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ABSTRACT

Analytical models of a helical gear pair are depelbin order
to examine the effect of sliding friction on the ndynic
transmission error. Simplified 6 degree-of-freedand single
degree-of-freedom analytical models are developHtese
models characterize the contact plane dynamicscapture
the velocity reversal at the pitch line due toisligfriction. By
assuming a constant mesh stiffness density aloagdhtact
lines, a linear time-varying model (with parameticitation)
is obtained. The effect of sliding friction is quified by an
effective mesh stiffness term. Flogquet theory isntlused to
obtain closed-form solutions to the dynamic trarssioin error
given periodic piece-wise linear tooth stiffnessndtion.
Responses to both initial conditions and forcingiction
under a nominal torque are derived. Analytical nedme
validated by comparing predictions with numerical
simulations. Finally, parametrically-induced ingli#p issues
are briefly mentioned.

1 INTRODUCTION

Sliding friction is believed to be one of the magwmurces of
gear vibration and noise especially under high ¢ognd low
speed conditions since a reversal in the slidingoiy takes
place along the pitch line. Vaishya and Sing8] reviewed
various modeling strategies that have been histlyiadopted
and then illustrated issues for spur gears by asguequal
load sharing among the contact teeth. This assomjgads to
rectangular stiffness variations, which is a sdecése (with
helical angle equals zero) of a more generic traigek
stiffness profile for helical gears. Velex and Cadiol4] found
that the dynamic bearing forces, as caused bydrnict lower
speeds, can generate significant time-varying atioits.
Velex and Sainsot 5] examined friction excitations in
errorless spur and helical gear pairs, and repattetl the
friction appears as a non-negligible excitation rseu
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especially for translating motions. Lundvall et[&]. proposed

a multi-body model for spur gears and briefly dssed the
role of profile modification in the presence ofdatig friction.
Recently, we 7] have developed a more accurate model of the
spur gears that includes realistic mesh stiffnass sliding
friction, while overcoming the deficiency of Vaishyand
Singh’s work [L-3]. Further, we §] recently proposed a 12
degrees-of-freedom (DOF), linear time-varying (LTV)
analytical model for helical gears that characesithe contact
plane dynamics and captures the velocity revetstieapitch
line due to sliding friction. It includes rotatidnaand
translational motions along the line-of-action (LD Aff-line-
of-action (OLOA) and axial directions. It is cle#irat the
existing literature does not provide analytical seld form
solutions for the dynamic response of a helical gaé under
the influence of sliding friction. This paper airte fill this
void.

2 PROBLEM FORMULATION

Chief objectives of this research include the felleg: First,
analytical formulations will be proposed for a 6D@Rd a
simplified SDOF models to represent the helicalrggestem
as periodically excited differential equations; well be
ignoring the auxiliary components of the gearbox ather
directional propertiesg]. Such simplified models allow the
emphasis to be placed upon the periodical frictiefiects at
the tooth interface. Frictional forces and moment§ be
shown as parametric excitations to the piece-widilgar
effective mesh stiff of the SDOF model. Secondsetbform
solutions will then be derived for the LTV systemterms of
dynamic transmission error (DTE) under both homeges
and forced conditions by using the Floquet thedriird,
proposed theory will be validated by using the nrticag
integration method. Parametrically-induced instgbilnder
the influence of sliding friction will be briefly entioned.
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The basic scope and assumptions include: (1) Theatary
motions are small compared to the kinematical rptsm that
the position of the contact lines and relative istidvelocity
depend only on the mean angular motions of the gaiar (2)
The mesh stiffness per unit length along the cariae (i.e.
stiffness densityk) is constant §]; this is equivalent to the
equal load sharing assumption in spur geats3][ (3)
Coulomb’s law with a constant coefficient of frimti () is
employed -3, 7-§ though mixed lubrication regime exists
[9]. (4) For the 6DOF model, the elastic deformatiofishe
shaft and bearings are modeled using lumped elastic
representations. For the SDOF model, however, tarifyg
stiffness is assumed to be much higher than thth towsh
stiffness and thus the shaft/bearings could be Ifieg as
rigid connections. Consequently, only the torsioD@lFs are
considered in terms of DTE. Also, it is assumed tha mean
load is high and the dynamic load is insufficiemtause tooth
separationsi0].

3 6DOF LINEAR TIME-VARYING MODEL
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Figure 1: Schematic of the helical gear pair system.

