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ABSTRACT
This paper examines the vibration modes of single stage he-

lical planetary gears in three dimensions with equally spaced
planets. A lumped-parameter model is formulated to obtain the
equations of motion. The gears and shafts are modeled as rigid
bodies with compliant bearings at arbitrary axial locations on
the shafts. A translational and a tilting stiffness accountfor the
force and moment transmission at the gear mesh interface. The
modal properties generalize those of two-dimensional spurplan-
etary gears; there are twice as many degrees of freedom and nat-
ural frequencies due to the added tilting and axial motion. All
vibration modes are categorized as planet, rotational-axial, and
translational-tilting modes. The modal properties are shown to
hold even for configurations that are not symmetric about the
gear plane, due to, for example, shaft bearings not being equidis-
tant from the gear plane. Computational modal analysis are per-
formed to numerically verify the findings.

INTRODUCTION
Knowledge of the modal properties of planetary gears is cru-

cial for developing strategies to reduce vibration. Planetary gear
dynamic models are developed in [1–4]. Lin and Parker show
that two-dimensional, spur planetary gears with equally spaced
[5] and diametrically opposed [6] planets possess well-defined
modal properties. They report all vibration modes belong to
one of three categories: 1) Planet modes where only the plan-
ets move, and their motions are scalar multiples of the arbitrarily

∗Address all correspondence to this author.

chosen first planet’s motion. 2) Rotational modes where the cen-
tral members (sun, carrier, and ring) rotate but do not translate.
The planet motions are identical. 3) Translational modes with
degenerate natural frequencies, where the central memberstrans-
late but do not rotate. There are well-defined relations between
the two independent vibration modes at each natural frequency.
Kiracofe and Parker [7] prove that a similar categorizationap-
plies to compound planetary gears. Wu and Parker [8] prove the
modal properties of spur planetary gears having elastically de-
formable ring gears.

These vibration mode characteristics are crucial in vibra-
tion suppression strategies using mesh phasing [2, 9, 10] and
eigensensitivity analysis [11, 12] of planetary gears. Schlegel
and Mard [10], Seager [2], and Hidaka et al. [13] state that
the vibration of planetary gears is reduced by proper gear
mesh phasing. Hidaka et al. [13] experimentally and Kahra-
man [14] computationally investigate the effectiveness ofvibra-
tion suppression by planet mesh phasing. Kahraman [14] uses
a three-dimensional lumped-parameter model for computations.
Blankenship and Kahraman [15] illustrate how some harmonics
of the transmission error excitation vanish by adjusting the mesh
phasing. Based on the well-defined modal properties of planetary
gears, Parker [16] explains how proper mesh phasing suppresses
many resonances of translational and rotational modes fromcer-
tain harmonics of mesh frequency. Ambarisha and Parker [17]
explain the vibration suppression of planet modes from mesh
phasing.

Finite element analysis is incorporated with elaborate gear
contact analysis in [18–22] to capture the complex dynamic be-
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havior of planetary gears. These studies enable computationally
efficient analysis of complex planetary gears and survey theef-
fects of design parameters on dynamic behavior.

Although the vibration modes of two-dimensional planetary
gears have been studied, it remains to be seen what the vibration
mode characteristics are for helical planetary gears with three-
dimensional motion, a three-dimensional gear mesh interface,
and the gear-shaft bodies supported by bearings at arbitrary lo-
cations along the shafts. A lumped parameter model is formu-
lated to include the tilting and axial motions, thus including all
six degrees of freedom for each gear/shaft body. A tilting mesh
stiffness augments the gear mesh interface to produce the three-
dimensional force and moment transmission.

This paper is based on the work of Eritenel and Parker [23].
The method is outlined by which [23] proves that helical plane-
tary gears with equally spaced planets have exactly three types of
vibration modes. The details of the proof is omitted for it isnot
possible to retain the mathematical intelligibility whilecontain-
ing them in the recommended length of this conference paper.
Compared to two-dimensional spur gear models there are twice
as many natural modes, and their properties are different. Unique
properties of these vibration modes are given. Computational
modal analysis of an example system with four and five planets
is presented. The proof indicates that the modal propertieshold
for configurations that are asymmetric about the gear plane,such
as when the bearings are not equidistant from the gears. A com-
putational study of an example system with overhung planetsis
presented to confirm this finding.

