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ABSTRACT
The parametric instability of planetary gears having elas-

tic continuum ring gears is analytically investigated based on a
hybrid continuous-discrete model. Mesh stiffness variations of
the sun-planet and ring-planet meshes caused by the changing
number of teeth in contact are the source of parametric insta-
bility. The natural frequencies of the time invariant system are
either distinct or degenerate with multiplicity two, which indi-
cates three types of combination instabilities: distinct-distinct,
distinct-degenerate and degenerate-degenerate instabilities. By
using the structured modal properties of planetary gears and the
method of multiple scales, the instability boundaries are obtained
as simple expressions in terms of mesh parameters. Instability
existence rules for in-phase planet meshes are given. The insta-
bility boundaries are validated numerically.

INTRODUCTION
In order to maximize the power density and improve load

sharing among the planets, planetary gears in numerous indus-
tries are designed to have thin rims, and this leads to elastic de-
flection of the gear bodies, especially the ring gear [1-3].

The vibration of planetary gears has been studied in [4-15].
These works model the ring gear as a rigid body. Wu and Parker
[3] established an elastic-discrete model that includes planetary
gear discrete degrees of freedom (rotational and translational)
and ring gear elastic deflection. The modal properties are sys-
tematically identified, and the vibration modes are classified into

rotational, translational, planet and purely ring modes. The well-
defined properties of each mode type provide a crucial founda-
tion for the current problem of parametric instability with an elas-
tically deformable ring gear.

Parametric instability in single-pair gears has been investi-
gated in [16-19]. Only a few studies exist on parametric instabili-
ties of multiple mesh gear systems. Tordion and Gauvin [20] and
Benton and Seireg [21] analyzed the instabilities of two-stage
gear systems but with contradictory conclusions. This was clar-
ified by Lin and Parker [22], who derived formulae that allow
designers to suppress particular instabilities by choice of con-
tact ratios and mesh phasing. Liu and Parker [23] analytically
investigated the nonlinear resonant vibration of idler gears para-
metrically excited by mesh stiffness variation. The impact of
mesh stiffness variation on tooth loads and load sharing in plan-
etary gears was studied by August and Kasuba [6] and Velex
and Flamand [24]. They numerically computed the dynamic re-
sponse of planetary gears with three sequentially phased meshes
and found the impact of mesh stiffness variations on dynamic
response is significant. Lin and Parker [25] analytically investi-
gated the parametric instability of planetary gears using a purely
rotational model, and Bahk and Parker [26] extend this to exam-
ine the nonlinear dynamics. All of these works adopt a rigid ring
model.

This work examines planetary gear parametric instability us-
ing a model that includes the translational vibration of all compo-
nents and the elastic deformation of the ring gear. With the modal
expressions of the elastic-discrete model from [3], the instability
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boundaries are obtained as simple expressions. We show that
many modes can not interact to create combination instabilities,
and general instability existence rules are obtained for equally
spaced planets. By adjusting the tooth numbers, contact ratios,
and mesh phase one can minimize or completely suppress many
potential instabilities.

NOMENCLATURE

MATHEMATICAL FORMULATION
Figure 1 shows the elastic-discrete model of a planetary gear.

The ring gear is modeled as a thin elastic body, and the sun, car-
rier and planets are treated as rigid bodies. The elastic-discrete
model is established in detail in [3]. The same dimensionless
parameters as in [3] are adopted here. The symbols with ∼ are
dimensional variables, and the same symbols are used for dimen-
sionless variables but without the ∼.

The degrees of freedom and dimensionless quantities are
(also see the Appendix)

v =
ṽ
R

, q =
q̃
R

,

q̃ = [x̃r, ỹr, ũr︸ ︷︷ ︸
pr

, x̃c, ỹc, ũc︸ ︷︷ ︸
pc

, x̃s, ỹs, ũs︸ ︷︷ ︸
ps

, ξ̃1, η̃1, ũ1︸ ︷︷ ︸
p1

, · · · , ξ̃N , η̃N , ũN︸ ︷︷ ︸
pN

]T (1)

τ =
t
T

, T =

√
m̃r

k̃rn
, ki =

k̃i

k̃rp
, i = c,s, pn,rp,sp,bend,

krbs =
k̃rbsR
k̃rp

, krus =
k̃rusR
k̃rp

,

(2)

kbend =
EJ

k̃rpR3(1−ν2)
, m j =

m̃ j

m̃r
, I j =

Ĩ j

m̃rr2
j
, j = r,c,s,n,

Mi =
M̃i

m̃r
, i = r,c,s,n,

(3)

K j =
K̃ j

k̃rp
, j = rb,cb,sb, pp, Kn

i =
K̃n

i

k̃rp
,

i = r1,r2,c1,c2,s1,s2.

