge of the modal properties of planetary gears is cru-
cial for developing strategies to reduce vibration. Planegear
dynamic models are developed in [1-4]. Lin and Parker show
that two-dimensional, spur planetary gears with equalbcep
[5] and diametrically opposed![6] planets possess welkheefi
modal properties. They report all vibration modes belong to
one of three categories: 1) Planet modes where only the plan-
ets move, and their motions are scalar multiples of the radit
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chosen first planet’s motion. 2) Rotational modes where ¢ime ¢
tral members (sun, carrier, and ring) rotate but do not tad@s
The planet motions are identical. 3) Translational modédh wi
degenerate natural frequencies, where the central mennbess
late but do not rotate. There are well-defined relations betw
the two independent vibration modes at each natural fregyuen
Kiracofe and Parker [7] prove that a similar categorizatgn
plies to compound planetary gears. Wu and Patker [8] prawe th
modal properties of spur planetary gears having elasfickd}
formable ring gears.

These vibration mode characteristics are crucial in vibra-
tion suppression strategies using mesh phasingl/[2,19, 1D] an
eigensensitivity analysis [11, 112] of planetary gears. |&pH
and Mard [10], Seager |[2], and Hidaka et al.|[13] state that
the vibration of planetary gears is reduced by proper gear
mesh phasing. Hidaka et al. [13] experimentally and Kahra-
man [14] computationally investigate the effectivenessibfa-
tion suppression by planet mesh phasing. Kahrarman [14] uses
a three-dimensional lumped-parameter model for compuristi
Blankenship and Kahraman [15] illustrate how some harnsonic
of the transmission error excitation vanish by adjustiregrttesh
phasing. Based on the well-defined modal properties of fdaye
gears, Parker [16] explains how proper mesh phasing suggmes
many resonances of translational and rotational modes ¢eym
tain harmonics of mesh frequency. Ambarisha and Parker [17]
explain the vibration suppression of planet modes from mesh
phasing.

Finite element analysis is incorporated with elaborate gea
contact analysis in [18—22] to capture the complex dynaraic b
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havior of planetary gears. These studies enable compuigdito
efficient analysis of complex planetary gears and surveyethe
fects of design parameters on dynamic behavior.

Although the vibration modes of two-dimensional planetary
gears have been studied, it remains to be seen what theigibrat
mode characteristics are for helical planetary gears hitbet
dimensional motion, a three-dimensional gear mesh irterfa
and the gear-shaft bodies supported by bearings at agbltar
cations along the shafts. A lumped parameter model is formu-
lated to include the tilting and axial motions, thus inchgliall
six degrees of freedom for each gear/shaft body. A tiltingime
stiffness augments the gear mesh interface to produce ribe-th
dimensional force and moment transmission.

This paper is based on the work of Eritenel and Patker [23].
The method is outlined by which_[23] proves that helical plan
tary gears with equally spaced planets have exactly thpsstyf
vibration modes. The details of the proof is omitted for ihct
possible to retain the mathematical intelligibility whidentain-
ing them in the recommended length of this conference paper.
Compared to two-dimensional spur gear models there aretwic
as many natural modes, and their properties are differamgue
properties of these vibration modes are given. Computation
modal analysis of an example system with four and five planets
is presented. The proof indicates that the modal propdntiés
for configurations that are asymmetric about the gear pkuah
as when the bearings are not equidistant from the gears. A com
putational study of an example system with overhung plaisets
presented to confirm this finding.

MODEL

The planetary gear model consists of three central members
(the sun, ring, and carrier) applanets. The gear bodies and the
carrier are integrated with their supporting shafts, st #ah
gear/shaft is a single body. These combined gear/shafebodi
are each mounted on up to two bearings placed at arbitragy axi
locations. The sun, ring, and carrier bearings are condeote
ground while the planet bearings are connected to the cartie
gear/shaft bodies and carrier are rigid; the compliant elemare
the meshing gear teeth and bearings. Figlire 1 depicts thelmod
with the parameters defining the system geometry. The vdorat
amplitudes are small, so geometric nonlinearities arecctegd.