MODEL
The planetary gear model consists of three central members

(the sun, ring, and carrier) andp planets. The gear bodies and the
carrier are integrated with their supporting shafts, so that each
gear/shaft is a single body. These combined gear/shaft bodies
are each mounted on up to two bearings placed at arbitrary axial
locations. The sun, ring, and carrier bearings are connected to
ground while the planet bearings are connected to the carrier. The
gear/shaft bodies and carrier are rigid; the compliant elements are
the meshing gear teeth and bearings. Figure 1 depicts the model
with the parameters defining the system geometry. The vibration
amplitudes are small, so geometric nonlinearities are neglected.

The indexing conventionsb = s, r, c, 1, . . . , p for the sun,
ring, carrier, and the planets,h = s, r, c for the sun, ring, and car-
rier, andi = 1, 2, . . . , p for the planets are maintained throughout
this study. There are2p gear meshes. Odd numbers are assigned
to the sun-planet meshes, and even numbers are assigned to the
ring-planet meshes.

The origin is at the undeflected position of the center of the
sun. A right handed, orthonormal basis{E} = {E1,E2,E3}
rotates with the constant carrier angular speedΩc. For the cen-
tral members, translational coordinatesxh, yh, zh are assigned to
translations alongE1, E2, andE3, respectively. Similarly, angu-

lar coordinatesφh, θh, βh are assigned to small rotations about
E1, E2, andE3, respectively. Translational coordinates for the
planetsxi, yi, zi are measured from the undeflected position of
the centers of the planets in the bases{Ei} = {Ei

1
,Ei

2
,Ei

3
}

that rotate with the carrier angular speed. The base vectorEi
1

is parallel to the line of action of theith sun-planet mesh be-
cause this selection algebraically simplifies the sun-planet mesh
deflections. Angular coordinatesφi, θi, βi for the planets are
assigned to rotations aboutEi

1
, Ei

2
, andEi

3
, respectively. Body

fixed bases for all the bodies{eb} = {eb
1
, eb

2
, eb

3
} are adopted

because the gear mesh deflection expressions are algebraically
simpler in these bases.

Axial position quantities in Fig. 1(a) are measured from the
datum position, which is at the center of the active facewidth and
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Figure 1. Coordinates and dimensions used in the planetary g ear

model.
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denoted by the dashed line. Any inactive facewidth is treated as a
part of the shaft. This setup allows arbitrary axial positioning of
gears with different facewidths. Positive planet positionangleαi

is measured counter-clockwise from the arbitrarily chosenfirst
planet.

Two linear springs, one translational and one tilting, model
the gear mesh interface. The translational stiffness (kj) accounts
for the transmitted force through the gear mesh. Its associated
relative translational deflection (δj) is in the direction of the tooth
surface normal. The tilting stiffness (κj) accounts for the mo-
ment transmitted through the gear mesh. Its associated angular
deflection is about an axis that is in the gear plane and perpendic-
ular to both the line of actionEi

1
and the tooth surface normal.

Figure 2 shows the line of actionEi
1
, the tooth surface normal,

and the tilting axisEi
2

for theith sun-planet mesh. These two de-
flections are calculated at a specified point along the facewidth,
called the center of stiffness. The axial position of the center of
stiffness iscj . The translational stiffness, tilting stiffness, and
center of stiffness can be reduced from gear tooth contact mod-
els, such as [24], averaged over a mesh cycle.
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Figure 2. Tooth surface normal and the tilting axis for the ith sun-

planet mesh. The ith planet gear is shown. ψ is the base helix angle,

and Φsp is the transverse operating pressure angle.

The equations of motion come from Lagrange’s equations
for unconstrained generalized coordinates. The kinetic and po-

tential energies are

T =
1

2

N
∑

b=1

(

ωT
b Jbωb + ṙT

b mbṙb

)

,

V =
1

2

N
∑

b=1

(

dT
A,bKA,bdA,b + dT

B,bKB,bdB,b

)

+
1

2

N
∑

b=1

(

ζT
A,bχA,bζA,b + ζT

B,bχB,bζB,b

)

+
1

2

2p
∑

j=1

(

kjδ
2

j + κjγ
2

j

)

,

(1)

whereN = p + 3 is the number of bodies,ωb is the angular
velocity, mb is the mass,Jb is the inertia tensor,̇rb is the ve-
locity vector,dA,b is the translational bearing deflection vector,
ζA,b is the angular bearing deflection vector,KA,b is the bearing
stiffness matrix for translation, andχA,b is the bearing stiffness
matrix for rotation. The translational gear mesh deflectionis δj ;
the angular (tilting) gear mesh deflection isγj ; the translational
gear mesh stiffness iskj ; and, the tilting gear mesh stiffness is
κj .

