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ABSTRACT
The distinctive modal properties of equally spaced planetary

gears with elastic ring gears are studied through perturbation and
a candidate mode method. All eigenfunctions fall into one of four
mode types whose structured properties are derived analytically.
Two perturbations are used to obtain closed-form expressions of
all the eigenfunctions. In the Discrete Planetary Perturbation
(DPP), the unperturbed system is a discrete planetary gear with a
rigid ring. The stiffness of the ring is perturbed from infinite to a
finite number. In the Elastic Ring Perturbation (ERP), the unper-
turbed system is an elastic ring supported by the ring-planet mesh
springs; the sun, planet and carrier motions are treated as small
perturbations. A subsequent candidate mode method analysis
proves the perturbation results and removes any reliance on per-
turbation parameters being small. All vibration modes are clas-
sified into rotational, translational, planet and purely ring modes.
The well defined properties of each type of mode are analytically
determined. All modal properties are verified numerically.

INTRODUCTION
Planetary gears are widely used in automotive and aerospace

transmissions due to advantages such as compactness, high
torque/weight ratio, low bearing load and high transmission ra-
tio. In practical systems where planetary gear vibration is a key
concern, ring gear elastic deformation is significant. This is es-
pecially true for planetary gears with thin rims, including those
used in aerospace applications. The free vibration of planetary

∗Address all correspondence to this author.

gears with equally spaced planets has typically been studied by
treating all the planetary gear components as rigid bodies [1-7].
Lin and Parker [5] established a lumped parameter model that
includes both transverse and torsional motion. The modal prop-
erties were obtained analytically, and the vibration modes are
classified into rotational, translational and planet modes. In the
present paper, these modes are called discrete rotational, transla-
tional and planet modes. Lin and Parker used this discrete model
to study natural frequency and vibration mode sensitivity [8],
natural frequency veering [9], and parametric instability caused
by changing contact conditions at the multiple tooth meshes [10].

The influence of gear rim flexibility on static and dynamic
behavior of planetary gears has been studied by a few re-
searchers. Kahraman and Vijayakar [11] investigated the im-
pact of ring gear rim flexibility on gear stresses and planet load
sharing under static conditions using a deformable-body plane-
tary gear model. The study indicates that reducing rim thickness
minimizes the adverse effects of gear and carrier manufacturing
errors and improves the planet load sharing. Kahraman et al.
[12] studied the effect of gear rim flexibility on dynamic behav-
ior of planetary gears using the finite element method, exposing
the importance of ring deformation for practical systems.

This study analytically addresses the dynamics of planetary
gears having elastic ring gears. An elastic-discrete model is de-
veloped, where the ring gear is modeled as an elastic body while
all other gears are represented as rigid bodies. Modal proper-
ties are derived in detail using eigenvalue perturbation and a can-
didate mode method. Two unperturbed systems are considered
to form a complete representation for all modes. This yields
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closed-form expressions for all the eigenfunctions and a system-
atic characterization of planetary gears’ highly structured modal
properties. All vibration modes are classified in detail into four
different types according to their unique characteristics. These
perturbation results are proved by a mathematically rigorous ap-
proach where vibration modes having the form revealed by per-
turbation are assumed and then shown to satisfy all equations of
the elastic-discrete eigenvalue problem. This builds a base for
subsequent studies such as dynamic response, parametric insta-
bility, and contact loss nonlinearity, all of which commonly use
modal expansion methods.

This work presents that published in the ASME paper [14].

NOMENCLATURE
Superscript 0 and 1 of a,q,vdenote the unperturbed and the

first order perturbation eigenfunctions, respectively. Subscripts
c,r,s,n denote the carrier, ring, sun and the n th planet.

MODELING AND EQUATIONS OF MOTION
An elastic-discrete model of a planetary gear is shown in

Figure 1. All gear meshes are represented by linear springs. The
sun, carrier and planets are considered as rigid bodies, while the
ring gear is modeled as a thin elastic body. The bearings and
supports of the sun, carrier and planets are modeled as two per-
pendicular springs of equal stiffness. The bearings and supports
of the ring gear are represented as an elastic foundation with uni-
form radial and tangential distributed stiffnesses per unit length
krbs and krus, respectively. The planets are identical and equally
spaced. All ring-planet mesh stiffnesses are equal (krp), and all
sun-planet mesh stiffnesses are equal (ksp), where krp and ksp are
averages over a mesh cycle. The angular speeds are assumed to
be small, so gyroscopic effects are neglected.

The coordinates are shown in Figure 1. The deformation of
the sun and carrier p j = [x j,y j,u j]

T , j = s,c are described rel-
ative to the fixed basis {i, j,k}; the tangential displacement of
the ring is u(θ , t); the ring radial deflection is determined from
the inextensibility conditionw = −∂u/∂θ ...[13] ; and, the de-
flections of the planets are pn = [ξn,ηn,un]

T , n = 1, · · · ,N. The
symbol u j denotes rotational (or tangential) deflection (rotation
in radians times the gear base radii rs,rr,rp or radius of the car-
rier rc).

The equations of motion for the sun and carrier are the same
as those in the discrete model [5], while the equations of motion
for the ring and planets change. The equation of motion for the
elastic ring gear is [13]

Meü+ kbendL1u+ krpL2u+

krp
N
∑

n=1
Ln

3 (ξn sinαr−ηn cosαr−un) = 0
(1)

αr Ring-planet pressure angle

kbend Ring bending stiffness

αs Sun-planet pressure angle

krp Ring-planet mesh stiffness

ψn Location of the n-th planet

ksp Sun-planet mesh stiffness

ψrn = ψn +αr

krbs krus Radial, tangential distributed

ring elastic foundation stiffnesses

ψsn = ψn−αs

I j Mass moment of inertia for

the ring, carrier and sun, j = r,c,s

ν Poisson’s ratio

m j Mass of the ring, carrier

and sun, j = r,c,s

Mass density per unit length

r j Base radius for the ring

and sun, j = r,c,s

Young’s modulus

r1, r2 Inner, outer radii of the ring gear

Area moment of inertia

u,w Ring tangential, radial deflections

N Number of planets

v Ring elastic tangential deflection

R Neutral radius of the ring gear

x j,y j,u j Translational and rotational displacements

of the ring, sun and carrier, j = r,c,s

k j, k ju Translational and rotational stiffness of

supports/bearing for the carrier and sun, j = c,s

ξn,ηn,un Radial, tangential, and rotational

displacements of the nth planet
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Me = ρR(1− ∂ 2

∂θ 2 )

kbend =
EJ

R3(1−ν2)

L1 =−(
∂ 6

∂θ 6 +2
∂ 4

∂θ 4 +
∂ 2

∂θ 2 )

L2 =−
N
∑

n=1
[(sin2

αr
∂ 2

∂θ 2 − cos2 αr)δ (θ −ψn)+(sinαr
∂

∂θ
+ cosαr)

sinαr
∂δ (θ−ψn)

∂θ
(sinαr

∂

∂θ
+ cosαr)sinαr

∂δ (θ−ψn)
∂θ

]
+(krusR− krbsR ∂ 2

∂θ 2 )/krp,

Ln
3 = cosαrδ (θ −ψn)− sinαr

∂δ (θ −ψn)
∂θ

, (2)

where kbend is the ring bending stiffness (see Appendix A for
nomenclature). L1,L2 and Ln

3 are dimensionless operators. The
first two terms of (1) represent the in-plane vibration of a free
ring; the last two terms incorporate the effects of gear meshes
and elastic supports.