(4)

Above and in what follows, N is the number of planets; n =
1, · · · ,N is the planet index; xh, yh, h = r,c,s are the translations
of the ring rigid motion, carrier and sun; ξn,ηn are the radial

Ω Mesh frequency k j,k ju Translational and
rotational stiffness
of supports/bearing
for the carrier and
sun, j = c,s

αs Pressure angle of
sun-planet mesh

kbend Ring bending stiff-
ness

αr Pressure angle of
ring-planet mesh

ksp Sun-planet mesh
stiffness

ψn Location of the
nth planet

krp Ring-planet mesh
stiffness

ψrn = ψn +αr krbs,krus Radial, tangen-
tial distributed
ring foundation
stiffnesses

ψsn = ψn−αs I j Moment of inertia
of the ring, carrier
and sun, j = r,c,s

γsr Mesh phase be-
tween sun-planet
and ring-planet
mesh

m j Mass of the ring,
carrier and sun, j =
r,c,s

ν Poisson’s ratio r j Base radius for the
ring, carrier and
sun, j = r,c,s

E Young’s modulus r1, r2 Inner, outer radii of
the ring gear

J Area moment of
inertia

u,w Ring tangential, ra-
dial deflections

N Number of plan-
ets

v Ring elastic tan-
gential deflection

R Pitch radius of
the ring gear

x j,y j,u j Translational and
rotational displace-
ments of the ring,
carrier and sun,
j = r,c,s

cs,cr Contact ratios
of sun-planet
and ring-planet
meshes

ξn,ηn,un Radial, tangential,
and rotational dis-
placements of the
nth planet

kpn nth planet bearing
stiffness

zs, zr Tooth numbers of
the sun and ring
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and tangential translations of the planets; and uh = rhθh, where
h = r,c,s, 1, · · · ,N are rotational deflections (rotation in radians
times the gear base radii rr,rs,rp or radius of the carrier rc). Sub-
sequently, all parameters are dimensionless.

The motion of the ring u(θ , t) is separated into two parts:
the rigid body motion (xr,yr,ur) and the elastic tangential defor-
mation v(θ , t), which is related to the elastic radial deflection by
the inextensibility condition w(θ , t) =−∂v(θ , t)/∂θ .

The bearings and supports of each of the sun, carrier and
planets are modeled as two perpendicular springs with equal
stiffness, while the bearings and supports of the ring gear are
represented by an elastic foundation with distributed tangen-
tial and radial stiffnesses. All planets are identical and equally
spaced, and all planet bearing stiffnesses are equal. The sun-
planet and ring-planet tooth meshes are modeled as springs with
time-varying stiffnesses.

The time-varying sun-planet and ring-planet mesh stiff-
nesses for the nth planet are

ksn(t) = ksp + k1n(t), krn(t) = krp + k2n(t) = 1+ k2n(t), (5)

where ksp = O(1) and krp = 1 (a result of non-
dimensionalization) are mean values. k1n(t), k2n(t) are the
zero-mean mesh stiffness variations as the number of tooth pairs
in contact changes for the sun-planet and ring planet meshes.
Rectangular waves as in Figure 2 approximate the mesh stiffness
variations. Fourier expansion of the mesh stiffness variations
k1n(t) and k2n(t) gives

k1n(t) = 2µ

∞

∑
L=1

[a(L)
sn sinLΩt +b(L)

sn cosLΩt],

k2n(t) = 2ε

∞

∑
L=1

[a(L)
rn sinLΩt +b(L)

rn cosLΩt],
(6)

a(L)
sn =

2
Lπ

sin [Lπ(cs +2γsn)]sin(Lπcs),

b(L)
sn =

2
Lπ

cos [Lπ(cs +2γsn)]sin(Lπcs),
(7)

a(L)
rn =

2
Lπ

sin [Lπ(cr +2γsn +2γsr)]sin(Lπcr),

b(L)
rn =

2
Lπ

cos [Lπ(cr +2γsn +2γsr)]sin(Lπcr),
(8)

where 2µ and 2ε are peak-to-peak values of k1n(t) and k2n(t),
respectively, cs and cr are contact ratios of the sun-planet and
ring-planet meshes, and Ω is the mesh frequency. The phases of

k1n(t) and k2n(t) are γsn and γrn = γsn +γsr, where γsn is the phase
of the nth sun-planet mesh and γsr is the mesh phase between the
sun-planet and ring-planet meshes for a given planet, which is
the same for each planet [22, 27]. Note that γs1 = 0.

The displacement of the whole system a is the combination
of the elastic deformation of the ring v(θ , t) and the discrete body
deflections q as

aT = [v,qT ]. (9)

Based on the equations of motion for the time-invariant
system [3], the dimensionless equation of motion for the time-
varying system is

Mä+K(t)a = 0, (10)

where M and K(t)are extended inertia and stiffness operators de-
fined in the Appendix. M and K(t) are the same operators as
M,K in [3] with ksn, krn in K substituted by the time-varying
mesh stiffnesses ksn(t), krn(t). M and K(t) are self-adjoint with
the inner product < a1,a2 >=

∫ 2π

0 v1v̄2dθ +(q1)T q̄2, where the
overbar denotes complex conjugation.