The angular velocity of thebth body in its corotational basis
{eb} is

ωb =
[

φ̇b − θb

(

β̇b + Ωb

)]

eb
1

+
[

θ̇b + φb

(

β̇b + Ωb

)]

eb
2

+
[

β̇b + Ωb − φbθ̇b

]

eb
3
,

(2)

where Ωb is the constant kinematic rotation speed. The in-
ertia tensor for each body in its principal axes isJb =
diag[Jx

b , J
y
b , J

z
b ] with constant components. All gears are ax-

isymmetric, soJy
b = Jx

b . The velocity vectors of the central
members(h = s, r, c), and planets(i = 1, 2, . . . , p), are

ṙh = [ẋh − Ωcyh]E1 + [ẏh + Ωcxh]E2 + żhE3 (3)
ṙi = [ẋh − Ωc (yi − rs − rp)]E

i
1

+ [ẏi + Ωc (xi + tan Φsp(rs + rp))]E
i
2

+ żiE
i
3
,

(4)

whereΦsp andΦrp are the sun-planet and ring-planet transverse
operating pressure angles.

The bearings are attached to the pointsAb andBb on the
left and right sides of thebth body, respectively. The bearing
deflection vectors for central members at pointAh is

dA,h =
[

xh −
(

eh + LA
h

)

θh

]

E1

+
[(

eh + LA
h

)

φh + yh

]

E2 + zhE3,
(5)
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whereeh, LA
h , andLB

h are the axial positions of the mass cen-
ters, bearingsAh, and bearingsBh of the central members. The
bearing deflection vectors at pointBh follow similarly. Positive
values ofeh andLA

b are measured from the datum alongE3, and
positive values ofLB

b are measured from the datum along−E3.
This sign convention is chosen so that for positiveLA

b andLB
b the

gears are in between the bearings. The bearing deflection vector
for the planets is the relative position between the point that is on
the carrier and the point that is on the planet shaft. The bearing
deflection vector for the planets at pointAi is

dA,i =
{

[

θc(es + LA
p ) − xc

]

cosαi −
[

yc + φc(es + LA
p )

]

sinαi

− βc(rp + rs) + xi − θi(ep + LA
p )

}

Ei
1

+
{

[

xc − θc(es + LA
p )

]

sinαi −
[

yc + φc(es + LA
p )

]

cosαi

− tan Φspβc(rp + rs) + yi + φi(ep + LA
p )

}

Ei
2

+
{

[− tan Φspφc(rs + rp) + θc(rs + rp)] sinαi

+ [tan Φspθc(rs + rp) + φc(rs + rp)] cosαi + zi − zc

}

Ei
3
,

(6)

The bearing deflection for pointBi is similar, and it can be found
in [23] Eq. (8).

The angular bearing deflection vector is the relative angular
displacements of the connected bodies. The angular bearingde-
flection vectors for the central members and planets at pointsAh

andAi are

ζA,h = φhE1 + θhE2 + βhE3, (7)

ζA,i = [φi − θc sinαi − φc cosαi]E
i
1

+
[

θi − θc cosαi

+ φc sinαi

]

Ei
2

+ [βi − βc]E
i
3
.

(8)

The angular bearing deflection vectors at pointsBh andBi are
identical to Eqs. (7) and (8) for rigid shafts.

The bearings are isotropic in theE1 − E2 plane. There
is no coupling between different directions. For all bod-
ies the bearing stiffness matrix for translation isKA,b =
diag

[

kA
b , k

A
b , k

Az
b

]

, and the bearing stiffness matrix for rotation
is χA,b = diag

[

κA
b , κ

A
b , κ

Az
b

]

, where the equality of stiffness in
the two in-plane translation directions is evident (and similarly
for rotation). These stiffness components are in the{E} basis
for the central members and in the{Ei} basis for each of the
planets.