Separation of the ring rigid body motions from the elastic
deformation v(θ , t) is achieved with the expansion

u(θ , t) = v(θ , t)+U1(t)eiθ +U−1(t)e−iθ +U0(t)

=
±∞

∑
m=±2

Vm(t)eimθ +U1(t)eiθ +U−1(t)e−iθ +U0(t).
(3)

Thus, v is orthogonal to the rigid body motions

∫ 2π

0
vdθ = 0,

∫ 2π

0
veiθ dθ = 0,

∫ 2π

0
ve−iθ dθ = 0. (4)

Substituting (3) into (1) and forming the inner product of the
result with eimθ yields the discretized equations of motion. Com-
parison of the equations for the rigid ring motions U1,U−1,U0
to the equations of motion for a rigid ring planetary gear model
with variables pr = (xr, yr,ur)T [5] yields the relations

xr =−i(U1−U−1), yr =U1 +U−1, ur =U0 cosαr, Ir = mrR2.
(5)

The true moment of inertia expression for a ring is Ir,true =
mr(r2

2 + r2
1)/2, where r1 and r2 are the inner and outer radii of

the ring gear, respectively. The difference between Ir and Ir,true
is small when the ring is thin.

We introduce the following dimensionless quantities

ṽ =
v
R

, τ =
t
T

, T =
√

mr

krp
, k̃i =

ki

krp
,

i = r,c,s, p,rp,sp,bend,

k̃rbs =
krbsR
krp

, k̃rus =
krusR
krp

, m̃ j =
m j

mr

(6)

Ĩ j =
I j

mrr2
j
, j = r,c,s,n. (7)

In what follows the ∼ on all variables is omitted, and the equa-
tions of motion remain the same except that krp is replaced by 1,
Me is replaced by 1

2π
(1− ∂ 2

∂θ 2 ), and krbsR, krusR are replaced by
krbs, krus.

The displacement of the whole system is separated into
v(θ ,τ) and q(τ). v is the elastic deformation of the ring gear,
and q is a vector of the deflections for the discrete elements in-
cluding the ring rigid body motions

q = [xr,yr,ur︸ ︷︷ ︸
pr

,xc,yc,uc︸ ︷︷ ︸
pc

,xs,ys,us︸ ︷︷ ︸
ps

,ξ1,η1,u1︸ ︷︷ ︸
p1

, · · · ,ξN ,ηN ,uN︸ ︷︷ ︸
pN

]T (8)

The dimensionless equations of motion and the associated eigen-
value problem in extended operator forms are

Mä+Ka = 0, (9)

−ω
2
i Mai +Kai = 0, (10)

where a =
[
v,qT

]T is referred to as an extended variable, ωi is
a natural frequency, and M, K are extended stiffness and iner-
tia operators defined by their action on elements of the space of
extended variables according to

Ma =

[
1

2π
(1− ∂ 2

∂θ 2 )v
Mq

]
, Ka =

[
(kbendL1 +L2)v+L3q
L4v+Kq

]
,

(11)
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L3q =
N

∑
n=1

[
cosαrδ (θ −ψn)− sinαr

∂δ (θ −ψn)
∂θ

]
δn, (12)

L4v =

[
N

∑
n=1

(bT
r χ
∣∣
θ=ψn

),0,0,bT
p χ|

θ=ψ1
, · · · ,bT

p χ|
θ=ψN

]T

χ =
∂v
∂θ

sinαr + vcosαr

(13)

br = [−sinψrn, cosψrn, 1]T , bp = [sinαr, −cosαr, −1]T ,
(14)

δn =−xr sinψrn + yr cosψrn +ur
+ξn sinαr−ηn cosαr−un

. (15)

M and K are self-adjoint with the inner product < a1,a2 >=∫ 2π

0 v1v̄2dθ +qT
1 q̄2, where an overbar denotes complex conju-

gate. M and K(see Appendix B for details) are the dimensionless
mass and stiffness matrices for planetary gears based on a dis-
crete model. Their dimensional forms are identical to the mass
and stiffness matrices in ....[5] with the only difference in Mr and
Krb as

Mr = diag(1, 1,1/cos2
αr),

Krb = πdiag(krbs + krus,krbs + krus,2krus/cos2
αr)

(16)

Expansion of (10) into N +4 groups of equations associated with
the individual components yields

− ω2
i

2π
(1− ∂ 2

∂θ 2 )v+ kbendL1v+L2v+L3q = 0, (17)

−ω2
i Mrpr +(Krb +∑

n
Kn

r1)pr +∑
n

Kn
r2pn

+∑
n
(br χ|

θ=ψn
) = 0 , (18)

−ω
2
i Mcpc +(Kcb +∑

n
Kn

c1)pc +∑
n

Kn
c2pn = 0, (19)

−ω
2
i Msps +(Ksb +∑

n
Kn

s1)ps +∑
n

Kn
s2pn = 0, (20)

−ω2
i Mppn +(Kn

c2)
T pc +(Kn

r2)
T pr +(Kn

s2)
T ps

+Kpppn +bp χ|
θ=ψn

= 0 ,

n = 1, · · · ,N.

(21)

Equation (10) is cast entirely in discrete form with modal expan-
sion of v as

v(θ ,τ) =
±JN

∑
m=±2

Vm(τ)eimθ , (22)

where J ≥ 1 is an integer. The basis functions eimθ are complete,
(22) converges, and J is arbitrarily large. Thus, the error in (22)
can be made as small as desired. No restriction is put on J in
what follows, so the findings apply to the continuum ring model
without any limitation introduced by the expansion (22).

A discretized model results from substitution of (22) into
(17)-(21) and then forming the inner product of (17), (18) and
(21) with eipθ . Numerical experiments on the discretized equa-
tions confirm that ring elastic deformation alters the natural fre-
quencies and vibration modes compared to the lumped parame-
ter model and introduces additional natural frequencies associ-
ated with modes dominated by ring elastic deformation. The nu-
merical solutions indicate that all vibration modes of this elastic-
discrete model are classified into four types: rotational, transla-
tional, planet and purely ring modes.

For example, a planetary gear with six equally spaced plan-
ets is analyzed with J = 3 in (22). The system parameters and
the dimensionless natural frequencies are listed in Table 1. The
natural frequencies in Table 1 include all four mode types: ω1,
ω9 and ω14 are for rotational modes; ω2,3 and ω7,8 are for trans-
lational modes; ω4,5 and ω10,11 are for degenerate planet modes
(type 2) and ω6, ω13 are for distinct planet modes (type 3); ω12
is for a purely ring mode.

Figure 2a shows the vibration mode of a rotational mode
(ω1). From the numerical simulations, a rotational mode has the
following characteristics: (a) The discrete elements q have the
same properties as a discrete rotational mode, where the trans-
lations of the sun, carrier, and ring rigid motion are zero, and
all planets have identical deflections, (b) The associated natural
frequency is distinct, (c) The elastic deformation of the ring con-
tains only jN, j = 1,2, · · · ,J nodal diameter components.

Figure 2b shows the vibration mode of a translational mode
(ω2,3). A translational mode has the following characteristics:
(a) The discrete elements q have the same properties as a dis-
crete translational mode, where the rotations of the sun, car-
rier, and ring rigid motion are zero, and the deflections of the
planets are related by a rotation matrix, (b) The associated nat-
ural frequency is repeated with multiplicity two, (c) The elas-
tic deformation of the ring contains only jN± 1 nodal diameter
components, where j is any nonzero integer satisfying jN±1 ∈
{−JN,−JN +1, · · · ,JN} (a condition imposed by the ±JN lim-
its in (22)).
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Planet modes are classified into two sub-types according to
the degeneracy of the natural frequencies. For odd N all planet
modes are degenerate, as are the majority of planet modes for
even N. Degenerate planet modes have the following character-
istics: (a) The discrete elements q have the same properties as
a discrete planet mode, where the deflections of the sun, carrier,
and ring rigid motion are zero, and the deflections of the planets
are scalar multiples of the first planet’s deflection, (b) The associ-
ated natural frequency is repeated with multiplicity two, (c) Each
mode is associated with a particular s∈ {2,3, · · · , int(N−1

2 )}. For
that particular s, the elastic deformation of the ring contains only
jN±s nodal diameter components, where j is any integer satisfy-
ing jN±s∈ {−JN,−JN +1, · · · ,JN}. Figure 2c shows a degen-
erate planet mode (ω4,5) where the two nodal diameter compo-
nent is the dominant ring deformation. For even N, the remaining
planet modes have distinct natural frequencies. Their discrete el-
ements behave as in (a) above, but their elastic ring deflection
contains only jN + N/2 nodal diameter components, where j is
any integer satisfying jN±N/2∈ {−JN, · · · ,JN} (see Figure 2d
for a distinct planet mode).