The indexing conventions = s,r,¢,1,...,p for the sun,
ring, carrier, and the planets,= s, r, ¢ for the sun, ring, and car-
rier,andi = 1, 2,. .., pfor the planets are maintained throughout
this study. There argp gear meshes. Odd numbers are assigned
to the sun-planet meshes, and even numbers are assigned to th
ring-planet meshes.

The origin is at the undeflected position of the center of the
sun. A right handed, orthonormal bagiE} = {E;, E3, Es}
rotates with the constant carrier angular sped For the cen-
tral members, translational coordinatgs v, 2, are assigned to
translations alond;, E-, andEs, respectively. Similarly, angu-

2

lar coordinatespy,, 05, 35, are assigned to small rotations about
E., E,, andE3, respectively. Translational coordinates for the
planetsx;, y;, z; are measured from the undeflected position of
the centers of the planets in the ba§@®'} = {E{,E} E}
that rotate with the carrier angular speed. The base véior
is parallel to the line of action of thé" sun-planet mesh be-
cause this selection algebraically simplifies the sungtlamesh
deflections. Angular coordinates, 6;, 5; for the planets are
assigned to rotations aboRt, E}, andE, respectively. Body
fixed bases for all the bodig®’} = {e?, e}, €4} are adopted
because the gear mesh deflection expressions are algdligraica
simpler in these bases.

Axial position quantities in Fid. 1(h) are measured from the
datum position, which is at the center of the active facewaitd
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Figure 1. Coordinates and dimensions used in the planetary g
model.
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denoted by the dashed line. Any inactive facewidth is ticbatea
part of the shaft. This setup allows arbitrary axial posiithg of
gears with different facewidths. Positive planet positoiglea;

is measured counter-clockwise from the arbitrarily chofest
planet.

Two linear springs, one translational and one tilting, mode
the gear mesh interface. The translational stiffnéspgccounts
for the transmitted force through the gear mesh. Its aswatia
relative translational deflectiod) is in the direction of the tooth
surface normal. The tilting stiffness () accounts for the mo-
ment transmitted through the gear mesh. Its associatedaangu
deflection is about an axis that is in the gear plane and pdipen
ular to both the line of actiofe! and the tooth surface normal.
Figure[2 shows the line of actidB?, the tooth surface normal,
and the tilting axisE} for thes™ sun-planet mesh. These two de-
flections are calculated at a specified point along the faittewi
called the center of stiffness. The axial position of theteenf
stiffness isc;. The translational stiffness, tilting stiffness, and
center of stiffness can be reduced from gear tooth contadt mo
els, such as [24], averaged over a mesh cycle.

Eé axis

(@

Dy Eé axis
— (Tilting axis)

1)
[
]
¥

Tooth surface
normal

(b)

Figure 2. Tooth surface normal and the tilting axis for the ith

planet mesh. The it planet gear is shown. 1) is the base helix angle,
and <I>Sp is the transverse operating pressure angle.

sun-

The equations of motion come from Lagrange’s equations
for unconstrained generalized coordinates. The kinetit @0t

tential energies are
wawab + f{mbfb),

N
1
V= 5 Z (d:z;,bKA,bdA,b + dg,bKB,de,b)
1)
¢h pXapCap T Cg,bXB,bCBJ))

G
(kjéf- + njfyf-),

whereN = p + 3 is the number of bodiesy, is the angular
velocity, my, is the massJ, is the inertia tensor;, is the ve-
locity vector,d 4 4 is the translational bearing deflection vector,
¢ 4,5 Is the angular bearing deflection vectiry , is the bearing
stiffness matrix for translation, angd, , is the bearing stiffness
matrix for rotation. The translational gear mesh deflecisody;
the angular (tilting) gear mesh deflectiomis the translational
gear mesh stiffness i#s;; and, the tilting gear mesh stiffness is
Rj.