The translational gear mesh deflectionδj is the relative com-
pressive deflection at the center of stiffness in the direction nor-
mal to the tooth surface. The translational gear mesh deflection

for the sun-planet meshes (j = 1, 3, 5, . . . , 2p− 1) is

δj =
{

[(es − cj)φs + ys] cosψ

+ rs [θs − φs tan Φsp] sinψ
}

sinαi

+
{

[xs − (es − cj)θs] cosψ

+ rs [φs + θs tan Φsp] sinψ
}

cosαi

+ [(ep − cj)θi + rsβs + rpβi − xi] cosψ

+ [zi − zs + rp(φi + θi tan Φsp)] sinψ,

(9)

whereψ is the base helix angle, and the center of stiffness for
a gear mesh in the axial direction measured from the datum is
cj . The reader is referred to [23] Eq. (12) for the translational
gear mesh deflection of the ring-planet meshes. The angular gear
mesh deflectionγj for the sun-planet meshes is

γj = φs sinαi − θs cosαi + θi, j = 1, 3, 5, . . . , 2p− 1, (10)

The angular deflection for the ring-planet meshes can be found
in [23] Eq. (14).

Lagrange’s equations of motion are obtained following sub-
stitution of Eqs. (2) through (10) (including the expressions omit-
ted in this paper) into the energy expressions in Eq. (1). In matrix
form they are

Mq̈ + Kq = f , (11)

q = (qs,qr,qc,q1, . . . ,qp) ,

qb = (φb, θb, βb, xb, yb, zb) , b = s, r, c, 1, . . . , p.
(12)

The diagonal inertia matrixM is

M = diag(Ms,Mr,Mc,M1, . . . ,Mi, . . . ,Mp), (13)

where an individual block is given by Mb =
diag(Jx

b , J
x
b , J

z
b ,mb,mb,mb). Only certain blocks of the

stiffness matrixK are populated due to the geometric con-
figuration of planetary gears. The6N × 6N matrix has the
form

K =























Ks 0 0 Ks,1 Ks,2 . . . Ks,p

Kr 0 Kr,1 Kr,2 . . . Kr,p

Kc Kc,1 Kc,2 . . . Kc,p

K1 0 . . . 0

K2 . . . 0

Symmetric
. . .

...
Kp























n×n

, (14)
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where the total number of degrees of freedom isn = 6N . The
6 × 6 sub-matricesKh, andKh,i are expanded in the following
section. The individual elements of these sub-matrices andof
Ki are given in the appendix of [23]. The high-speed effects that
arise from the constant kinematic rotation fall outside thescope
of this study, soΩc = 0 is specified. Consequently, the gy-
roscopic matrix, centripetal acceleration matrix, and centripetal
acceleration vector, which are given in [23], are omitted here.

If one considers motiony = q−qe about the steady config-
urationqe defined byKqe = f , wheref is the constant external
loading vector, the governing equation is

Mÿ + Ky = fd(t), (15)

wherefd(t) is the zero-mean, dynamic external loading vector.

MODAL ANALYSIS
The eigenvalue problem is

(K − λM)q = 0 (16)

with natural frequencies
√
λ. The vibration modes are divided

into 6 × 1 sub-vectors as

q = (vs,vr,vc,v1, . . . ,vp) . (17)

The system is tuned, that is, all sun-planet and ring-planet
mesh stiffnesses, and their centers of stiffnesses, are identical
among all planets; the planet bearing stiffnesses, the axial loca-
tions of the planet bearings, and the planet inertias are thesame
for all planets. Regardless of planet spacing, the stiffness and
inertia sub-matrices satisfy

Kh = Υh

p
∑

i=1

sinαi + RΥhR
T

p
∑

i=1

cosαi + Θh

p
∑

i=1

sin2 αi

+ RΘhR
T

p
∑

i=1

cos2 αi + Ξh

p
∑

i=1

sinαi cosαi + Ψh,

(18)

R =

















0 1 0 0 0 0
−1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 −1 0 0
0 0 0 0 0 1

















, (19)

Ki = Kj , Mi = Mj , i, j = 1, 2, . . . , p, (20)

Kh,i = Λh sinαi + RΛh cosαi + Γh. (21)

Individual elements ofΥh, Θh, Ξh, Ψh, Λh, andΓh are given
in [23].