The ratios of the amplitudes of sun-planet and ring-planet
mesh stiffness variations to their mean values are µ/ksp and ε ,
respectively. We assume µ/ksp is of the same order as ε , i.e.,
µ/ksp = gε , where g = O(1). The extended stiffness operator
K(t) is separated into time-varying and time-invariant parts as

K(t) = K0 +2ε

∞

∑
L=1

[K(L)
v1 sinLΩt +K(L)

v2 cosLΩt], (11)

where K0 is the stiffness operator for the time-invariant system,
which has the same form as K(t)with ksn(t), krn(t) substituted
by ksp and 1, respectively. The Fourier coefficient operators K(L)

v1

and K(L)
v2 also have the same form as K(t) with the following sub-

stitutions. For K(L)
v1 , the mesh stiffnesses ksn(t), krn(t) in K(t)are

substituted by kspga(L)
sn , a(L)

rn . For K(L)
v2 , the mesh stiffnesses

ksn(t), krn(t) in K(t)are substituted by kspgb(L)
sn , b(L)

rn .
The method of multiple scales is used with the introduction

of the slow time τ = εt, and the dynamic response is represented
as

a = a0(t,τ)+ εa1(t,τ)+O(ε2), a0 =
[

v0
q0

]
, a1 =

[
v1
q1

]
.

(12)
Substitution of (12) into (10), use of d

dt →
∂

∂ t + ε
∂

∂τ
, and separa-

tion of powers in ε lead to

M
∂ 2a0

∂ t2 +K0a0 = 0, (13)
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M ∂ 2a1
∂ t2 +K0a1 =−2M ∂ 2a0

∂ t∂τ
−

2
∞

∑
L=1

(K(L)
v1 sinLΩt+K(L)

v2 cosLΩt)a0
. (14)

The general solution for the time-invariant system (13) is

a0 =
∞

∑
s=1

cs(τ)Ys(θ)eiωst + c.c., (15)

where Ys(θ) are the eigenfunctions in extended variable form
and c.c. refers to the complex conjugate of preceding terms. The
natural modes Ys(θ) in (15) are analytically solved by Wu and
Parker [3]. The multiplicity of the natural frequencies ωs are
summarized as: (i) Rotational and purely ring modes have dis-
tinct natural frequencies; (ii) Translational modes are degenerate
with multiplicity two; and (iii) If the number of planets is odd, all
the planet modes are degenerate with multiplicity two, otherwise,
the planet modes may be either degenerate with multiplicity two
or distinct; note that planet modes exist only when the number
of planets N > 4. Therefore, all natural frequencies of planetary
gears with an elastic ring gear are either distinct or degenerate
with multiplicity two.

When a harmonic of the mesh frequency is close to the sum
of two natural frequencies secular terms exist in (14), which leads
to sum type parametric instability. This condition is

LΩ = ωp +ωq + εσ . (16)

where σ = O(1) is a detuning parameter. When a harmonic of
mesh frequency is close to the difference of two natural frequen-
cies, such as LΩ = ωp−ωq + εσ , one can show that difference
type parametric instabilities are not possible. According to the
degeneracy of ωp and ωq , the solvability conditions of (14) are
classified into three cases: Case 1, both eigenvalues are distinct;
Case 2, one eigenvalue is distinct and the other is degenerate;
Case 3, both eigenvalues are degenerate. Single mode instabili-
ties are treated as a special case of combination instabilities with
ωp = ωq.

Case 1: Instability boundaries for two distinct eigenvalues
Consider the case where ωp and ωq are distinct natural fre-

quencies. When (15) is used in (14) and condition (16) is in-
voked, the two solvability conditions of (14) for s = p and s = q
are

i2ωp
∂cp

∂τ
+(E(L)

pq − iD(L)
pq )c̄qeiστ = 0,

i2ωq
∂cq

∂τ
+(E(L)

qp − iD(L)
qp )c̄peiστ = 0,

(17)

D(L)
pq = D(L)

qp =< Yp,K
(L)
v1 Yq >,

E(L)
pq = E(L)

qp =< Yp,K
(L)
v2 Yq >,

(18)

where D(L)
pq = D(L)

qp and E(L)
pq = E(L)

qp . For all s 6= p,q in (15),
the solvability conditions of (14) lead to cs(τ) =constant (and
cs(τ) = 0 if any damping is present) . The solutions of (17) are
bounded only when

σ >
√

Λ
(L)
pq /(ωpωq), (19)

Λ
(L)
pq = D(L)

pq D(L)
qp +E(L)

pq E(L)
qp =

(
D(L)

pq

)2
+
(

E(L)
pq

)2
. (20)

The instability boundaries for two distinct natural frequency
modes are thus:

Combination instabilities:

Ω =
ωp +ωq

L
± ε

L

√
Λ

(L)
pq /(ωpωq) (21)

Single mode instabilities:

Ω =
2ωp

L
± ε

Lωp

√
Λ

(L)
pp (22)

Case 2: Instability boundaries for distinct-degenerate eigen-
values

If one of the natural frequencies in (16) is degenerate with
multiplicity two (such as ωq = ωm) and the other remains dis-
tinct, the solvability conditions of (14) generate three equations.
With some algebraic manipulation, the combination instability
boundaries for modes with distinct-degenerate eigenvalues are
obtained in closed-form as in (21) with

Λ
(L)
pq =

(
D(L)

pq

)2
+
(

D(L)
pm

)2
+
(

E(L)
pq

)2
+
(

E(L)
pm

)2
. (23)