Thus, planet modes are classified into int(N
2 )− 1 subtypes

according to the ring nodal diameter components they contain.
Planet modes having jN ± s nodal diameter components are
named type s planet modes. Each planet mode belongs to a
unique type. For the example where N = 6, two types exist: the
degenerate planet modes are type 2 (s = 2, · · · , int(N−1

2 )), and
the distinct planet modes are type 3 (s = N

2 ) which only exist for
even N. There are no planet modes outside of these two types for
N = 6. Table 2 summarizes the number of degenerate/distinct
planet modes and their types for varying numbers of planets.

Figure 2e shows a purely ring mode (ω12). A purely ring
mode has the following characteristics: (a) The discrete elements
q are all zero, (b) The natural frequency is distinct, (c) The elastic
deformation of the ring contains only a single nodal diameter
component.

In this example (N = 6, J = 3), 3N + 2JN + 7 = 61 eigen-
solutions are obtained numerically: J + 6 = 9 rotational modes,
4J + 10 = 22 translational modes, (2JN− 7J)+ (3N− 9) = 24
planet modes divided as 2J+3 = 9 degenerate pairs and J+3 = 6
distinct modes, and 2J = 6 purely ring modes.

The remainder of this paper analytically proves that these
properties (natural frequency multiplicity, modal properties and
the number of each type of mode) hold for general planetary
gears.

PERTURBATION ANALYSIS
To find all natural frequencies and vibration modes of the

elastic-discrete model of a planetary gear, two perturbations are
used for different ranges of parameters. For the chosen nondi-
mensional variables, the stiffness of the ring-planet mesh is al-
ways unity (krp ≡ 1). The first perturbation is termed Discrete
Planetary Perturbation (DPP), with the unperturbed system be-

ing a discrete planetary gear having a nearly rigid ring gear where
the bending stiffness is O(1/ε) while the stiffnesses of all re-
maining meshes/supports are O(1). The small quantity ε is the
ring bending compliance. The opposite case of DPP is Elastic
Ring Perturbation (ERP). In this case the bending stiffness is
O(1) and the stiffnesses of the remaining meshes/supports (ex-
cept krp ≡ 1) are O(1/ε). The unperturbed system for the ERP
is an elastic ring having multiple springs with the elimination
of the rigid body motions. The attached springs represent the
ring-planet gear meshes. The combined eigensolutions from the
DPP and ERP form a complete set of eigensolutions for planetary
gears having elastic rings without any redundancy (as proved in
a subsequent Candidate Mode Method solution). This process
leads to analytical results that mathematically expose the sys-
tem’s highly structured modal properties.

Discrete Planetary Perturbation
In DPP, the ring bending stiffness is much larger than the

mesh and bearing stiffnesses. The mesh and bearing stiffnesses
are O(1), while the ring bending stiffness kbend = 1/ε , where ε is
a small parameter. The eigenvalue problem in extended operator
form is

−ω2Ma+ K̂a =

[
−ω2

2π
(1− ∂ 2

∂θ 2 )v
−ω2Mq

]
+
[ 1

ε
L1v

0

]
+[

L2v+L3q
L4v+Kq

]
= 0

(23)

where Mand K̂ are self-adjoint operators. The eigensolutions of
(23) are represented as

a = a0 + εa1 +O(ε2), ω
2 = ω

2
0 + εµ +O(ε2),

a0 =
[

v0

q0

]
, a1 =

[
v1

q1

]
.

(24)

Substitution of (24) into (23) gives the perturbation equations.
The perturbation equation of order ε−1 is L1v0 = 0. L1 is positive
definite, giving

v0 = 0. (25)

Substitution of (25) into the remaining perturbation equations
yields

−ω
2
0 Mq0 +Kq0 = 0, (26)

L1v1 =−L3q0, −ω
2
0 Mq1 +Kq1 = µMq0−L4v1. (27)
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Equation (26) is the eigenvalue problem for a discrete (rigid ring)
planetary gear model [5]. From (25) and (26), the unperturbed
eigenfunction is

a0 =
[

0
q0

]
. (28)

The structured properties of the discrete model unperturbed
eigensolutions are proven analytically in ....[5], where the dis-
crete system vibration modes q0 are classified into rotational,
translational and planet modes. In this study, they are called dis-
crete rotational, translational and planet modes. In the elastic-
discrete model, similar mode types are found; they are called
rotational, translational, and planet modes. The different mode
types are considered separately.

Common to each mode type, v1 is solved from the first equa-

tion of (27) by expanding v1 as v1 =
±JN
∑

m=±2
V 1

meimθ , multiplying

(27) by e−imθ , and integrating from 0 to2π . This yields

V 1
m =−cosαr− imsinαr

2πm2(m2−1)2

N

∑
n=1

δ
0
n e−imψn , (29)

where δ 0
n is the nth ring-planet mesh deflection without consid-

ering the elastic deformation of the ring gear, as given by (15).
According to (29), V 1

−m = V̄ 1
m.

Rotational Modes When the unperturbed eigenfunction q0

from (26) is a discrete rotational mode, the translational motions
of the sun, carrier and ring are zero and all the planets have the
same deflections [5]

q0 =
[
0,0,u0

r ,0,0,u0
c ,0,0,u0

s ,ξ
0
1 ,η0

1 ,u0
1, · · · ,ξ 0

1 ,η0
1 ,u0

1
]T

. (30)

In the absence of any rigid constraints on any degrees of freedom
(e.g., fixed carrier rotation), six such modes exist, each having a
distinct natural frequency. Application of these properties to (29)
yields

V 1
m =−cosαr− imsinαr

2πm2(m2−1)2 δ
0
r1

N

∑
n=1

e−imψn

δ
0
r1 = u0

r +ξ
0
1 sinαr−η

0
1 cosαr−u0

1

(31)

Because the planets are equally spaced with ψn = 2π(n−1)/N,

the identity
N
∑

n=1
e−imψn = 0 holds for m 6= jN, where j is an ar-

bitrary nonzero integer. Thus, for q0 being a discrete rotational
mode, the elastic deformation of the ring in the perturbed system

contains only the jN nodal diameter components

V 1
m =−cosαr− imsinαr

2πm2(m2−1)2 Nδ
0
r1, m =±N, · · · ,±JN. (32)

The eigenvalue perturbation µ is determined by the solvability
condition of the second of (27) as (with < Mq0,q0 >= 1)

µ =< L4v1,q0 >=−
N2(δ 0

r1 )2

π

j=1,··· ,J

∑
m= jN

γm

γm =
cos2 αr +m2 sin2

αr

m2(m2−1)2

(33)

A candidate solution of the second of (27) is proposed as

q1 =
[
0,0,u1

r ,0,0,u1
c0,0,u1

s ,ξ
1
1 ,η1

1 ,u1
1, · · · ,ξ 1

1 ,η1
1 ,u1

1
]T

. (34)

Note that q1 has the same form as q0. Use of (34) and the known
discrete rotational mode properties reduce (27) to

(2πkrus/cos2 αr +N−ω2
0 Ir)u1

r +Nδ 1
r1 =

µIru0
r − N

π
δ 0

r1

j=1,··· ,J
∑

m= jN
γm

, (35)

(kcu +Nkp−ω
2
0 Ic)u1

c−Nkpη
1
1 = µIcu0

c , (36)

(ksu +Nksp−ω2
0 Is)u1

s −Nksp(u1
1−ξ 1

1 sinαs
+η1

1 cosαs) = µIsu0
s

, (37)

N
[
(K1

c2)
Tp1

c +(K1
r2)

Tp1
r +(K1

s2)
Tp1

s +(Kpp−ω2
0 Mp)p1

1
]

= µNMpp0
1−bp

N
π

δ 0
r1

j=1,··· ,J
∑

m= jN
γm

.