The angular velocity of the"" body in its corotational basis

{eb}is

wp = {d)b — 0 (51; + Qb)} e}

+ [éb+¢b (Bb+9b)}eg+ {Bb+ﬂb_¢béb o (2)

where Q,, is the constant kinematic rotation speed. The in-
ertia tensor for each body in its principal axes Jg
diag[J7, J/, JZ] with constant components. All gears are ax-
isymmetric, soJ/ = Ji. The velocity vectors of the central

membergh = s,r,¢), and planet$i = 1,2, ..., p), are
ty = [Zh — Qeyn] B1 + [9n + Qezn| B2 + 2, B3 (3)
P = ['ih — Qe (yz —Ts — Tp)] E}
+ i + Qe (i + tan @up(rs +1p))] E, (4)

where®,, and®,, are the sun-planet and ring-planet transverse
operating pressure angles.

The bearings are attached to the poidisand B, on the
left and right sides of thé™ body, respectively. The bearing
deflection vectors for central members at poptis

dan = [zn — (en+ L) 0n) Ex

5
+ [(en + L3}) ¢ + yn] Ea + 2,Es, ©
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whereey,, Li}, and LE are the axial positions of the mass cen-
ters, bearingsl;, and bearing€3;, of the central members. The
bearing deflection vectors at poiB, follow similarly. Positive
values ofe, andLg4 are measured from the datum aldig, and
positive values of.” are measured from the datum aloAg;.
This sign convention is chosen so that for positijeand LZ the
gears are in between the bearings. The bearing deflectidorvec
for the planets is the relative position between the poiatithon
the carrier and the point that is on the planet shaft. Theitgar
deflection vector for the planets at poi#y is

[Oc(es + L;‘) — a:c] coS (vj — [yc + ¢eles + Lﬁ)] sin oy

da; = {
Belry +7,) + i — Oi(e, + L) }ES

+ { [zc — Oc(es + L;‘)} sina; — [ye + de(es + L;?)] COs ;
— tan upBe(rp + 7s) + yi + dilep + L;‘)}Eg
+ { [—tan @y (15 + 1) + 0c(rs + 1p)] sin ey

+ [tan @gp,0. (15 + 1rp) + @dc(rs +1p)] cOS Qs + 25 — ZC}Eé,
(6)

The bearing deflection for poim; is similar, and it can be found
in [23] EqQ. (8).

The angular bearing deflection vector is the relative armgula
displacements of the connected bodies. The angular bedeing
flection vectors for the central members and planets at pdint
andA; are

Can=9nE1 + 0rE2 + BrEs3, (7)

Cai = [pi — Ocsina; — ¢ cos a] Ei + [HZ- — 6. cos

~ fesin ,. (®)
+ ¢¢sina; | ES + [8; — B ES.

The angular bearing deflection vectors at poiBisand B; are
identical to Eqs.[{[7) and[{8) for rigid shafts.

The bearings are isotropic in tHg; — E, plane. There
is no coupling between different directions. For all bod-
ies the bearing stiffness matrix for translation ¥4, =
diag [k, k;', k{**], and the bearing stiffness matrix for rotation
is x4, = diag[s;, 53!, k4% ], where the equality of stiffness in
the two in-plane translation directions is evident (andilsirty
for rotation). These stiffness components are in {B8 basis
for the central members and in tH&®} basis for each of the
planets.

The translational gear mesh deflectigrnis the relative com-
pressive deflection at the center of stiffness in the dioactior-
mal to the tooth surface. The translational gear mesh diftect

4

for the sun-planet mesheg£ 1, 3,5, ...

0j = { [(es —

+ 75 [0s — ¢ tan Py sinw} sin o
+ { [zs — (es — ¢;)0s] cos

+ 75 [¢s + 05 tan D] sin 1/)} COS ;

,2p — 1) is

cj)¢s + ys] cos 1

(9)

+ [(ep — ¢)0; + 1B + 1pBi — wi] cos Y
+ [2i — 25 + 1p(¢i + 0; tan @)] sin1p,

where is the base helix angle, and the center of stiffness for
a gear mesh in the axial direction measured from the datum is
¢j. The reader is referred to [23] Eq. (12) for the translationa
gear mesh deflection of the ring-planet meshes. The angedair g
mesh deflectiory; for the sun-planet meshes is

v = ¢ssina; —Oscosa; +60;,, j=1,3,5...,2p—1, (10)

The angular deflection for the ring-planet meshes can bedfoun
in [23] Eq. (14).