Case 3: Instability boundaries for two degenerate eigenvalues
When both natural frequencies in (16) are degenerate such

that ωp = ωq and ωr = ωm, the solvability conditions of (14)
generate four equations. Due to the size of the coefficient ma-
trix, the instability boundaries can not be expressed in simple
expressions unless one finds simplifying properties of D(L)

pq , E(L)
pq ,

D(L)
pm , E(L)

pm , · · · .
All three cases above require further analysis of D(L)

pq and
E(L)

pq in (18), which expand to give

D(L)
pq = kspg

N

∑
n=1

a(L)
sn δ

[p]
sn δ

[q]
sn +

N

∑
n=1

a(L)
rn δ

[p]
rn δ

[q]
rn , (24)
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E(L)
pq = kspg

N

∑
n=1

b(L)
sn δ

[p]
sn δ

[q]
sn +

N

∑
n=1

b(L)
rn δ

[p]
rn δ

[q]
rn , (25)

δ
[p]
sn = ys cosψsn− xs sinψsn−ξn sinαs−ηn cosαs

+us +un
, (26)

δ
[p]
rn = (vcosαr + ∂v

∂θ
sinαr)

∣∣∣
θ=ψn

− xr sinψrn+

yr cosψrn +ur +ξn sinαr−ηn cosαr−un

. (27)

where δ
[p]
sn and δ

[p]
rn are deformations of the nth sun-planet and

ring-planet meshes for the pth mode, αs and αr are the pres-
sure angles of the sun-planet and ring-planet meshes, and ψsn =
ψn − αs, ψrn = ψn + αr, where ψn = 2π(n− 1)/N is the cir-
cumferential planet location. From (24) and (25), D(L)

pq and E(L)
pq

depend on modal gear mesh deformations and the Fourier coef-
ficients of the mesh stiffness variations.

MODAL PROPERTIES AND GEAR MESH DEFORMA-
TIONS

Fourier expansion of the elastic deflection of the ring gives

v(θ) =
±JN

∑
m=±2

Vmeimθ , (28)

where J > 1 is an arbitrarily large integer. For all vibra-
tion modes, the deformations of the ring-planet and sun-planet
meshes are expressed in a general compact form as

δ jn = c1 cosT ψn + c2 sinT ψn, j = s,r, (29)

where c1 and c2 are coefficients independent of ψn, and T is an
integer to be determined for each type of mode (i.e., rotational ,
translational, planet and purely ring modes). A mesh deforma-
tion having the form (29) is called type T deformation. For each
type of mode, T is determined below.

A rotational mode (mode p) in extended variable form has
the structure [3]

a[p] =

[
J

∑
m=1

[
(cosαr− imN sinαr)eimNθ + c.c.

]
V [p]

m ,qT
rot

]T

,

(30)

q=
rot [0,0,u[p]

r ,0,0,u[p]
c 0,0,u[p]

s ,ξ
[p]
1 ,η

[p]
1 ,u[p]

1 ,

· · · ,ξ [p]
1 ,η

[p]
1 ,u[p]

1 ]T
, (31)

where the V [p]
m are real. According to (30) and (31), the trans-

lations of the sun, carrier and ring rigid motion are zero, the
displacements of all planets are identical, and the elastic deflec-
tion of the ring is a linear combination of the mN nodal diameter
components. With these properties, substitution of (31) into (26)
ensures δ

[p]
sn is independent of ψn as

δ
[p]
sn = δ

[p]
s1 =−ξ

[p]
1 sinαs−η

[p]
1 cosαs +u[p]

1 +u[p]
s . (32)

Similarly, δ
[p]
rn is independent of ψn due to the modal properties

and the identities cos lNψn = 1 and sin lNψn = 0,

δ
[p]
rn = δ

[p]
r1 =

∞

∑
l=1

2Um(cos2 αr +m2 sin2
αr)+u[p]

r

+ξ
[p]
1 sinαr−η

[p]
1 cosαr−u[p]

1

. (33)

δ
[p]
sn and δ

[p]
rn in (32) and (33) have the form of (29) with T = 0.

Accordingly, they are called type 0 deformations.
Similarly, one can show that T = 1 for translational modes

(they are called type 1 deformations). Therefore, for a pair of
type d planet modes in (??)-(??), the sun-planet and ring-planet
mesh deflections are type d deformations as defined in (29).
These results are for any N. When N is even, extra distinct planet
modes exist. They have the form of (??) with d = N/2. The cor-
responding gear mesh deformations are of type N/2.

The sun-planet and ring-planet mesh deformations of purely
ring modes are zero. For a purely ring mode p, D(L)

pq , E(L)
pq in (24)

and (25) always vanish because the gear mesh deflections are
zero. Thus, combination and single mode instabilities associated
with a purely ring mode in (20)-(23) and (23) always vanish.

PARAMETRIC INSTABILITIES FOR IN-PHASE MESHES
Equal planet spacing requires (zs + zr)/N to be an integer,

where zs and zr are the tooth numbers of the sun and ring. The
gear mesh phases [27] are defined as γsn = (n−1)zs/N for clock-
wise planet rotation. When zs and zr are both integer multiples
of N, all of the sun-planet meshes are in-phase (γsn = 0) and all
the ring-planet meshes are in-phase.