(38)
Expressing (35)-(38) in matrix form yields the 6×6 linear system

Arotp1
rot = brot , (39)

p1
rot =

[
u1

r ,u
1
c ,u

1
s ,ξ

1
1 ,η1

1 ,u1
1
]T

, (40)
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brot = µMrotp0
rot −

N
π

δ
0
r1

j=1,··· ,J

∑
m= jN

γm
[
1,0,0,bT

p
]T

,

Mrot = diag(Ir, Ic, Is, NMp)

(41)

One can show that the solvability condition of (39) is identical
to (33), so it is satisfied. This guarantees that the solution of
the second of (27) has the assumed form (34). The normalization
condition < q1,Mq0 >= 0 becomes < p1

rot ,Mrotp0
rot >= 0 in this

problem. This and (39) yield

[
Arot
(Mrotp0

rot)
T

]
p1

rot =
[

brot
0

]
⇒ Ârotp1

rot = b̂rot . (42)

The solution of (42) is p1
rot = (ÂT

rotÂrot)−1ÂT
rot b̂rot . This com-

pletes the solution for q1 in (27).
Collecting results, we have six eigenfunctions a in (24) with

the form

a =

 ε

j=±1,··· ,±J
∑

m= jN
V 1

meimθ

q0 + εq1

.

(43)

The discrete elements of the planetary gear (including the ring
rigid body motion) deflect as in the discrete rotational modes de-
scribed in ....[5]. The elastic ring deflection contains only the
jN nodal diameter components. The natural frequencies of these
modes are distinct.

Translational Modes When the unperturbed eigenfunction
from (26) is a discrete translational mode, the eigenvalues are
repeated with multiplicity two and the rotational motions of the
carrier, sun and ring are zero [5]. The pair of degenerate vibration

modes _q
0

and q̂0 satisfy

_q
0
=
[

_p
0
r ,

_p
0
c ,

_p
0
s ,

_p
0
1, · · · ,

_p
0
N

]T
, q̂0 =

[
p̂0

r , p̂
0
c , p̂

0
s , p̂

0
1, · · · , p̂0

N
]T

,

(44)

_p
0
j =
[
x0

j ,y
0
j ,0
]T

, p̂0
j =
[
y0

j ,−x0
j ,0
]T

, j = r,c,s. (45)

When the planets are located at ψn = 2π(n−1)/N, the nth planet

displacements _p
0
n, p̂0

n are related as

[
_p

0
n

p̂0
n

]
=
[

cosψnI sinψnI
−sinψnI cosψnI

][
_p

0
1

p̂0
1

]
, n = 1,2, · · · ,N, (46)

where I is a 3× 3 identity matrix. Six such eigensolution pairs
exist.

The degenerate unperturbed eigenvalue ω2
0 of multiplicity

two in (24) has two orthonormal, unperturbed eigenfunctions _a
0

and â0 of the extended operator form (10). As a consequence,

the unperturbed eigenfunction a0 is a linear combination of _a
0

and â0

a0 = c1
_a

0
+ c2â0,

_a
0
=

[
0
_q

0

]
, â0 =

[
0
q̂0

]
(47)

where c1 and c2 are constants. Analogous to the procedure for the
rotational mode, use of the discrete translational mode properties
reduces (29) to

V 1
m =−cosαr− imsinαr

4πm2(m2−1)2

[
υ

N

∑
n=1

e−i(m−1)ψn + ῡ

N

∑
n=1

e−i(m+1)ψn

]
,

υ = (c1 + ic2)(A1− iA2)

A1 = y0
r cosαr− x0

r sinαr +
_

ξ

0

1 sinαr−
_
η

0
1 cosαr−

_u
0
1

A2 =−y0
r sinαr− x0

r cosαr + ξ̂
0
1 sinαr− η̂

0
1 cosαr− û0

1,
(48)

where ῡ is the complex conjugate of υ .
N
∑

n=1
e−i(m−1)ψn be-

ing zero requires m 6= jN + 1, where j is an arbitrary integer;
N
∑

n=1
e−i(m+1)ψnbeing zero requires m 6= jN − 1. Thus, V 1

m van-

ishes if and only if m 6= jN± 1. This yields the following rule:
The elastic deformation of the ring for elastic translational modes
contains only jN±1 nodal diameter components.

The solvability conditions of the second equation of (27)
form a 2× 2 algebraic eigenvalue problem Drc = µc, where
c = (c1,c2)T . Dr is diagonal with the repeated eigenvalues

µ1 = µ2 =−N2(A2
1 +A2

2)
4π

γm

∑
m= jN+1

, (49)

where here (and in all subsequent summations) j is an integer
such that m takes only values within the range specified in (22),
i.e., −JN ≤ m≤ JN and m 6=−1,0,1. Thus, the eigenvalues for
the elastic ring model remain degenerate and c1,c2 are indeter-
minate.

The eigenfunction perturbation is proposed as q1 = c1
_q

1
+

c2q̂1, where _q
1

and q̂1 are a pair of vectors having the same prop-
erties (44)-(46) as the discrete translational modes. Substitution
of q1 into (27) yields a set of simplified equations that, if satis-
fied, ensures (27) is satisfied for any c1 and c2. The perturbation
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equations from (27) for the sun, carrier and ring rigid motion
reduce to the six equations (50)-(55), and the perturbation equa-
tions for all the planets reduce to (56) and (57)

(πkrbs +πkrus + N
2 −ω2

0 mr)x1
r − N

2 (_
σ

1
r sinαr + σ̂1

r cosαr)
= µmrx0

r +β1
(50)

(πkrbs +πkrus + N
2 −ω2

0 mr)y1
r + N

2 (_
σ

1
r cosαr− σ̂1

r sinαr)
= µmry0

r +β2
(51)

(kc +Nkpn−ω
2
0 mc)x1

c +
N
2

kp(−
_

ξ

1

1 + η̂
1
1 ) = µmcx0

c , (52)

(kc +Nkpn−ω
2
0 mc)y1

c +
N
2

kp(−ξ̂
1
1 −

_
η

1
1) = µmcy0

c , (53)

(ks + N
2 ksp−ω2

0 ms)x1
s + N

2 ksp(−
_
σ

1
s sinαs+

σ̂1
s cosαs) = µmsx0

s
, (54)

(ks + N
2 ksp−ω2

0 ms)y1
s + N

2 ksp(−
_
σ

1
s cosαs−

σ̂1
s sinαs) = µmsy0

s
, (55)

kpn
_p

1
c +K1

r4
_p

1
r +K1

s4
_p

1
s +(Kpp−ω2

0 Mp)
_p

1
1 =

µMp
_p

0
1 +β3bp

, (56)

kpnp̂1
c +K1

r4p̂1
r +K1

s4p̂1
s +(Kpp−ω2

0 Mp)p̂1
1 =

µMpp̂0
1 +β4bp

, (57)

where

_
σ

1
r =

_

ξ

1

1 sinαr−
_
η

1
1 cosαr−

_u
1
1

σ̂
1
r = ξ̂

1
1 sinαr− η̂

1
1 cosαr− û1

1

(58)

_
σ

1
s =−

_

ξ

1

1 sinαs−
_
η

1
1 cosαs + _u

1
1

σ̂
1
s =−ξ̂

1
1 sinαs− η̂

1
1 cosαs + û1

1

(59)

β1 =
−N2(A1 sinαr +A2 cosαr)

4π
∑

m= jN+1
γm,

β2 =
N2(A1 cosαr−A2 sinαr)

4π
∑

m= jN+1
γm

(60)

β3 =
NA1

2π
∑

m= jN+1
γm, β4 =

NA2

2π
∑

m= jN+1
γm, (61)

K1
r4 =

−sin2
αr sinαr cosαr 0

sinαr cosαr cos2 αr 0
sinαr cosαr 0

 ,

K1
s4 = ksp

−sin2
αs −sinαs cosαs 0

−sinαs cosαs −cos2 αs 0
sinαs cosαs 0


_
σ

1
r and

_
σ

1
s are the deflections of the first planet in the direction

of the lines of action for the ring-planet and sun-planet meshes,
respectively. The superscript 1 denotes the first order perturba-
tion.