Lagrange’s equations of motion are obtained following sub-
stitution of Egs.[(R) througli.(10) (including the expressiomit-
ted in this paper) into the energy expressions in[Hg. (1).dtrimn
form they are

M + Kq = f, (11)
q:(anQran»Chw-pr)» (12)
qy = (staebvﬂhxbvybvzb)a b:S,T,C,l,...,p.

The diagonal inertia matri¥1 is
M =diagM,,M,, M., M;,...,M,,...,M,), (13)

where an individual block is given byM, =

diag(J¢, J7, JZ, my, mp,mp).  Only certain blocks of the
stiffness matrixK are populated due to the geometric con-
figuration of planetary gears. Th&V x 6N matrix has the
form

K, K,

0 0 1 Koo . K p

K, 0 K,.1K,>...K,,

Kc Kc71 Kc,2 . Kc7p

K= K, 0 0 , (14)

K, 0
Symmetric :

KP

L Jdnxn
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where the total number of degrees of freedom is- 6/N. The
6 x 6 sub-matrice¥}, andKj, ; are expanded in the following
section. The individual elements of these sub-matricesadnd
K; are given in the appendix of [23]. The high-speed effects tha
arise from the constant kinematic rotation fall outsidegbepe
of this study, sof2. = 0 is specified. Consequently, the gy-
roscopic matrix, centripetal acceleration matrix, andtiipetal
acceleration vector, which are given in[[23], are omitterehe

If one considers motiog = q — q. about the steady config-
urationq, defined byKq, = f, wheref is the constant external
loading vector, the governing equation is

My + Ky = fa(t), (15)

wheref,(t) is the zero-mean, dynamic external loading vector.

MODAL ANALYSIS
The eigenvalue problem is
(K—XM)q=0 (16)

with natural frequencies/\. The vibration modes are divided
into 6 x 1 sub-vectors as

q=(Vs,Vp, Vo, Vi, ..., Vp) a7

The system is tuned, that is, all sun-planet and ring-planet
mesh stiffnesses, and their centers of stiffnesses, argidde
among all planets; the planet bearing stiffnesses, thé laxa-
tions of the planet bearings, and the planet inertias aredhe
for all planets. Regardless of planet spacing, the stiffressd

inertia sub-matrices satisfy

p p p
K, =7, Zsin a; + RY,R” Zcos o; + Oy Zsin2 o;

i=1 i=1 i=1

p p
+RO,RY Z cos® a; + B, Z sin a; cos ai; + W,

i=1 i=1
010000 (18)
—-100 0 00
001000
R = 000010’ (19)
000-100
00000O01
K'L :Kja MZ :MJ7 Z,j:1,2,7p, (20)
Ky = Apsina; + RAp cosa; + T, (21)

Individual elements off';,, ®;, Ep, ¥4, Ay, andI', are given
in [23].

Computational Observation of Vibration Modes

An example planetary gear is analyzed with four and five
equally spaced planets to expose the modal properties. F-he o
erating transverse pressure angle of sun-planet and tamgp
meshes ar@,, = ®,, = 21.3 deg. Base helix angle on the
sun isy = 28.5 deg right handed. The sun-planet translational
mesh stiffness i&; = 1.76 x 10° N-m. The ring-planet trans-
lational mesh stiffness i8; = 3.54 x 10° N-m. The sun-planet
tilting mesh stiffness is:; = 35.9 x 10® N-m, The ring-planet
tilting mesh stiffness is; = 36 x 103 N-m. Axial distance of
bearings ard.! = L = 20 mm for all bodies except the plan-
ets. The planet bearing positions are varied fralrg\ & 20 mm,
Lf = 20 mm), in which case the planets are simply supported,
to (L;' = —40 mm, L} = 80 mm), in which case the planets are
overhung. For the sun and carrier, the radial and axial bgari
stiffnesses aré;!, k? = 0.5 x 10° N/m, and the tilting bearing
stiffnesses are nil. Rotation of the carrier is constraimesetting
the rotational stiffness t6 x 10'° N-m. The ring is practically
fixed by setting all bearing stiffnessesioc 10° including nom-
inal rotation with appropriate units. The sun and planetsfiare
to rotate. The inertias are as follows:, = 0.3 kg, J? = 0.005
kg-m?, JZ = 0.01 kg-n?, m,, = 0.2 kg, JZ = 0.005 kg-n?,
JZ = 0.01 kg-m?, m. = 0.5kg, J@ = 0.004 kg-m?, JZ = 0.008
kg-n?. Some natural frequencies and their corresponding mode
types are given in Tabld 1.