Among the 12 DOFs§] in the 3D helical gear pair, the axial
motions as well as rotations around LOA and OLOA
directions are relatively insignificant. Consequignt a
simplified 6DOF model is derived including axialtations
and translational motions in the LOA and OLOA direas.
The helical gear system is depicted in Fig. 1, whbe pinion
and gear are modeled as rigid cylinders linked lserdes of
independent stiffness elements that describe theacbplane
tangent to the base cylinders. The normal direcéiba point
of contact lies in the contact plane and is perehar to the
line of contact. The pinion and gear dynamics arenfilated
in the coordinate systems located at their respecienters as
shown in Fig. 1. The nominal motions of the pinemd gear

are given as-Q e, andQe, =eQ r,/r,. respectively.
Here,z axis coincidences with the axial directi@ns the unit
directional vector andy, andryy are the base radii of pinion
and gear. An (static) input torqug is applied to the pinion
and the (static) braking torqug on the gear obeys the basic

gear kinematics. Superposed on the kinematic metre
rotational vibratory motions denoted I8, and &, for the
pinion and gear. Here, analytical formulations
demonstrated via the following example case wittapeeters
of the pinion (relevant gear parameters are witkie
parenthesis): number of teeth 25 (31); outside diam3.38
(4.13) in.; pitch diameter 3.125 (3.875) in.; radimeter
2.811 (3.561) in.; center distance 3.5 in.; transveliametral
pitch 8 in:%; transverse pressure angle 25°; helix angle 21.5°;
face width 1.25 in.; polar moment of inertia 8.33KL.64E-2)
Ib-s*-in.; mass 1.26E-2 (1.58E-2) IB4s.. Since the overall
contact ratio is around 2.7, either two or thresthgpairs are

in contact at any time instant. The three meshawght pairs
within one mesh cycle are numbered as #0, #1 and #2
respectively. A constant mesh stiffness dendgyalong the
contact lines could be estimated by performing aticst
analysis using the FE/CM formulatiohl].

Denote the LOA, OLOA and axial axes asy and z axes
respectively; the dynamic motions of the pinion agehr
centers consist of three translation} §nd three rotationsg(

T T
o Uyp HZF} » Uy ={qu Uyg 929} - For
a contact point with local coordinates (yp, 2) in the pinion
coordinate system, its global motion at titnghen considered
as part of the pinion is derived as:

U + TpQ £ =15 5
Uy, = XQ t+ >0,
0

are

such thatu_ :{ u

upC = (1a)

Denotex, as thex coordinate at the gear center in the pinion
coordinate system, the global motion of the contamint
when it is considered as part of the gear is:

Uy + 1 Q f+10 0
Uge = Uyg _(Xg_ 30 gt_( X ))Hzp
0

(1b)

The deformation of the mesh spring is given asfed, where
[ is the helix angle:

Amesh: _COS,B bl: ("I xp_ u xg)_ (r bg zl;l- r lg za] (2)

The elemental mesh forces on the pinion and the gea
given in Eqg. (3) by assuming only the elastic afec

_kAmeshCOSﬂb
—-AF mesh g: ﬂkA me&gn(x_ X (3)
kAmeshSin/Bb

AF,

mesh p =

The total mesh forces are derived by integratirgelemental
forces over the contact line as given below:

_k COSﬁbIAmeshdI
|

_ _ (4)
mesh p~— -F mesh g

HK[A L sgn(x=x )l
|

ksin3, [ Aeqdl
|
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To facilitate the integration, the contact zoneligided into
three regions of Fig. 1, wherg and x, are defined as the
lower and upper boundaries of the contact zonéénLtOA
coordinate system of the pinion. By recognizing ttha
dz= dilecosp, and dx=dI&ing,, the integral in Eq. (4)
yields:

B=[Bpegfll =~z = 2)[ (U= ud=(rg 2 18 ) ©

The contact forc&nesn p4n the LOA direction is evaluated as:

Fresho.x = ~KCOSB,A (6)
Due to the sliding friction, the friction fordgnesn p involves a
discontinuous sign function and it needs to be wated
separately for three different cases assuming staotu.
Case 1: Both limits of the contact line are lesmtks, which
implies the contact line on the pinion is complete¢low the
pitch cylinder (approach action) so that sga(xp)= —1. The
friction force of the pinion is:

I:mesh p.y = _,UkE (7a)

Case 2: In the case the line of contact lies dreeiside of the
pitch cylinder. The friction force integral must bealuated in
two parts.