Expressing (50)-(57) in matrix form after multiplying (56)
and (57) by N/2, the second equation of (27) reduces to the
12×12 linear system

Atrnp1
trn = btrn, (62)

p1
trn =

[
x1

r ,y
1
r ,x

1
c ,y

1
c ,x

1
s ,y

1
s ,

_

ξ

1

1,
_
η

1
1,

_u
1
1, ξ̂

1
1 , η̂1

1 , û1
1

]T

, (63)

btrn = µMtrnp0
trn +

[
βt1,βt2,0,0,0,0,βt3bT

p ,βt4bT
p
]T

, (64)

Mtrn = diag(1,1,mc,mc,ms,ms,
N
2

Mp,
N
2

Mp). (65)

One can show that the solvability condition of (62) is identical
to (49), so it is satisfied. Thus, (27) is satisfied for the given q1

independent of c1 and c2 (which remain indeterminate), and the
perturbation q1 has the same form as q0.

In summary, there are six degenerate pairs of eigenfunctions
a in (24) with the form

a =

[
ε ∑

m= jN+1
V 1

meimθ + c.c.

q0 + εq1

]
=

[
ε ∑

m= jN±1
V 1

meimθ

q0 + εq1

]
. (66)
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Note that terms associated with m = jN−1 in (66) are the com-
plex conjugate terms for m = jN + 1. The discrete elements of
the planetary gear (including the ring rigid body motion) deflect
as in the translational modes described in ....[5]. The elastic ring
deflection contains only the jN±1 nodal diameter components.
The natural frequencies of these modes are degenerate.

Planet Modes For N ≥ 4, the unperturbed system has
three unperturbed eigenvalues associated with the discrete planet
modes, and each of them is degenerate with multiplicityN− 3.
For these modes, the sun, carrier and rigid ring motions are zero.
The deflections of the planets are proportional with p0

n = wl
np0

1,
where the N−3 sets of coefficients satisfy [5]

N

∑
n=1

wl
n = 0,

N

∑
n=1

wl
n cosψn = 0,

N

∑
n=1

wl
n sinψn = 0,

l = 1, · · · ,N−3.

(67)

When N is odd, the N−3 solutions of (67) are

w2s−3
n = cossψn, w2s−2

n = sinsψn, s = 2, · · · , N−1
2

. (68)

When N is even, the N− 3 solutions of (67) consist of (68) for
s = 2, · · · , int(N−1

2 ) and the additional solution

wN−3
n = cos

N
2

ψn. (69)

A general discrete planet mode of the unperturbed system is the

linear combination q0 =
N−3
∑

l=1
dlq0

l , with

q0
l =

[
0,0,0,wl

1p0
1, · · · ,wl

Np0
1

]T
(70)

With this mode, reduction of (29) yields the elastic deformation
of the ring as

V 1
m =−σ

0
r

cosαr− imsinαr

2πm2(m2−1)2

N−3

∑
l=1

(dl

N

∑
n=1

wl
ne−imψn),

σ
0
r = ξ

0
1 sinαr−η

0
1 cosαr−u0

1

(71)

The N−3 solvability conditions for the second of (27) give

Dpd = µd , d= [d1,d2, · · · ,dN−3]
T , (72)

Dp = [Dt j](N−3)×(N−3) =− (σ0
r )2

2π[
±JN
∑

m=±2
γm(

N
∑

n=1
wt

ne−imψn)(
N
∑

n=1
w j

neimψn)
]

(N−3)×(N−3)

. (73)

Although the elements Dt j of Dp appear complicated, use of the
solutions (68) and (69) simplifies them. Dp is diagonal, yielding
closed-form expressions for µ . When N is odd, the first-order
eigenvalue perturbations are

µ2s−3 = µ2s−2 =−N2(σ0
r )2

4π
∑

m= jN+s
γm, s = 2, · · · , N−1

2
,

(74)
When N is even, (74) holds for s = 2, · · · , N

2 −1, and the remain-
ing eigenvalue perturbation is

µN−3 =−N2(σ0
r )2

4π
∑

m= jN+ N
2

γm. (75)

For each of the three unperturbed discrete planet modes with
multiplicity N − 3, the corresponding perturbed eigenfunctions
evolve into int(N−3

2 ) pairs of degenerate planet modes for arbi-
trary N and one additional distinct planet mode for even N.

For degenerate planet modes with natural frequency pertur-
bation from (74), the unperturbed eigenfunction is a linear com-
bination of two instead of N−3 modes in (70). According to this
and (68), (71) reduces to

V 1
m =−σ0

r
cosαr−imsinαr
2πm2(m2−1)2

N
∑

n=1

(
d2s−3 cossψne−imψn +d2s−2 sinsψne−imψn

) (76)

V 1
m is zero when m 6= jN ± s. This yields a rule governing the

nodal diameter components of the ring modal deflections for a
mode with given s ∈ {2, · · · , int(N−1

2 )}: the elastic deformation
of the ring for degenerate planet modes contains only jN ± s
nodal diameter components. The nonzero nodal diameter com-
ponents are

V 1
m =−Nσ

0
r

cosαr− imsinαr

4πm2(m2−1)2 (d2s−3− id2s−2), m = jN + s,

(77)

V 1
m =−Nσ

0
r

cosαr− imsinαr

4πm2(m2−1)2 (d2s−3 + id2s−2), m = jN− s.

(78)
For distinct planet modes whose natural frequency is ω2 = ω2

0 +
εµ N

2
(exist only for even N), (71) reduces to

V 1
m =−σ0

r
cosαr−imsinαr
2πm2(m2−1)2

N
∑

n=1
cos(N

2 ψn)e−imψn

=−Nσ0
r

cosαr−imsinαr
4πm2(m2−1)2 for all m = jN± N

2 .
(79)
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Terms in the first expression for V 1
m in (79) vanish for m 6= jN±

N
2 . Accordingly, the perturbed eigenfunction contains only jN±
N
2 nodal diameter components (s = N

2 ).
For the degenerate eigensolution µ2s−3 = µ2s−2 with spec-

ified s ∈ {2,3, · · · , int(N−1
2 )}, the eigenfunction perturbation q1

is proposed as the linear combination

q1 = d2s−3
_q

1
+d2s−2q̂1, (80)

_q
1
=
[
0,0,0,z1

1(p
1
1)

T , · · · ,z1
N(p1

1)
T ]T ,

q̂1 =
[
0,0,0,z2

1(p
1
1)

T , · · · ,z2
N(p1

1)
T ]T (81)

where _q
1

and q̂1 have the same form as the discrete planet modes
in (70). Substituting this form of q1 into (27), the equations as-
sociated with the sun, carrier and ring rigid motion lead to three
equations identical to (67) except wl

n→ zl
n, but here l = 1,2. The

solutions for z1
n, z2

n are

z1
n = cossψn , z2

n = sinsψn, n = 1,2, · · · ,N. (82)

The remaining equations of (27) (the ones associated with de-
flections of the planets) yield

(Kpp−ω
2
0 Mp)p1

1 = µ2s−3Mpp0
1 +

Nσ0
r

2π
bp ∑

m= jN+s
γm. (83)

One can show that the solvability condition of (83) is identical
to (74) and (75). Thus, p1

1 is solved from (83), which, with (82),
completes the solution for q1. This ensures q1 has the structure
of a discrete planet mode.

For the distinct eigenvalue µN−3 in (75), one can similarly
show that the eigenfunction perturbation q1 has the form of a
discrete planet mode.

In summary, for each s∈ {2,3, · · · , int(N−1
2 )} there are three

degenerate pairs of eigenfunctions as in (24) with the form

as =

[
ε ∑

m= jN+s
V 1

meimθ + c.c.

q0 + εq1

]
. (84)

For even N, an additional three distinct eigenfunctions are
present with the form of (84) and s = N

2 . The discrete elements
of the planetary gear (including the ring rigid body motion) de-
flect as in the planet modes described in [5]. The elastic ring
deflection contains only the jN± s nodal diameter components.