Table 1. Natural frequencies [Hz] below 3000 Hz and mode type s

of the planetary gear system with four and five planets. R-A:

Rotational-axial mode, T-T: Translational-tilting mode, P: Planet

mode. Natural frequency multiplicity is not shown.

Four Planets Five Planets
Nat. freq. [Hz] Mode type| Nat. freq. [Hz] Mode type

395 T-T 369 T-T
431 R-A 416 R-A
963 P 963 P
1085 T-T 1045 T-T
1132 R-A 1171 R-A
1477 T-T 1475 T-T
1537 R-A 1538 R-A
1537 P 1538 P
1568 P 1569 P
1601 R-A 1611 R-A
1734 T-T 1773 T-T

The vibration modes exhibit distinctive characteristiesy-
ures B[ %, and]5 show two of each three vibration modes of the
sample system with four planets. Regardless of the system pa
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rameters the modal deflections of certain gears are zerbeos t
is a relation between certain degrees of freedom such thatino
modal deflections are independent. Based on these fea#lires,
vibration modes are categorized as planet, rotationakaaind
translational-tilting modes. These three types bear same s
larities to those described by Lin and Parker [5], but theyeha
important differences.

Figure 3. A planet mode at 963 Hz of the planetary gear systemwi  th
four equally spaced planets. Angular and translational dis place-
ments are scaled independently to emphasize behavior.

Figure 4. A rotational-axial mode at 431 Hz of the planetary g  ear
system with four equally spaced planets. Angular and transla tional
displacements are scaled independently to emphasize behav ior.

Figure 5. A translational-tilting mode at 1734 Hz of the plan etary
gear system with four equally spaced planets. Angular and tra nsla-
tional displacements are scaled independently to emphasiz e behav-
ior.

6

In a planet mode shown in Fif] 3 all central members are
stationary. This is given by

vp,=0, h=s,rc. (22)

The planets move in all six degrees of freedom, and theiransti
are related to that of the arbitrarily selected first planet b

Vi =w; vy, 1=2,...,D, (23)

where thew; are constants. Planet modes are observed only
when there are four or more plan€gs > 4). The natural fre-
guency multiplicity isp — 3.

There are 12 rotational-axial modes for systems with more
than two planets. The natural frequency multiplicity is oReom
the computed eigenvectors (in Fig. 4, for example) the aéntr
members rotate and translate axially, but they do not tiftas-
late in-plane. The modal deflection of any central membef is o
the form

Vp = (anaﬁ}wovoazh)' (24)

The planets move in all degrees of freedom, and their modal de
flections are identical to one another as given by

Vi=Va=...=Vp (25)

There are 12 pairs of translational-tilting modes with naltére-
guency multiplicity of two for systems with three or more pla
ets. In both modes of a translational-tilting mode pairyvaman
Fig.[3, the central members only translate in-plane andiitt
do not rotate or translate axially. The modal deflectionsmyf a
central member for a pair of vibration modes have the form

Vp = (¢h79h507$h)yh70)7 Wp = (9h7_¢h707yh7 _:L‘}MO)
— wp =Rvy, h=s,rc
(26)

The planets move in all six degrees of freedom. Their motions
are such that the modal deflections of any planet can be found
from the modal deflections of the arbitrarily selected filanet
using

Vi cosa; I sina; I Vi .
= . , 1=2,...,D,
w; —sino; Icosa; 1 w1

(27)
wherel is the6 x 6 identity matrix.
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Analytical Characterization of Vibration Modes

The observed properties of the different types of vibration
modes are proved for general systems with three or moretglane
in [23]. This section gives the method and summarizes thgsste
of the proof, but some details are omitted.