F

mesh p y

B, =~(2 = 2,) [ (Up= U= (KF 5t 1f )]
B8, ==z~ 2)[(Up~ U~ (105+ 16 A ]

Case 3: Both limits are greater thagy which implies the
contact line on the pinion is completely above thikch
cylinder (recess action). Consequently, ggnh&s)= 1 and the
friction force on the pinion is:

Fmeshp,y = ,ukE (7c)

The elemental moments on the pinion at a poinhercbntact
line are derived as:

= uk(D,-A,) (7b)

where

op SIN By = Z SGNK— X, )
AM =KA .t —XSIiNB  zcosB |, (8)

mesh p ™~
XUSGNX= %, )+ 1, COSB,

In order to obtain the total moments, two integnati
operations are defined over the line of contachwatver and
higher limits denoted ag andx;,, respectively:

X
(B30 %)= [ Byedl= =5+ 0(7- 23 ()

X

(@05, $)=] By 9(25;2) (9b)
X

where ¢ = (u,, - u,) - (r, 0+ r,g 4 and axial coordinates

Z, and z could be computed based on gear geometry. The

moments of the mesh force acting on the pinion geat are
thus derived as:

M sy 0 :k{"’(m)““’x"” , } (102)
© | H(AE) (%, X)) + R Acosp,
Mmesh 99, :k[XQ(AZ_Al)+ﬂ(A D()(Xn' XP)} (10b)

~H(B0K) (%, %) + [AcOSB,

Note that Eqgs. (6-10) are formulated for a singleth pair in
contact. For multiple tooth pairs in contact withntact ratio

o0, n = ceil(lo) number of meshing tooth pairs need to be
formulated, where the “ceil” function roundsto the nearest
integers towards infinity. For the example caseeehtooth
pairs are considered in a single mesh cycle. Hg) g&hows
the contact plane and Fig. 2(b) illustrates a zabine
shapshot at the beginning of a mesh cycle.

D’
\
.8
\\
W\
77 | W
W\
W\
W\
W\
W\
W\
W\
W\
WX
A —
W\
W\
\ W\
W\
M\\ W\
W\ W\
W\ W\
W\ W\
W\ W\
W\ \\
W W\
W\ \
R S U
QD EH GR
Pair#1 | Pair#2 J
)

A

(b)

Figure 2: Contact zones at the beginning of a mesh
cycle. (a) In the helical gear pair; (b) contact zones
within contact plane. Key: PP’ is the pitch line; AA’ is the
face width W; AD is the length of contact zone Z.
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At the instant of Fig. 2, pair #0 just comes intesh at point

A and pair #1 is in contact along line CI. Likewigmir #2
contacts each other along line MN. As the gearf the
contact lines move diagonally across the contanez®Vhen
pair #0 reaches the pitch point P, the relativeirgj velocity

of the pinion with respect to the gear starts toerse,
resulting in a reversal of friction force along thertion of
contact line surpass the pitch point. Once paire#ithes the
Cl line (and pair #1 reaches MN line) at the endhaf mesh
circle, pair #0 becomes #1 (and pair #1 becomes #2)
corresponding to the start of the next mesh cy&teany time
instantt, the x coordinates of the three pairs are projected
along the AR line and defined ag(t), x;(t) andx,(t) in Eq.
(11). Here,A is the base pitch, represents the geometrical
distance, and “mod” is the modulus function definast
mod(, y)=x-yfloor(x/y), if y # 0.

%(t) =mod @ r,t A)+ L, (11a)
x(t) =mod@,r,t A)+ A4, (11b)
% () =mod@ r,t A)+ 24 4, (11c)

To implement the integration algorithm, the contesgions
are further divided into eight contact zones asashn Fig.
2(b). Zones 1 and 2 correspond to pair #0 befock after
reaching the pitch line; Zones 3-5 and Zones 6¢8espond to
pairs #1 and #2, respectively. The zone classifinat and
their corresponding integration limits for the adftion of
dynamic forces and moments are derived as followivitere
Xm» X, Zm @ndz denote the lower and upper limits alongndz
axes.
Zonelt-TASXO(FLTP)Xm t =%