Elastic Ring Perturbation
ERP is the complementary case of DPP. The stiffness of the

ring-planet mesh is unity in both cases (from (6)). In ERP, the
ring bending stiffness is O(1) while in DPP it is O(1/ε); the stiff-
nesses of all the remaining meshes/bearings are O(1/ε) while in
DPP they are O(1). The perturbation parameter is defined by
ε = 1/ksp. A perturbation process similar to (24)-(27) yields the
perturbation equations for a0

−ω
2
0 (1+∂

2/∂θ
2)v0/(2π)+ kbendL1v0 +L2v0 +L3q0 = 0,

(85)

Krbp0
r = 0, Kcbp0

c +∑
n

Kn
c2p0

n = 0, (86)

(Ksb +∑
n

Kn
s1)p

0
s +∑

n
Kn

s2p0
n = 0,

(Kn
c2)

T p0
c +(Kn

s2)
T p0

s +Kppp0
n = 0

(87)

Equations (86)-(87) form a problem as Aq0 = 0. One can prove
that A is positive definite so q0 = 0. Accordingly, the last item in
(85) vanishes, so the unperturbed system is an elastic ring having
equally spaced spring supports with elimination of the three rigid
body motions as indicated in (4). The unperturbed eigenfunction
is

a0 =
[

v0

0

]T

. (88)

Equations (28) and (88) are the unperturbed eigenfunctions
from DPP and ERP, respectively. Together they form a non-
overlapping, complete (in the mathematical sense) basis for the
linear space of extended variables a =

[
v,qT

]T . This suggests
the set of perturbed eigenfunctions from DPP and ERP forms a
complete set of vibration modes for planetary gears having elas-
tic ring gears. This conclusion is made rigorous subsequently.

The perturbation equations for a1 are

Krbp1
r =−∑

n
br(

∂v0

∂θ
sinαr + v0 cosαr)

∣∣∣∣
θ=ψn

, (89)

Kcbp1
c +∑

n
Kn

c2p1
n = 0, (Ksb +∑

n
Kn

s1)p
1
s +∑

n
Kn

s2p1
n = 0,

(90)

(Kn
c2)

T p1
c +(Kn

s2)
T p1

s +Kppp1
n =−bp

( ∂v0

∂θ
sinαr + v0 cosαr)

∣∣∣
θ=ψn

, (91)
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−ω2
0

2π
(1+ ∂ 2

∂θ 2 )v1 + kbendL1v1 +L2v1 =
µ

2π
(v0 + ∂ 2v0

∂θ 2 )−L3q1
. (92)

We draw on the modal properties of a ring on a general elastic
foundation as determined analytically in ...[13], where the modal
expressions for rings having equally spaced springs are given. In
the unperturbed problem (85), each spring is oriented with an an-
gle of π/2−αr to the radial direction. With elimination of the
ring rigid body motions, the ring deflection is represented as (22).
Thus, 2JN−2 unperturbed modes exist. For a free ring with no
supports, all the natural frequencies are degenerate with multi-
plicity two. When the ring has equally spaced springs, some nat-
ural frequencies split and the others remain degenerate. The un-
perturbed modes of the ERP are classified into four types based
on the nodal diameter components they contain: type 0, type 1,
type s and single nodal diameter component modes [13].

For brevity, only type 0 modes are considered. They are
linear combinations of the jN nodal diameter components, v0 =

J
∑
j=1

V d
jN cos jNθ . Such a mode exists for each of the J values of

d = N,2N, · · · ,JN, where d indicates the dominant nodal diam-
eter component. Substitution of this expression for v0 into (89)
yields

Krbp1
r =

[
0,0,−N

j=1,··· ,J

∑
m= jN

(msinαr + cosαr)V d
m

]T

. (93)

Because Krb is diagonal, the first two elements of p1
r correspond-

ing to ring rigid translations are zero, which is the same as for a
discrete rotational mode. Similar analysis of (90) and (91) for
the sun, carrier and planets reveals that q1 has the form (30) of
a discrete rotational mode. The eigenvalue perturbation µ is ob-
tained from the solvability condition of (92). Following lengthy
algebra, the solution v1 of (92) has the same form as v0. These
results show that the perturbed eigenfunction has the properties
of a rotational mode as defined earlier.

Similar processes show that when the unperturbed mode v0

is of type 1 from [13], the perturbed mode of the elastic-discrete
model is a translational mode. When the unperturbed mode v0

is of type s from [13], the perturbed mode is a planet mode.
When the unperturbed mode is a single nodal diameter compo-
nent mode, the perturbed mode is a purely ring mode.

Thus, every unperturbed ERP mode evolves into one of the
four modal categories of the elastic-discrete model. The same is
true for DPP. The numbers of modes obtained from each of DPP
and ERP are 3N+9 and 2JN − 2, respectively. The total num-
ber of eigenfunctions obtained from the perturbation analyses is
3N + 2JN + 7, which equals the number of degrees of freedom
for arbitrary J in (22). The modal property classification from
perturbation analysis exactly matches the properties of the nu-
merical results in Figure 2, Table 1 and Table 2. Evidently, all

modes have been included and categorized from the two pertur-
bations.

CANDIDATE MODE METHOD
The foregoing perturbation analysis derives the modal prop-

erties by combining two perturbation problems, each having a
different perturbation parameter and unperturbed problem. The
method appeals to physical reasoning where the elastic-discrete
system modes are seen to evolve from known simpler systems. A
plausible argument given above heuristically concludes that this
approach captures all modes of the general system. Nevertheless,
perturbation is inherently linked to small values of the perturba-
tion parameter, and the use of two separate perturbation problems
to conclude that all modes are accounted for is not rigorous math-
ematically. Guided by the foregoing perturbation results, this
section derives the general elastic-discrete system modal proper-
ties in a rigorous way that is free from any reliance on a small
parameter. This alternate derivation assumes eigensolutions hav-
ing the properties of the four mode types from perturbation and
then confirms such eigensolutions satisfy the eignevalue prob-
lem. An accounting at the end ensures this approach captures all
possible vibration modes.

A candidate rotational mode has the ring deflection

vrot =
J

∑
j=1

VjN cos jNθ , (94)

and discrete element deflection qrot having the form (30). Substi-
tuting (94) into (17), multiplying by cos lθ , and integrating from
0 to 2π yields

−1+ l2

2
ω

2Vl +
cl

2
Vl +N cos2

αr

J

∑
j=1

VjN +Nσr cosαr = 0,

l = N,2N, · · · ,JN
(95)

cl = 2πkbend l2(l2−1)2 +2πkrus +2πl2krbs,

σr = ξ1 sinαr−η1 cosαr−u1
(96)

Use of the assumed modal properties to reduce (18) yields only
one equation for the ring rigid motion

(2πkrus/cos2 αr +N−ω2/cos2 αr)ur +Nσr

+cosαr
J
∑
j=1

VjN = 0 . (97)
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The remaining equations in (18) vanish. Similarly, (19) and (20)
reduce to

(kcu +Nkp−ω
2Ic)uc−Nkpη1 = 0, (98)

(ksu +Nksp−ω2Is)us +Nksp(−ξ1 sinαs−
η1 cosαs +u1) = 0 . (99)

With the assumed modal form and algebraic manipulation, (21)
becomes

(K1
c2)

T pc +(K1
r2)

T pr +(K1
s2)

T ps+

(Kpp−ω
2Mp)p1 +bp cosαr

J

∑
j=1

6VjN = 0
. (100)

Equations (95)-(100) form a reduced eigenvalue problem of or-
der J +6 with the eigenvector (VN , · · · ,VJN,ur,us,uc,ξ1,η1,u1)T .
In general, the eigenvalues are all distinct (except for specially
chosen parameters). From the eigenvectors of the reduced eigen-
value problem, J +6 rotational modes of the full system are con-
structed from (94) and qrot .