Parametric Instabilities for In-Phase Meshes
For in-phase planet meshes, the Fourier coefficients of the

mesh stiffness variations in (7) and (8) are independent of the
planet index n [28], so a(L)

sn ,a(L)
rn , b(L)

sn , b(L)
rn in (24) and (25) are

moved outside of the summations to give

D(L)
pq = kspga(L)

s1

N

∑
n=1

δ
[p]
sn δ

[q]
sn +a(L)

r1

N

∑
n=1

δ
[p]
rn δ

[q]
rn , (34)
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E(L)
pq = kspgb(L)

s1

N

∑
n=1

δ
[p]
sn δ

[q]
sn +b(L)

r1

N

∑
n=1

δ
[p]
rn δ

[q]
rn . (35)

With the general expression of the mesh deflection in (29), the
summation terms in (34) and (35) are written as

N
∑

n=1
δ

[p]
jn δ

[q]
jn =

N
∑

n=1
(c1 cosTpψn + c2 sinTpψn)

(c3 cosTqψn + c4 sinTqψn)
, j = s, r, (36)

where ci, i = 1,2,3,4 are known coefficients for the given modes
p and q. Tp and Tq are indices of mesh deformation types for
modes p and qas defined in (29).

For equally spaced planets, the following identities hold for
integer l

N
∑

n=1
sinTpψn sinTqψn =

N
∑

n=1
sinTpψn cosTqψn =

N
∑

n=1
cosTpψn cosTqψn = 0

,

for any

Tp±Tq 6= lN (37)

For all types of modes, Tp and Tq are integers within
[0, int(N/2)], so the condition Tp±Tq 6= lN in (62) is equivalent
to Tp 6= Tq. Three cases must be considered:

1. When Tp 6= Tq, D(L)
pq = E(L)

pq = 0 according to (34), (35), (36)
and (62). Thus, for any potential distinct-distinct instabil-
ity with Tp 6= Tq, Λ

(L)
pq in (20) vanishes, which ensures that

no such instability is possible. For example, no combina-
tion instability can occur between a rotational mode and a
distinct planet mode.

2. For distinct-degenerate combination instabilities, it is al-
ways the case that Tp 6= Tq and Tm = Tq, from which D(L)

pq ,
E(L)

pq , D(L)
pm , E(L)

pm in (23) vanish and so does Λ
(L)
pq ; no distinct-

degenerate instabilities occur. As one example, combination
instabilities between a rotational mode and any pair of trans-
lational modes can not occur.

3. For degenerate-degenerate instabilities where Tp 6= Tr (and,
of course, Tq = Tp, Tm = Tr), all terms associated with D(L)

pr ,
E(L)

pr , D(L)
pm , E(L)

pm , · · · in (??)-(??) vanish, and so do these
combination instabilities. Thus, degenerate-degenerate in-
stabilities can occur only between two degenerate pairs of
the same type (i.e, two pairs of translational modes, or two
pairs of planet modes).

Therefore, one can state a key rule governing the existence or
elimination of parametric instabilities for in-phase meshes: If
two modes have the same type of gear mesh deformation their
combination instability exists, otherwise their combination in-
stability vanishes. This result is independent of which mesh
frequency harmonic L is the source of potential instability (see
(16)).

Consequently, all distinct-degenerate instabilities vanish for
in-phase planet meshes. The following sections examine the re-
maining cases of distinct-distinct and degenerate-degenerate in-
stabilities that do not vanish.

Distinct-Distinct Combination Instabilities for In-Phase
Meshes The possible distinct-distinct combination instabilities
involve rotational, purely ring and distinct planet modes. As
shown above, however, all distinct-distinct instability boundaries
vanish for in-phase meshes except for two cases: (a) two rota-
tional modes; (b) two distinct planet modes.

For both cases of distinct-distinct combination instability,
reduction of (20), (24) and (25) using the properties of each mode
type yield a common form defining the instability boundaries as

ε2Λ
(L)
pq = 4N2

L2π2 [µ2(δ [p]
s1 δ

[q]
s1 )2 sin2(Lπcs)+ ε2(δ [p]

r1 δ
[q]
r1 )2 sin2(Lπcr

)+2µεδ
[p]
s1 δ

[p]
r1 δ

[q]
s1 δ

[q]
r1 sin(Lπcs)sin(Lπcr)cosLπ(cr +2γsr− cs)]

(38)
For two rotational modes, δ

[p]
s1 , δ

[q]
s1 , δ

[p]
r1 , δ

[q]
r1 in (38) are given

by (32) and (33). For two distinct planet modes, they are given
by (??)-(??). Distinct planet modes exist only for even N, and
substitution of d = N/2 into (??) and (??) yields expressions for
the nth mesh deflections in terms of the first mesh deflections

δ
[p]
sn = (−1)n

δ
[p]
s1 , δ

[p]
rn = (−1)n

δ
[p]
r1 ,

δ
[q]
sn = (−1)n

δ
[q]
s1 , δ

[q]
rn = (−1)n

δ
[q]
r1 .