The proof consists of constructing a candidate vibration
mode (for each mode type) based on the observed characterist
and substituting it into the eigenvalue problem [Eql (16 pv@hg
that the eigenvalue problem is satisfied ensures that thpopeal
vibration mode is truly a system vibration mode.

The critical point for all three mode types is that some ele-
ments of the candidate vibration mode are linearly depematen
others. A candidate vibration mode is partitioned as

q=(u,q%), q"=Yu, (28)

where the vecton contains elements regarded as independent,
and the vectoy* is the vector of dependent elements calculated
from u. How the modal deflections are partitioned between
andq* as well as the matri%Y differ for each of the three mode
types, but all three types can be expressed in this general fo

with knownY. The three specific cases are discussed subse-

quently.
Substitution of the candidate vibration mode from Eq] (28)
into the eigenvalue problem E@.{16) results in

5l ()=o) (8):

whereA, B, andE are partitioned matrices d; M, andM;
are partitioned matrices of the diagotdl. Substitution ofg*

(29)

Yu into Eq. [29) expresses the upper row in the form of a reduced

eigenvalue problem

(A +BTY)u = \M,u. (30)

This equation contains all the necessary information to tfired
natural frequencies and vibration modes of the type of tidna
mode under consideration because the remaining eleméatis
q are found from Eq[{28)For such amodeto indeed be a system
mode, however, the lower row of Eq. (29) must hold, which is
given by

Bu+ Eq" = \M,q". (31)

Thisequation is crucial for the rest of this paper.

In what follows, we prove that Eq.(B1) holds for appropri-
ately selected candidate vibration modes of the form Eq) (28
constructed for each of the three mode types. In each ease,

7

is calculated by Eq[(30). In this process, the algebraipg@ro
ties of the stiffness and inertia matrices are pivotal. fremnore,
we show that this process yieldH of the system modes, that
is, every mode is either a rotational-axial, translational-tiltiog
planet mode. The construction of matricésB, E, A, M,,, and
M,, are dictated by the partitioning of each candidate mode typ
by Eq. [28).

With the stipulations that the planets are equally spaced an
the system is tuned, the following developments do not deépen
on, and are therefore valid for arbitrary values of, systemam-
eters such as gear radii, pressure and helix angles, losatitd
stiffnesses of the bearings, mesh stiffnesses, and so on.

The decomposition of the candidate planet mode according

to Eqgs. [(2R),[(2B), and (28) is

u=wvy, g =(0,0,0,wavy,...,wpv1), (32)

where the zero vectors afex 1. We specify without loss of
generality thatv; vy # 0, that is, at least the arbitrarily selected
first planet deflects. The modal deflections of other planets a
a scalar multiple of the modal deflections of the first plaret a
given in Eq. [(28), although the; (: = 1,...,p) are yet to be
determined. Substitution of matric&, E, M,, and Eq. [(3R)
into Eq. [31), and use of Eq$. (18)-(21) yields

P p P
Zwi sina; =0, Zwi cosa; = 0, sz =0. (33)
i=1 i=1 i=1

and

K1V1 = )\Mlvl. (34)

Equation[(3B) can be solved fpr 3 solutions forp > 4 [8,[17].
Each solution gives a non-trivial set of;, + = 1,...,p, and
this set can be scaled by an arbitrary constant. Equdiidni{34
identical to the reduced eigenvalue problem, which is foloypd
substitution ofA, B, Y, andM,, into Eq. [30).

Thus, every mode of the form E§.(32), defined by Egsl. (22)
and [23) constructed from; and a set ofw;, satisfies the full
eigenvalue problem Ed.(IL6). The reduéed6 eigenvalue prob-
lem Eq. [34) yields six planet mode eigenvalues regardleteo
number of planets. For each of the six eigensolution dairs )
one can construgt — 3 (p > 4) eigenvectors of the full system
using the solution sets for the; from Eq. [33). Hence, each of
the six planet mode natural frequencies has multiplipity 3.
There are no planet modes if there are less than four plaeets b
cause no set af; satisfying Eq.[(3B) can be found.