A pair of candidate translational modes is

_a =

[
∑

m= jN+1
Vmeimθ + c.c.,_qT

trn

]T

, â =

[
∑

m= jN+1
iVmeimθ + c.c., q̂T

trn

]T

,

(101)
where _qtrn, q̂trn are a pair of discrete translational modes hav-
ing the same form as described in (44)-(46). (Recall the note
below (49) regarding allowable values of m.) Guided by the
perturbation solution in (48), Vm is expressed as Vm = (cosαr−
imsinαr)Um, where Um is complex.

Substituting _a and â into (17), multiplying by e−ilθ , and in-
tegrating from 0 to2πyields the equations governing Um. When
l = jN +1, there are 2J−1 equations

−(1+ l2)ω2Ul + clUl +
N
2

(A1− iA2)+

N ∑
m= jN+1

(cos2
αr +m2 sin2

αr)Um = 0,
(102)

where A1 and A2 have the form in (48), and cl is defined in (96).
When l = jN−1, the following 2J−1 equations result

− (1+ l2)ω2Ul + clUl +
N
2

(A1 + iA2)+N

∑
m= jN−1

(cos2
αr +m2 sin2

αr)Um = 0.
(103)

For other values of l the resulting equations from (17) vanish. For
each l in (102), there is a corresponding−l in (103) whose equa-
tion is the complex conjugate of (102). Thus, equations (103)
and (102) are equivalent. One obtains 4J− 2 real equations be-
cause Ul in (102) is complex. Substitution of _a and â into (18)-
(21) generates an additional 12 real equations similar to (50)-(57)
with the elimination of superscripts 0 or 1, substitution of µ = 0,
and replacement of β1, β2, β3, β4 by β5, β6, β7, β8, respectively,

[
β5
β6

]
=

Ne−iαr

2 ∑
m= jN+1

(cos2
αr +m2 sin2

αr)Um ·
[

i
−1

]
+ c.c.,

(104)

[
β7
β8

]
= ∑

m= jN+1
(cos2

αr +m2 sin2
αr)Um ·

[
1
i

]
+ c.c.. (105)

The resulting 4J +10 real equations form a reduced order eigen-
value problem. Because _a and â are interchangeable, all eigen-
solutions of the reduced order problem must occur as degener-
ate eigenvalues with multiplicity two. With these eigensolutions,
2J + 5 pairs of degenerate translational modes are constructed
from (101).

A pair of candidate planet modes for a selected s ∈
{2,3, · · · , int(N−1

2 )} is

as1 =

[
∑

m= jN+s
Vmeimθ + c.c.,_q

T
plt,s

]T

, (106)

as2 =

[
∑

m= jN+s
iVmeimθ + c.c., q̂T

plt,s

]T

, (107)

_q
T
plt,s =

[
0,0,0,cossψ1pT

1 , · · · ,cossψNpT
1
],

q̂T
plt,s =

[
0,0,0,sinsψ1pT

1 , · · · ,sinsψNpT
1
] (108)

where _qplt,s, q̂plt,s are a pair of discrete planet modes having
the same form as described in (70). The linear combination
d2s−3as1 + d2s−2as2 gives the elastic deformation of the ring in
the form

v = ∑
m= jN+s

Vm(d2s−3 + id2s−2)eimθ + c.c.. (109)

Comparing (109) to the perturbation solution (77) and (78) sug-
gests the Vm in (106) and (107) can be written as Vm = (cosαr−
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imsinαr)Um with real Um and U−m = Um. This is adopted in the
candidate modes (106) and (107).

Substituting as1 into (17), multiplying by e−ilθ , and integrat-
ing from 0 to2πyields the equations for Um. When l = jN + s,
there are 2J equations

−(1+ l2)ω2Ul + clUl +
N
2

σr +N ∑
m= jN+s

(cos2
αr

+m2 sin2
αr)Um = 0,

(110)

where σr is defined in (71). When l = jN−s, 2J equations result
that are equivalent to (110). For other values of l the resulting
equations vanish. With the properties of as1, equations (18)-(20)
are satisfied. Substitution of as1 into (21) yields the same equa-
tion for each n

(Kpp−ω
2Mp)p1 =−2 ∑

m= jN+s
(cos2

αr +m2 sin2
αr)Um. (111)

The resulting 2J +3 equations in (110) and (111) form a reduced
order eigenvalue problem with 2J + 3 eigensolutions. Substi-
tution of as2 into (10) yields the same 2J + 3 order eigenvalue
problem. Therefore, each of the 2J + 3 eigensolutions corre-
sponds to a pair of planet modes. Thus, for each s, 2J + 3 pairs
of degenerate modes are constructed from (106)-(108). When
N is odd there are N−3

2 different values of s ∈ {2,3, · · · , N−1
2 },

so (N− 3)(2J + 3)/2 degenerate pairs of planet modes are con-
structed from (106)-(108). When N is even, there are N/2− 2
different values of s ∈ {2,3, · · · , N

2 − 1}, so (N/2− 2)(2J + 3)
degenerate pairs of planet modes are similarly constructed.

When N is even, besides the degenerate planet modes, there
are additional distinct planet modes. They have the same form as
the degenerate planet mode in (106) with s = N/2. With some
algebraic manipulation of (106), the distinct planet modes have
the form

a =

 j=0,··· ,J−1

∑
m= jN+ N

2

Vm cosmθ ,qT
plt, N

2

T

,

qT
plt, N

2
=
[
0,0,0,pT

1 ,−pT
1 , · · · ,pT

1 ,−pT
1
] (112)

where Vm is real. A similar reduction as above yields a J + 3
order eigenvalue problem for the Vm and p1 with eigenvalue ω2

from equations (17) and (21). This gives J + 3 planet modes
with distinct eigenvalues from (112). Totally, for even N, there
are (2JN−7J)+(3N−9) planet modes constructed from (106)-
(108) and (112). Table 2 summarizes the different numbers and
types of planet modes.

The final mode type is that of purely ring modes having the
(not normalized) form

a = [(cosαr sinmθ −msinαr cosmθ)Vm,0]T

m =
{

jN, j = 1, · · ·J for odd or even N.
jN +N/2, j = 0, · · ·J−1 for even N.

(113)

In such modes, only the ring gear deforms, and the ring has nodes
at all ring-planet mesh locations. All purely ring mode natu-
ral frequencies are distinct. Note that a purely ring mode with
m = jN in (113) has the same structure as a rotational mode ex-
cept many elements of the rotational mode are zero. Similarly,
a purely ring mode with m = jN + N/2 in (113) has the same
structure as a distinct planet mode. Rotational modes and purely
ring modes with m = jN emerge as split modes of the degener-
ate eigensolution pairs of a free ring; distinct planet modes and
purely ring modes with m = jN + N/2 similarly emerge as split
modes for even N ...[13].

Substitution of (113) into (17), multiplication by e−ilθ , and
integration from 0 to 2π yields the following J order diagonal
eigenvalue problem for odd N (2J order for even N ) with eigen-
value ω2

[
−(1+ l2)ω2 + cl

]
Vl = 0,

l =
{

jN, j = 1, · · ·J for odd or even N,
jN +N/2, j = 0, · · ·J−1 for even N,

(114)

where cl is from (96). The remaining equations (18)-(21) vanish
for the a in (113). According to (114), the closed-form natu-
ral frequencies expressions are ω2 = cl/(1 + l2), where cl de-
pends on the ring bending stiffness (kbend) and the distributed
stiffnesses around the ring circumference (krus and krbs). Thus,
the natural frequencies of purely ring modes are independent of
mesh stiffnesses (kspand krp). This can also be explained through
the gear mesh deflections. The general expressions of sun-planet
and ring planet mesh deflections (δsn and δrn) are

δ=
snys cosψsn− xs sinψsn−ξn sinαs−ηn cosαs

+us +un
(115)

δrn = (vcosαr + ∂v
∂θ

sinαr)
∣∣∣
θ=ψn

− xr sinψrn + yr cosψrn +ur+

ξn sinαr−ηn cosαr−un
(116)

Substitution of (113) into (115) and (116) ensures both the sun-
planet and ring-planet mesh deformations are zero.