Computational Observation of Vibration Modes
An example planetary gear is analyzed with four and five

equally spaced planets to expose the modal properties. The op-
erating transverse pressure angle of sun-planet and ring-planet
meshes areΦsp = Φrp = 21.3 deg. Base helix angle on the
sun isψ = 28.5 deg right handed. The sun-planet translational
mesh stiffness iskj = 1.76 × 109 N-m. The ring-planet trans-
lational mesh stiffness iskj = 3.54 × 109 N-m. The sun-planet
tilting mesh stiffness isκj = 35.9 × 103 N-m, The ring-planet
tilting mesh stiffness isκj = 36 × 103 N-m. Axial distance of
bearings areLA

b = LB
b = 20 mm for all bodies except the plan-

ets. The planet bearing positions are varied from (LA
p = 20 mm,

LB
p = 20 mm), in which case the planets are simply supported,

to (LA
p = −40 mm,LB

p = 80 mm), in which case the planets are
overhung. For the sun and carrier, the radial and axial bearing
stiffnesses arekA

h , k
B
h = 0.5 × 109 N/m, and the tilting bearing

stiffnesses are nil. Rotation of the carrier is constrainedby setting
the rotational stiffness to9 × 1010 N-m. The ring is practically
fixed by setting all bearing stiffnesses to5× 109 including nom-
inal rotation with appropriate units. The sun and planets are free
to rotate. The inertias are as follows:ms = 0.3 kg, Jx

s = 0.005
kg-m2, Jz

s = 0.01 kg-m2, mp = 0.2 kg, Jx
p = 0.005 kg-m2,

Jz
p = 0.01 kg-m2,mc = 0.5 kg,Jx

s = 0.004 kg-m2, Jz
s = 0.008

kg-m2. Some natural frequencies and their corresponding mode
types are given in Table 1.

Table 1. Natural frequencies [Hz] below 3000 Hz and mode type s
of the planetary gear system with four and five planets. R-A:
Rotational-axial mode, T-T: Translational-tilting mode, P: Planet
mode. Natural frequency multiplicity is not shown.

Four Planets Five Planets

Nat. freq. [Hz] Mode type Nat. freq. [Hz] Mode type

395 T-T 369 T-T

431 R-A 416 R-A

963 P 963 P

1085 T-T 1045 T-T

1132 R-A 1171 R-A

1477 T-T 1475 T-T

1537 R-A 1538 R-A

1537 P 1538 P

1568 P 1569 P

1601 R-A 1611 R-A

1734 T-T 1773 T-T

The vibration modes exhibit distinctive characteristics.Fig-
ures 3, 4, and 5 show two of each three vibration modes of the
sample system with four planets. Regardless of the system pa-
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rameters the modal deflections of certain gears are zero, or there
is a relation between certain degrees of freedom such that not all
modal deflections are independent. Based on these features,all
vibration modes are categorized as planet, rotational-axial, and
translational-tilting modes. These three types bear some simi-
larities to those described by Lin and Parker [5], but they have
important differences.

Figure 3. A planet mode at 963 Hz of the planetary gear system wi th
four equally spaced planets. Angular and translational dis place-
ments are scaled independently to emphasize behavior.

Figure 4. A rotational-axial mode at 431 Hz of the planetary g ear
system with four equally spaced planets. Angular and transla tional
displacements are scaled independently to emphasize behav ior.

Figure 5. A translational-tilting mode at 1734 Hz of the plan etary
gear system with four equally spaced planets. Angular and tra nsla-
tional displacements are scaled independently to emphasiz e behav-
ior.

In a planet mode shown in Fig. 3 all central members are
stationary. This is given by

vh = 0, h = s, r, c. (22)

The planets move in all six degrees of freedom, and their motions
are related to that of the arbitrarily selected first planet by

vi = wiv1, i = 2, . . . , p, (23)

where thewi are constants. Planet modes are observed only
when there are four or more planets(p ≥ 4). The natural fre-
quency multiplicity isp− 3.

There are 12 rotational-axial modes for systems with more
than two planets. The natural frequency multiplicity is one. From
the computed eigenvectors (in Fig. 4, for example) the central
members rotate and translate axially, but they do not tilt ortrans-
late in-plane. The modal deflection of any central member is of
the form

vh = (0, 0, βh, 0, 0, zh). (24)

The planets move in all degrees of freedom, and their modal de-
flections are identical to one another as given by

v1 = v2 = . . . = vp. (25)

There are 12 pairs of translational-tilting modes with natural fre-
quency multiplicity of two for systems with three or more plan-
ets. In both modes of a translational-tilting mode pair, shown in
Fig. 5, the central members only translate in-plane and tiltbut
do not rotate or translate axially. The modal deflections of any
central member for a pair of vibration modes have the form

vh = (φh, θh, 0, xh, yh, 0), wh = (θh,−φh, 0, yh,−xh, 0)

→ wh = Rvh, h = s, r, c.