The candidate rotational-axial mode described by Eqg$, (24)
(25) is decomposed according to Eq.](28). Equal planet sgaci
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yields

(35)

P P
E sinta = 0, E costa = 0,
i=1 i=0

from [25]. Substitution ofB, E, M,;, and q*, and use of
Egs. [(18){(211), and(35) confirms that EQ.](31) is satisfied us
ing u found from the reduced eigenvalue problem. The reduced
eigenvalue problem is found by substitution®fB, Y, andM,,

into Eq. [30).

Thus, every rotational-axial modgdefined by Eqs[{24) and
(23), where eachu is determined from the reduced eigenvalue
problem in Eq.[(3D) satisfies the full eigenvalue problem(E§).

In the rotational-axial mode case, EQ.](30) is2ax 12 eigen-
value problem, so the reduced eigenveaionas 12 elements.
Therefore, there are 12 rotational-axial modes. Becauderea
duced eigenvecton produces only one rotational-axial mode,
each rotational-axial mode has a distinct natural frequenc

The candidate pair of translational-tilting modes given by
the relations Egs[(26) and_{27) satisfy the eigenvaluelpnob
Eq. (I16) with the same eigenvalue. This is expressed as

(K- M)q; =0, (K- \M)qgz=0. (36)
Any linear combination ofj; andqs also satisfies the full eigen-
value problem with the same eigenvalue. To apply the formu-
lation in Egs. [(3D) and(31), we stack the two expressions in
Eq. (36) into a single block-diagonal matrix eigenvaluelbem
of dimensionl12(p + 3) with eigenvector

q = (q1,92). (37)

This eigenvalue problem is partitioned to give Eq](29). Gmes
using [25] that

(S

P
, g sinta costax = 0,
i=1

P P
E:Sin2 o= g, 20052 o=
i=1 i=1
(38)

for equally spaced planets 27 /p. Substitutions ofB,

E, M;, andqg* into Eq. [31), and use of Egd. (18)-{21}, 126),
1), and[(3B) confirms that Ed. (31) is satisfied for the candi
date translational-tilting mode far calculated from the reduced
eigenvalue problem. The reduced eigenvalue problem isdfoun
by substitution ofA, B, Y, andM,, into Eq. [30).

Discussion

A helical planetary gear witlp equally spaced planets and
six degrees of freedom per component hast+ 6p degrees of
freedom. There are six planet modes with natural frequendy m
tiplicity p — 3 (i.e.,6(p — 3) modes) providegh > 4. There are
12 rotational-axial modes with distinct natural frequescithere
are 24 translational-tilting modes (i.e., 12 degeneratderpairs
with natural frequency multiplicity two). Thus, alR + 6p vi-
bration modes have been accounted for. No other mode type is
possible.

The only restrictions that the proof needs are the tuned sys-
tem assumption and equal planet spacing. These restsdi@n
confined to the plane of the planetary gear. Parameter icargat
that do not disturb these stipulations have no effect on tbp-p
erties of the vibration modes. There are no restriction$empt-
rameters that define the system in the axial direction. Toere
contrary to intuition, the described mode types hold forfigpn
rations that are not symmetric about the plane of the geach, s
as:

1. The bearings at opposite ends of a given gear-shaft body
have different stiffness properties. An example is tapered
roller bearings at one end and spherical roller bearingseat t
other end.

2. The bearings on a given gear-shaft body are at differsnt di
tances from the gear plane; both bearings are on the same
side of the gear plane; or, there is only one bearing. An
example of such a configuration would be overhung gears
and/or carrier. An example is analyzed in the next section.

3. The mass centers of the various gear-shaft bodies are at di

ferent axial positions.

. The contact pattern is off-centered at the gear meshas. Th
may be due to, for example, lead modifications and deflec-
tion of the system under load. Note, however, that the sun-
planet contact patterns must be the same at each planet (and
the same for the ring-planet meshes).

These four items destroy symmetry about the gear planehbut t
modal properties hold for these configurations and any coaabi
tion thereof.