(39)

Equation (39) indicates that the product of two mesh deflections
is independent of n, which is needed to establish (38) as the in-
stability boundary for this case.

The contact ratios cs, cr and the phase difference between
the sun-planet and ring-planet meshes γsr are governed by the
gear geometries. The expression for γsr is given in [28]. When
both Lcs and Lcr are integers, all potential instabilities driven by
the Lth harmonic of mesh frequency vanish. When neither of Lcs,
Lcr are integers, a minimum instability region can be achieved by
adjusting cs, cr and γsr in the third term of (38) such that this term
is negative with absolute value comparable to the sum of the first
two terms. For any two given modes, the sign of δ

[p]
s1 δ

[p]
r1 δ

[q]
s1 δ

[q]
r1

in (38) is unambiguous because multiplication of a mode by -1
does not change the products δ

[p]
s1 δ

[p]
r1 and δ

[q]
s1 δ

[q]
r1 . According to

(22), the width of the instability region of two distinct modes is

∆Ω = 2
L

√
ε2Λ

(L)
pq /(ωpωq), which is proportional to the number

of planets N and inversely proportional to L2.
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Degenerate-Degenerate Combination Instabilities for In-
Phase Meshes According to the instability existence rule for in-
phase meshes, combination instabilities between a pair of trans-
lational modes and a pair of degenerate planet modes always van-
ish because they have different mesh deformations as defined in
(29). Combination instabilities for degenerate modes exist only
between two pairs of translational modes or between two pairs
of type d planet modes. Closed-form expressions of instability
boundaries for two pairs of degenerate modes are obtained as
follows.

For two degenerate translational mode pairs such as ωp = ωq

and ωr = ωm, δ
[p]
sn and δ

[q]
sn are determined by (??) and δ

[r]
sn , δ

[m]
sn

are given by analogous expressions. According to (??) and (62),
the following equations hold

N

∑
n=1

δ
[p]
jn δ

[r]
jn =

N

∑
n=1

δ
[q]
jn δ

[m]
jn ,

N

∑
n=1

δ
[p]
jn δ

[m]
jn =−

N

∑
n=1

δ
[q]
jn δ

[r]
jn ,

j = s,r.

(40)

Substitution of (40) into (24) and (25) gives

Dpr = Dqm, Epr = Eqm, Dpm =−Dqr, Epm =−Eqr. (41)

Substitution of (41) into the coefficient matrix of (??)-(??) yields
a simple expression for the 8× 8 eigenvalue problem. Requir-
ing the eigenvalues of the coefficient matrix to have non-positive
real parts yields two overlapping sets of combination instability
boundaries, where one set envelops the other and so bounds the
full instability region. The instability region boundaries are thus

Ω = (ωp +ωr)/L±
√

ε2Γ
(L)
pr /(ωpωr)/L,

Γ
(L)
pr = max(∆(L)

1 ,∆
(L)
2 ),

(42)

∆
(L)
1 = (D(L)

pr −E(L)
pm )2 +(D(L)

pm +E(L)
pr )2,

∆
(L)
2 = (D(L)

pr +E(L)
pm )2 +(D(L)

pm−E(L)
pr )2.

(43)

With the properties of gear mesh deformations in (??), ∆
(L)
1 and

∆
(L)
2 for two translational modes are written in terms of the mesh

parameters as

ε2∆
(L)
1

ε2∆
(L)
2

= N2

L2π2

{
(β 2

1 +β 2
3 )sin2(Lπcs)+(β 2

2 +β 2
4 )

sin2(Lπcr)+2sin(Lπcs)sin(Lπcr)
·[(β1β2 +β3β4)cosLπ(cr +2γsr− cs)
±(β1β4−β2β3)sinLπ(cr +2γsr− cs)]} ,

(44)

β1 = µ(δ [p]
s1 δ

[r]
s1 +δ

[q]
s1 δ

[m]
s1 ), β2 = ε(δ [p]

r1 δ
[r]
r1 +δ

[q]
r1 δ

[m]
r1 ), (45)

β3 = µ(δ [p]
s1 δ

[m]
s1 −δ

[r]
s1 δ

[q]
s1 ), β4 = ε(δ [p]

r1 δ
[m]
r1 −δ

[r]
r1 δ

[q]
r1 ), (46)

where the gear mesh deflections δ
[p]
s1 , δ

[q]
s1 , δ

[p]
r1 , δ

[q]
r1 are governed

by (??)-(??) (with similar equations for modes r and m). The
instability boundaries for a single pair of translational modes are
obtained by the replacements r→ p and m→ q in (45)-(46) to
give

ε2∆
(L)
1

ε2∆
(L)
2

= N2

L2π2 [β 2
1 sin2(Lπcs)+β 2

2 sin2(Lπcr)+,

2β1β2 sin(Lπcs)sin(Lπcr)cosLπ(cr +2γsr− cs)]
(47)

with β1 = µ

[
(δ [p]

s1 )2 +(δ [q]
s1 )2

]
, β2 = ε

[
(δ [p]

r1 )2 +(δ [q]
r1 )2

]
. Simi-

larly, for two pairs of degenerate planet modes of the same type,
the same properties as (40)-(41) are found. Therefore, the insta-
bility boundaries of two pairs of type d planet modes are also
governed by (42)-(43). With the properties of gear mesh defor-
mations, ∆