(26)

The planets move in all six degrees of freedom. Their motions
are such that the modal deflections of any planet can be found
from the modal deflections of the arbitrarily selected first planet
using

(

vi

wi

)

=

[

cosαi I sinαi I

− sinαi I cosαi I

] (

v1

w1

)

, i = 2, . . . , p,

(27)
whereI is the6 × 6 identity matrix.
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Analytical Characterization of Vibration Modes
The observed properties of the different types of vibration

modes are proved for general systems with three or more planets
in [23]. This section gives the method and summarizes the steps
of the proof, but some details are omitted.

The proof consists of constructing a candidate vibration
mode (for each mode type) based on the observed characteristics
and substituting it into the eigenvalue problem Eq. (16). Showing
that the eigenvalue problem is satisfied ensures that the proposed
vibration mode is truly a system vibration mode.

The critical point for all three mode types is that some ele-
ments of the candidate vibration mode are linearly dependent on
others. A candidate vibration mode is partitioned as

q = (u,q∗) , q∗ = Yu, (28)

where the vectoru contains elements regarded as independent,
and the vectorq∗ is the vector of dependent elements calculated
from u. How the modal deflections are partitioned betweenu

andq∗ as well as the matrixY differ for each of the three mode
types, but all three types can be expressed in this general form
with known Y. The three specific cases are discussed subse-
quently.

Substitution of the candidate vibration mode from Eq. (28)
into the eigenvalue problem Eq. (16) results in

[

A BT

B E

] (

u

q∗

)

= λ

[

Mu 0

0 Ml

] (

u

q∗

)

, (29)

whereA, B, andE are partitioned matrices ofK; Mu andMl

are partitioned matrices of the diagonalM. Substitution ofq∗ =
Yu into Eq. (29) expresses the upper row in the form of a reduced
eigenvalue problem

(A + BT Y)u = λMuu. (30)

This equation contains all the necessary information to findthe
natural frequencies and vibration modes of the type of vibration
mode under consideration because the remaining elementsq∗ of
q are found from Eq. (28).For such a mode to indeed be a system
mode, however, the lower row of Eq. (29) must hold, which is
given by

Bu + Eq∗ = λMlq
∗. (31)

This equation is crucial for the rest of this paper.
In what follows, we prove that Eq. (31) holds for appropri-

ately selected candidate vibration modes of the form Eq. (28)
constructed for each of the three mode types. In each case,u

is calculated by Eq. (30). In this process, the algebraic proper-
ties of the stiffness and inertia matrices are pivotal. Furthermore,
we show that this process yieldsall of the system modes, that
is, every mode is either a rotational-axial, translational-tilting, or
planet mode. The construction of matricesY, B, E, A, Mu, and
Ml, are dictated by the partitioning of each candidate mode type
by Eq. (28).

With the stipulations that the planets are equally spaced and
the system is tuned, the following developments do not depend
on, and are therefore valid for arbitrary values of, system param-
eters such as gear radii, pressure and helix angles, locations and
stiffnesses of the bearings, mesh stiffnesses, and so on.

The decomposition of the candidate planet mode according
to Eqs. (22), (23), and (28) is

u = w1v1, q∗ = (0,0,0, w2v1, . . . , wpv1) , (32)

where the zero vectors are6 × 1. We specify without loss of
generality thatw1v1 6= 0, that is, at least the arbitrarily selected
first planet deflects. The modal deflections of other planets are
a scalar multiple of the modal deflections of the first planet as
given in Eq. (23), although thewi (i = 1, . . . , p) are yet to be
determined. Substitution of matricesB, E, Ml, and Eq. (32)
into Eq. (31), and use of Eqs. (18)-(21) yields

p
∑

i=1

wi sinαi = 0,

p
∑

i=1

wi cosαi = 0,

p
∑

i=1

wi = 0. (33)

and

K1v1 = λM1v1. (34)

Equation (33) can be solved forp−3 solutions forp ≥ 4 [8, 17].
Each solution gives a non-trivial set ofwi, i = 1, . . . , p, and
this set can be scaled by an arbitrary constant. Equation (34) is
identical to the reduced eigenvalue problem, which is foundby
substitution ofA, B, Y, andMu into Eq. (30).