Overall, four types of modes are identified. For odd N, the
numbers of modes for rotational, translational, planet and purely
ring modes are J + 6, 4J + 10, (2JN − 6J) + (3N − 9), and J,
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respectively. For even N, they are J + 6, 4J + 10, (2JN− 7J)+
(3N − 9), and 2J, respectively. While, the numbers of planet
and purely ring modes are different for odd and even numbers
of planets, the total number of modes is (2J +3)N +7 for either
odd or even N. This total equals the total degrees of freedom
with v(θ , t) from (22) and J arbitrarily large. Thus, all modes
have been categorized.

Furthermore, the numbers of rotational and translational
modes are independent of the number of planets N. Changing
the number of planets N, while retaining the same J in the ring
deformation expansion (22), only changes the numbers of planet
modes and purely ring modes. Table 2 lists how the number of
planets N affects the number of degenerate and distinct planet
modes, and it specifies the planet mode type breakdown for each
N. If N increases by one, the total number degrees of freedom in-
creases by 2J+3 as the total degrees of freedom is (2J+3)N +7.
If N increases by one from odd to even, J + 3 of the additional
modes are distinct planet modes, and the remaining J additional
modes are purely ring modes (the total number of purely ring
modes becomes 2J). If N increases by one from even to odd, all
2J +3 additional modes are planet modes; furthermore, J purely
ring modes change into planet modes. Therefore, the number of
planet modes increases by 3J +3, and the number of purely ring
modes decreases by J.

The natural frequency multiplicities and all modal properties
from the candidate mode method match the numerical solution in
Table 1, Table 2 and Figure 2 (as well as the perturbation results)
for arbitrary N and J.

CONCLUSIONS
The distinctive modal properties of planetary gears having

equally spaced planets and an elastic continuum ring gear are
derived using perturbation analysis and proved using a candidate
mode method. The main conclusions are:

1. All vibration modes of equally spaced planetary gears hav-
ing an elastic ring gear are classified into rotational, transla-
tional, planet and purely ring modes. For each mode type,
the deflections of each planetary gear component, including
the elastic ring, are derived in closed-form. In addition, the
number of each mode type and multiplicity of the natural
frequencies are determined.

2. The modal deflection properties of the sun, carrier and plan-
ets for rotational, translational and planet modes are the
same as for the discrete model, while the deformation of
the ring gear is governed by simple analytical rules dictat-
ing which nodal diameter components are present in each
mode type.

3. Rotational modes contain jNnodal diameter ring deforma-
tion components, while the sun, carrier and ring rigid mo-
tion have only rotational motion. All planets have the same
displacement. The natural frequencies are distinct.

4. Translational modes contain jN±1 nodal diameter ring de-
formation components, while the sun, carrier and ring rigid
motion have only translational motion. The deflections of
individual planets are related by a rotation matrix.

5. The natural frequencies have multiplicity two.
6. Planet modes contain jN± s nodal diameter ring deforma-

tion components, where s is one of 2,3, · · · , int(N/2). The
translation and rotation of the sun, carrier and rigid ring are
zero, and the deflections of the planets are proportional to
each other. Most of these natural frequencies have multi-
plicity two, but some natural frequencies are distinct for an
even number of planets.

7. A purely ring mode has only a single nodal diameter ring
deformation component. The deflections of all the discrete
elements, including the ring rigid motion, are zero. The nat-
ural frequencies are distinct.

8. Changing the number of planets N does not affect the num-
ber of rotational and translational modes. How the vibration
modes are distributed between purely ring modes and planet
modes with the addition of a planet depends on whether N
changes from odd to even or vice versa.
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APPENDIX: NONDIMENSIONAL MATRICES
M AND K

M = diag(Mr,Mc,Ms,M1, · · · ,MN)

M j = diag(m j,m j, I j/r2
j ), j = c,s,1, · · · ,N, Mr = diag[1, 1,1/cos2

αr]

K =



∑Kn
r1 +Krb K1

r2 · · · KN
r2

∑Kn
c1 +Kcb K1

c2 · · · KN
c2

∑Kn
s1 +Ksb K1

s2 · · · KN
s2

K1
pp

symmetric
. . .

KN
pp



K jb = diag(k jx,k jy,k ju), j = c,s,

Krb = πdiag(krbs + krus,krbs + krus,2krus/cos2
αr)

krbs and krus are uniform radial and tangential distributed stiff-
nesses, respectively. k∗ju is torsional stiffness with units F −
L/rad and k=

juk∗ju/r2
j with units F/L.

Kn
pp = Kn

r3 +Kn
c3 +Kn

s3

Kn
r1 =

 sin2
ψrn −cosψrn sinψrn −sinψrn

cos2 ψrn cosψrn
symmetric 1



Kn
r2 =

−sinψrn sinαr sinψrn cosαr sinψrn
cosψrn sinαr −cosψrn cosαr −cosψrn
sinαr −cosαr −1



Kn
r3 =

 sin2
αr −cosαr sinαr −sinαr

cos2 αr cosαr
symmetric 1



Kn
c1 = kpn

1 0 −sinψn
1 cosψn

symmetric 1

 ,

Kn
c2 = kpn

−cosψn sinψn 0
−sinψn −cosψn 0
0 −1 0



Kc3 = diag(kpn,kpn,0)

Kn
s1 = ksp

 sin2
ψsn −cosψsn sinψsn −sinψsn

cos2 ψsn cosψsn
symmetric 1



Kn
s2 = ksp

 sinψsn sinαs sinψsn cosαs −sinψsn
−cosψsn sinαs −cosψsn cosαs cosψsn
−sinαs −cosαs 1



Kn
s3 = ksp

 sin2
αs cosαs sinαs −sinαs

cos2 αs −cosαs
symmetric 1



ψsn = ψn−αs, ψrn = ψn +αr
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Table 1. Dimensional parameters and dimensionless natural fre-
quencies of a planetary gear with six equally spaced planets. The
designations R, T, P and PR denote rotational, translational, planet
and purely ring modes.

Inertias (kg) Ir/r2
r = 8.891, Ic/r2

c = 6.000, Is/r2
s =

2.500, Ip/r2
p = 2.000

Masses (kg) mr = 7.350, mc = 5.430, ms =
0.400, mp = 1.000

Stiffnesses (N/m) krp = ksp = 108, krbs = krus =
0,kbend = 5 × 106, ks = ksu =
5×107, kc = kcu = 5×1011, kp = 109

Pressure angle (deg) αr = αs = 24.60

Dimensionless nat-
ural frequencies

ω1 = 0.1520(R), ω2,3 = 0.1871(T),
ω4,5 = 0.6472(P), ω6 = 1.0227(P),
ω7,8 = 1.0231(T), ω9 = 1.1009(R),
ω10,11 = 1.1695(P), ω12 =
1.6971(PR), ω13 = 1.8549(P),
ω14 = 1.9161(R)
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Figure 1. Elastic-discrete model of a planetary gear and corre-
sponding system coordinates. The distributed springs around the
ring circumference are not shown.

Table 2. Number of planet modes in different sub-types for different
number of planets N , where× denotes not applicable.

Planet mode category
Number of planets, N

4 5 6

Distinct planet modes J+3 0 J+3

Degenerate planet modes 0 2(2J+3) 2(2J+3)

Type 2 planet modes J+3 2(2J+3) 2(2J+3)

Type 3 planet modes × × J+3

Type 4 planet modes × × ×

Type 5 planet modes × × ×

7 8 9 10

0 J+3 0 J+3

4(2J+3) 4(2J+3) 6(2J+3) 6(2J+3)

2(2J+3) 2(2J+3) 2(2J+3) 2(2J+3)

2(2J+3) 2(2J+3) 2(2J+3) 2(2J+3)

× J+3 2(2J+3) 2(2J+3)

× × × J+3
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(a) (b)

(c) (d)

(e)

Figure 2. (a) Rotational mode (ω1), (b) Translational mode (ω2,3),
(c) Planet mode: degenerate (ω4,5), (d) Planet mode: distinct (ω6),
(e) Purely ring mode (ω12)Typical modes of a planetary gear. The
system parameters are given in Table 1. Distinct planet modes as in
(d) only exist for an even number of planets.
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