(L)
1 and ∆

(L)
2 for two pairs of planet modes of the same

type governed by (??) and (??) simplify to

ε2∆
(L)
1

ε2∆
(L)
2

=
N2

L2π2

{
β

2
5 sin2(Lπcs)+(β 2

6 +β
2
7 )sin2(Lπcr)

+2β5 sin(Lπcs)sin(Lπcr) · [β6 cosLπ(cr +2γsr− cs)
±β7 sinLπ(cr +2γsr− cs) ]} ,

(48)

β5 = µδ
[p]
s1 δ

[r]
s1 , β6 = ε(δ [p]

r1 δ
[r]
r1 +δ

[q]
r1 δ

[m]
r1 ),

β7 = ε(δ [p]
r1 δ

[m]
r1 −δ

[q]
r1 δ

[r]
r1 ),

(49)

where the gear mesh deflections δ
[p]
s1 , δ

[p]
r1 , δ

[q]
r1 are governed by

(??)-(??) (with similar equations for modes r and m). The single
degenerate planet mode pair instability boundaries are obtained
by the replacements r→ p and m→ q in (48)-(49) to give

ε2∆
(L)
1

ε2∆
(L)
2

= N2

L2π2 {β 2
5 sin2(Lπcs)+β 2

6 sin2(Lπcr)

+2β5β6 sin(Lπcs)sin(Lπcr)
[cosLπ(cr +2γsr− cs)]}

(50)

with β5 = µ(δ [p]
s1 )2, β6 = ε

[
(δ [p]

r1 )2 +(δ [q]
r1 )2

]
.
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Similar to (38), one can minimize the degenerate-degenerate
instability regions by adjusting cs, cr and γsr based on (44), (47),
(48) and (50).

Numerical Verification for In-Phase Meshes The forego-
ing closed-form expressions for the instability boundaries are
compared to numerical solutions from Floquet theory. Figure 3
shows the instability boundaries for a planetary gear with four
in-phase planet meshes. The parameters and the first 11 natu-
ral frequencies are given in Table 1. ω3 and ω7 are for rota-
tional modes, ω4 and ω9 are for planet modes, ω8is for a purely
ring mode, and the remaining natural frequencies in Table 1 are
for translational modes. The numerical and analytical instabil-
ity boundaries in Figure 3 match well. The seemingly larger
numerical instability region near ω5 results from a higher or-
der instability for which the analytical solution is not shown.
As can be seen from Figure 3, single mode instabilities near
ω5,ω7,ω9,2ω4,2ω5,2ω7 always exist. Combination instabilities
exist only for modes with the same type of gear mesh deforma-
tion such as ω1 + ω5 (two translational modes), ω3 + ω7 (two
rotational modes) and (ω4 +ω9)/2 (two planet modes). The pre-
dicted absence of instabilities for two modes with different types
of gear mesh deformations, such as ω1 +ω3 and ω3 +ω4, is nu-
merically verified.

CONCLUSIONS
This work analytically derives the parametric instability re-

gions for planetary gears with equally spaced planets and an elas-
tic continuum ring gear. For equal planet spacing, in-phase and
sequentially phased mesh conditions are possible, and both phase
conditions are considered. The following conclusions are ob-
tained:

1. The possible parametric instabilities of planetary gears
having an elastic ring are classified as: distinct-distinct,
distinct-degenerate, and degenerate-degenerate depending
on the natural frequency multiplicity of the unstable modes.
Using the well defined modal properties of the elastic-
discrete model, closed-formed expressions for distinct-
distinct, distinct-degenerate and degenerate-degenerate in-
stability boundaries are obtained for in-phase meshes.

2. Every mode can be classified by the nature of its mesh defor-
mation using an integer index Tp. For any two modes, if their
gear mesh deformation type indices satisfy Lzs±(Tp±Tq) 6=
jN for given mesh frequency harmonic L, their combina-
tion instabilities vanish. When the gear meshes are in-phase,
this simplifies such that combination instabilities for modes
p and q vanish for any L if Tp 6= Tq and exist for any L if
Tp = Tq. This result generates useful design information ev-
ident by inspection of a simple formula.

3. For in-phase meshes, the instability boundaries are simple
expressions in terms of the contact ratios (csand cr), the
mesh phase between the sun-planet and ring-planet meshes

γsr and the modal mesh deformations. For any possible
single-mode or combination instability, a minimum insta-
bility region can be achieved by adjusting the contact ratios
and γsr.
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APPENDIX: EXTENDED OPERATORS
The operators Mand K(t) in (10) are defined as

Ma =

[
1

2π
(v− ∂ 2v

∂θ 2 )
Mq

]
,

K(t)a =

[
(kbendL1 + krus− krbs

∂ 2

∂θ 2 )v+ krn(t)L2v+ krn(t)L3q
krn(t)L4v+K(t)q

]