Thus, every mode of the form Eq. (32), defined by Eqs. (22)
and (23) constructed fromv1 and a set ofwi, satisfies the full
eigenvalue problem Eq. (16). The reduced6×6 eigenvalue prob-
lem Eq. (34) yields six planet mode eigenvalues regardless of the
number of planets. For each of the six eigensolution pairs(λ,v1)
one can constructp − 3 (p ≥ 4) eigenvectors of the full system
using the solution sets for thewi from Eq. (33). Hence, each of
the six planet mode natural frequencies has multiplicityp − 3.
There are no planet modes if there are less than four planets be-
cause no set ofwi satisfying Eq. (33) can be found.

The candidate rotational-axial mode described by Eqs. (24),
(25) is decomposed according to Eq. (28). Equal planet spacing
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yields

p
∑

i=1

sin iα = 0,

p
∑

i=0

cos iα = 0, (35)

from [25]. Substitution ofB, E, Ml, and q∗, and use of
Eqs. (18)-(21), and (35) confirms that Eq. (31) is satisfied us-
ing u found from the reduced eigenvalue problem. The reduced
eigenvalue problem is found by substitution ofA, B, Y, andMu

into Eq. (30).
Thus, every rotational-axial modeq defined by Eqs. (24) and

(25), where eachu is determined from the reduced eigenvalue
problem in Eq. (30) satisfies the full eigenvalue problem Eq.(16).
In the rotational-axial mode case, Eq. (30) is a12 × 12 eigen-
value problem, so the reduced eigenvectoru has 12 elements.
Therefore, there are 12 rotational-axial modes. Because each re-
duced eigenvectoru produces only one rotational-axial mode,
each rotational-axial mode has a distinct natural frequency.

The candidate pair of translational-tilting modes given by
the relations Eqs. (26) and (27) satisfy the eigenvalue problem
Eq. (16) with the same eigenvalue. This is expressed as

(K − λM)q1 = 0, (K − λM)q2 = 0. (36)

Any linear combination ofq1 andq2 also satisfies the full eigen-
value problem with the same eigenvalue. To apply the formu-
lation in Eqs. (30) and (31), we stack the two expressions in
Eq. (36) into a single block-diagonal matrix eigenvalue problem
of dimension12(p+ 3) with eigenvector

q = (q1,q2). (37)

This eigenvalue problem is partitioned to give Eq. (29). Onefinds
using [25] that

p
∑

i=1

sin2 iα =
p

2
,

p
∑

i=1

cos2 iα =
p

2
,

p
∑

i=1

sin iα cos iα = 0,

(38)
for equally spaced planetsα = 2π/p. Substitutions ofB,
E, Ml, andq∗ into Eq. (31), and use of Eqs. (18)-(21), (26),
(27), and (38) confirms that Eq. (31) is satisfied for the candi-
date translational-tilting mode foru calculated from the reduced
eigenvalue problem. The reduced eigenvalue problem is found
by substitution ofA, B, Y, andMu into Eq. (30).

The foregoing analysis confirms that the degenerate mode
pairq1 andq2 defined by Eqs. (26) and (27) each satisfy Eq. (16)
with the same eigenvalue. The natural frequency multiplicity is
two because one can exchange the lettersv andw in Eqs. (26)
and (27) with no change to any subsequent matrices or results.
As a result, there are exactly 12 pairs of translational-tilting
modes with twice repeated natural frequencies.

Discussion
A helical planetary gear withp equally spaced planets and

six degrees of freedom per component has18 + 6p degrees of
freedom. There are six planet modes with natural frequency mul-
tiplicity p − 3 (i.e.,6(p − 3) modes) providedp ≥ 4. There are
12 rotational-axial modes with distinct natural frequencies; there
are 24 translational-tilting modes (i.e., 12 degenerate mode pairs
with natural frequency multiplicity two). Thus, all18 + 6p vi-
bration modes have been accounted for. No other mode type is
possible.

The only restrictions that the proof needs are the tuned sys-
tem assumption and equal planet spacing. These restrictions are
confined to the plane of the planetary gear. Parameter variations
that do not disturb these stipulations have no effect on the prop-
erties of the vibration modes. There are no restrictions on the pa-
rameters that define the system in the axial direction. Therefore,
contrary to intuition, the described mode types hold for configu-
rations that are not symmetric about the plane of the gears, such
as:

1. The bearings at opposite ends of a given gear-shaft body
have different stiffness properties. An example is tapered
roller bearings at one end and spherical roller bearings at the
other end.