RESULTS
The planets in the example system with four planets are sup-
ported by two bearings at points, and B, at both ends of the

A B _ i i
gearsL, = 20 mm, L.’ = 20 mm. Keeping the distance be-

The foregoing analysis confirms that the degenerate mode tween the bearings same, the planet bearings are movetyaxial

pairq; andq, defined by Eqs[(26) and (R7) each satisfy Eql (16)
with the same eigenvalue. The natural frequency multigliis
two because one can exchange the letteamdw in Eqgs. [26)

alongE; until L;' = —40 mm, LF = 80 mm. At Ly = —20
mm, Lf = 60 mm, the planets become overhung from their
supporting shafts that connects them to the carrier. Theraat

and [27) with no change to any subsequent matrices or results frequencies of the system up to 3000 Hz are plotted in[Hig. 6.

As a result, there are exactly 12 pairs of translationtihgl
modes with twice repeated natural frequencies.

The change in some natural frequencies is of practicaléster
Natural frequencies of different mode types cross eactrdibée
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veering [26] is observed among the natural frequencies @f th
same modes types.

The natural frequencies of the example planetary gear sys-
tem with four and five planets are shown in Tdble 1. The natural
frequency multiplicity of the translational-tilting moslés two,
and the natural frequency multiplicity of the planet modetio
when there are five planets. The torque on the sun is increased
from 200 N-m to 250 N-m for the system with five planets, so
that the load that each planet carries is the same. The nuhber
planets affect the rotational-axial and translationilt mode
natural frequencies, but not the planet mode natural frecjas.

This is because the reduced eigenvalue problems for theeform
two mode types include the number of planets as a parameter,
but the reduced eigenvalue problem of the planet modes are in
dependent of number of planets.

3000

2500 ¢

2000t

1500f+==

1000 ¢

Natural frequency [Hz]

500

0 ! ! ! !
20 30 40 50 60 70 80
Axial position Lg of planet bearing B,
Figure 6. Natural frequencies versus the axial position of t he planet

bearing B. Both bearings (Ap, Bp) are moved out from the gear

plane keeping the distance between them equal (40 mm). Initial
planet bearing positions are (L;‘ 20 mm, Lf = 20 mm).
Final planet bearing positions are (L;‘ —40 mm, Lf = 80

mm). The dash-dot line marks when the planets become overhung.
Solid line: planet modes, dashed line: rotational-axial mo des, dots:
translational-tilting modes.

CONCLUSIONS

We prove that there are exactly three types of vibration
modes of any tuned single-stage helical planetary geaersyst
with equally spaced planets. The helical planetary gedesyis
represented by a three-dimensional lumped parameter rifdel
allows for six degrees of freedom per gear-shaft body supgdor

9

by bearings at arbitrary axial positions. All vibration nasdbe-
long to one of these three types, described below:

1. Planet modes: Only the planets have modal deflection. Each
planet's modal deflection is a known scalar multiple of any
other planet's modal deflection. The central members do
not move. There are six planet mode sets, where each set
consists ofp — 3 degenerate (fop > 4) modes having the
same natural frequency. Planet modes exist only for systems
with four or more planet§p > 4).

. Rotational-axial modes: The central members rotate and
move axially but do not tilt or translate. The modal deflec-
tion of the planets are identical. There are 12 rotationéia
modes with distinct natural frequencies.

3. Translational-tilting modes: The central members tiltl a
translate in-plane but do not rotate or move axially. The
modal deflections of all planets are related to one another
according to Eq.[{(27). There are 12 pairs of degenerate
translational-tilting modes with natural frequency nplit-
ity two.

Modal analysis of an example system with four and five planets
confirm the conclusions regarding the natural frequencytimul
plicity described above.

The classification of the vibration modes persists for syste
that are not symmetric about the plane of the planetary gear b
cause the proof is valid for arbitrary values of all paranstkat
lead to such asymmetry. Computational modal analysis is per
formed for a system with varying planet axial bearing posis,
so that the planets originally simply supported becomelousy.
The mode types are preserved. The veering-crossing padtern
one that is expected from the characterization of modesgsam
types of modes veer, but different types of modes can cross.
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