L1 =−(
∂ 6

∂θ 6 +2
∂ 4

∂θ 4 +
∂ 2

∂θ 2 ),

L2 =−
N
∑

n=1
[(sin2

αr
∂ 2

∂θ 2 − cos2 αr)δ (θ −ψn)+

(sinαr
∂

∂θ
+ cosαr)sinαr

∂δ (θ−ψn)
∂θ

]

L3q =
N

∑
n=1

[
cosαrδ (θ −ψn)− sinαr

∂δ (θ −ψn)
∂θ

]
δn

L4v =



br
N
∑

n=1
( ∂v

∂θ
sinαr + vcosαr)

∣∣∣
θ=ψn

0
0
bp ( ∂v

∂θ
sinαr + vcosαr)

∣∣∣
θ=ψ1

...

bp ( ∂v
∂θ

sinαr + vcosαr)
∣∣∣
θ=ψN



bp = (sinαr, −cosαr, −1)T , br = (−sinψrn, cosψrn, 1)T

δn =−xr sinψrn + yr cosψrn +ur +ξn sinαr−ηn cosαr−un

M = diag(Mr,Mc,Ms,M1, · · · ,MN)

M j = diag(m j,m j, I j/r2
j ), j = c,s,1, · · · ,N,

Mr = diag[1, 1,1/cos2
αr]

K(t) =



∑Kn
r1 +Krb K1

r2 · · · KN
r2

∑Kn
c1 +Kcb K1

c2 · · · KN
c2

∑Kn
s1 +Ksb K1

s2 · · · KN
s2

K1
pp

symmetric
. . .

KN
pp


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K jb = diag(k jx,k jy,k ju), j = c,s,

Krb = πdiag(krbs + krus,krbs + krus,2krus/cos2
αr)

krbs and krus are uniform radial and tangential distributed stiff-
nesses, respectively. k∗ju is torsional stiffness with units F −
L/rad and k=

juk∗ju/r2
j with units F/L.

Kn
pp = Kn

r3 +Kn
c3 +Kn

s3

Kn
r1 = krn(t)

 sin2
ψrn −cosψrn sinψrn −sinψrn

cos2 ψrn cosψrn
symmetric 1



Kn
r2 = krn(t)

−sinψrn sinαr sinψrn cosαr sinψrn
cosψrn sinαr −cosψrn cosαr −cosψrn
sinαr −cosαr −1



Kn
r3 = krn(t)

 sin2
αr −cosαr sinαr −sinαr

cos2 αr cosαr
symmetric 1



Kn
c1 = kpn

1 0 −sinψn
1 cosψn

symmetric 1

 ,

Kn
c2 = kpn

−cosψn sinψn 0
−sinψn −cosψn 0
0 −1 0



Kc3 = diag(kpn,kpn,0)

Kn
s1 = ksn(t)

 sin2
ψsn −cosψsn sinψsn −sinψsn

cos2 ψsn cosψsn
symmetric 1



Kn
s2 = ksn(t)

 sinψsn sinαs sinψsn cosαs −sinψsn
−cosψsn sinαs −cosψsn cosαs cosψsn
−sinαs −cosαs 1



Kn
s3 = ksn(t)

 sin2
αs cosαs sinαs −sinαs

cos2 αs −cosαs
symmetric 1



ψsn = ψn−αs, ψrn = ψn +αr
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Figure 1. Elastic-discrete model of a planetary gear and corre-
sponding system coordinates. The distributed springs around the
ring circumference are not shown.
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Figure 2. Mesh stiffness variations for the nth (a) sun-planet and
(b) ring-planet meshes. cs, cr are contact ratios, and γrn and γsn are
mesh phases.
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Figure 3. Instability regions for a planetary gear with in-phase
meshes as γsn = 0, γsr = 1

2 , cs = 1.4, cr = 1.6, ε = µ , and other pa-
rameters in Table 1. , analytical solution; ***, numerical solution.
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Figure 4. Instability regions for a planetary gear with sequentially
phased meshes as γsn =

[
0, 1

4 , 1
2 , 3

4

]
, γsr = 1

2 , cs = 1.4, cr = 1.6,
ε = µ , and other parameters in Table 1. analytical solution; ***,
numerical solution.

Table 1. Dimensional parameters and dimensionless natural fre-
quencies of an example planetary gear with four equally spaced
planets. The designations T, R, P and PR denote translational, ro-
tational, planet and purely ring modes.

Inertias (kg) Ir/r2
r = 7.6810, Ic/r2

c =
6, Is/r2

s = 2.5, Ip/r2
p = 2

Masses (kg) mr = 6.35, mc = 5.43, ms =
0.4, mp = 4

Stiffnesses (N/m) ksp = krp = 108, kbend = 5 ×
107, kp = kc = ks = ksu = 5 ×
1011, kcu = 5 × 1011, krbs =
0 , krus = 0

Pressure angle (deg) αs = αr = 24.6

Dimensionless natu-
ral frequencies

ω1 = ω2 = 0.9184(T),
ω3 = 1.113(R), ω4 = 2.438(P),
ω5 = ω6 = 2.733(T),
ω7 = 2.896(R), ω8 = 4.756(PR),
ω9 = 5.045(P)
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