2. The bearings on a given gear-shaft body are at different dis-
tances from the gear plane; both bearings are on the same
side of the gear plane; or, there is only one bearing. An
example of such a configuration would be overhung gears
and/or carrier. An example is analyzed in the next section.

3. The mass centers of the various gear-shaft bodies are at dif-
ferent axial positions.

4. The contact pattern is off-centered at the gear meshes. This
may be due to, for example, lead modifications and deflec-
tion of the system under load. Note, however, that the sun-
planet contact patterns must be the same at each planet (and
the same for the ring-planet meshes).

These four items destroy symmetry about the gear plane, but the
modal properties hold for these configurations and any combina-
tion thereof.

RESULTS
The planets in the example system with four planets are sup-

ported by two bearings at pointsAp andBp at both ends of the
gearsLA

p = 20 mm, LB
p = 20 mm. Keeping the distance be-

tween the bearings same, the planet bearings are moved axially
alongE3 until LA

p = −40 mm,LB
p = 80 mm. At LA

p = −20

mm, LB
p = 60 mm, the planets become overhung from their

supporting shafts that connects them to the carrier. The natural
frequencies of the system up to 3000 Hz are plotted in Fig. 6.
The change in some natural frequencies is of practical interest.
Natural frequencies of different mode types cross each other, but
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veering [26] is observed among the natural frequencies of the
same modes types.

The natural frequencies of the example planetary gear sys-
tem with four and five planets are shown in Table 1. The natural
frequency multiplicity of the translational-tilting modes is two,
and the natural frequency multiplicity of the planet modes is two
when there are five planets. The torque on the sun is increased
from 200 N-m to 250 N-m for the system with five planets, so
that the load that each planet carries is the same. The numberof
planets affect the rotational-axial and translational-tilting mode
natural frequencies, but not the planet mode natural frequencies.
This is because the reduced eigenvalue problems for the former
two mode types include the number of planets as a parameter,
but the reduced eigenvalue problem of the planet modes are in-
dependent of number of planets.
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Figure 6. Natural frequencies versus the axial position of t he planet
bearing B. Both bearings (Ap, Bp) are moved out from the gear
plane keeping the distance between them equal (40 mm). Initial

planet bearing positions are (LA
p = 20 mm, LB

p = 20 mm).

Final planet bearing positions are (LA
p = −40 mm, LB

p = 80
mm). The dash-dot line marks when the planets become overhung.
Solid line: planet modes, dashed line: rotational-axial mo des, dots:
translational-tilting modes.

CONCLUSIONS
We prove that there are exactly three types of vibration

modes of any tuned single-stage helical planetary gear system
with equally spaced planets. The helical planetary gear system is
represented by a three-dimensional lumped parameter modelthat
allows for six degrees of freedom per gear-shaft body supported

by bearings at arbitrary axial positions. All vibration modes be-
long to one of these three types, described below:

1. Planet modes: Only the planets have modal deflection. Each
planet’s modal deflection is a known scalar multiple of any
other planet’s modal deflection. The central members do
not move. There are six planet mode sets, where each set
consists ofp − 3 degenerate (forp > 4) modes having the
same natural frequency. Planet modes exist only for systems
with four or more planets(p ≥ 4).

2. Rotational-axial modes: The central members rotate and
move axially but do not tilt or translate. The modal deflec-
tion of the planets are identical. There are 12 rotational-axial
modes with distinct natural frequencies.

3. Translational-tilting modes: The central members tilt and
translate in-plane but do not rotate or move axially. The
modal deflections of all planets are related to one another
according to Eq. (27). There are 12 pairs of degenerate
translational-tilting modes with natural frequency multiplic-
ity two.

Modal analysis of an example system with four and five planets
confirm the conclusions regarding the natural frequency multi-
plicity described above.

The classification of the vibration modes persists for systems
that are not symmetric about the plane of the planetary gear be-
cause the proof is valid for arbitrary values of all parameters that
lead to such asymmetry. Computational modal analysis is per-
formed for a system with varying planet axial bearing positions,
so that the planets originally simply supported become overhung.
The mode types are preserved. The veering-crossing patternis
one that is expected from the characterization of modes; same
types of modes veer, but different types of modes can cross.
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