LTA ,

(12a)
= 08 z,= 0.V &= L, )/tag ]
Zone 2 Lip <X, ] Lic )X, = La X =% %= Lip
z,= 08V 7= O8-[ - |, )tag] , 120
z,= 0.V~[ - L, )/tas, |
Zone 3 [ <% )< Lig )%, = La X =%,
X, = Lop 2= OV - L, )/t ] . (129
z,= 0.,z = 0.V (- L, )/tag,]
Zone 4 Lo <x (< Lip )x, = x—Wota,
“ =% ¥ = __ _ (12d)
t =%, %= Lp,2,=-0W z= 0.3V,
Z,= 0.V~ (= L, )/tarB, |
Zone 5 (—TD sx Ex LTIE )X, =%~ W tang, % = |1D
Xy _LTP’ W_[ - |1D )/taWb:' (12€)
2,=-08V 2= 05V-[ @ Ly )/tag]
Zone 6 (—TE <X (K LTlH )X, = %~ WOtans, x = LTlD
(12f)

x-L

mp 12

W[ &~ L, )/ta, |
Zm:—O_W 2, = OW—[ Q(_ qu )/taﬁb:|

Zone 7 LTlH <x (X< LTlG )X = %~ W tan, x =
Z,=-08V z = 0OV-[ (- L, )/tag, |
Zone 8 [;; <X, ( < Ly ): No definitior

h° (129)

(12h)

Formulate the combined dynamic forces and momefits o
multiple contacting tooth pairs. The bearing foreesing on
the pinionx andy directions are as follows, whekg,,) are
the bearing stiffness. The gear equations can bévede
similarly.

(Kt kp)u, Fg,=—(k,;+k,)u, (13ab)

Bpx

The viscous damping forces in tlkeandy directions due to
the bearing stiffness are derived as following IsgLeming

viscous damping coefficientg)ixyy
Furon = 2{Canfkamo ¢ aalkemy) s (14a,b)
(Z WK+ ey mmo)

The viscous damping moments around the axial dnect

Ivlv,pﬂz :_ZZJpz\[kay(t)‘] pz/rb r rg' z;;'_r tg z)g (15)

The governing equations of the 6DOF model are édras:

pr

n=floor (o)

2
mPUXP: s Fmeshpxi+leB pxij ZF (16&)
i= j=
n=floor (o) 2 2 16b
my Uy, = Z(; Fmeshpyi+Z;Fpri+Z;Fpr( )
i= j= i=
. n=floor(o)
Jibn= | 0 M e, TMyp +T (16c)
i=
n=floor (o) 2
Myl = Z.: Fmeshgxi+Z;FngJ ZFVG (173)
i= j=
n=floor (o) 2 b
my Uy = — Fmeshgyi+Z;FBgylevgy(17)
i= j=
. n=floor (o)
JZQHZQ = Z M mesh @,, |+ M V4, -T (170)

i=0

The role of sliding friction is illustrated in Fi§.by comparing
time domain responses of, uy,, and DTE afl, = 2000 lb-in
and Q, =1000 RPM forp = 0.01 andu = 0.1. Observe that
sliding friction has most significant effect in th@LOA
dynamics and has a moderate influence in the LQé&cton.
Although the DTE tends to be less sensitive toatems in
the sliding friction, note that the amplitude of BTs higher
than those oti, andu,, by at least two orders of magnitude.
Further, a careful comparative study shows thatstwond
harmonic of DTE is most significantly amplified due
friction. These observations are consistent wittdpations of
the 12DOF model g with reduced modeling and
computational costs. Hence, the proposed 6DOF madel
easier to be implemented for parametric designiesud
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Figure 3: Time domain responses of pinion
displacements uy,, Uy, and DTE at T, = 2000 lb-in and Q,
=1000 RPM. Key: —,u=0.1; —. - pn=0.01.

4  SDOF LINEAR TIME-VARYING SYSTEM MODEL
When only the torsional DOF is of interest, a siifigd SDOF
model could be derived by assuming that the stiénef the
bearings are much higher than the tooth stiffnBsfine DTE
as At) = rppbt)+ rppédt) ; the unloaded static transmission
error gt) causes a displacement excitation at the gear.mesh
Note that mesh forces oriented in other directians still
required for calculations of dynamic moments in tiesional
direction. Hence, the effective torsional tootHfséss should
have contributions from both the sliding frictiondathe time-
varying elastic tooth stiffness due to Hertziantech

For multiple tooth pairs in contact, the dynamicmemts on
the pinionM,(t) and gearMy(t) are explicitly derived for
each meshing tooth pair. Define effective dynanmioth
stiffness function by considering the vibratory foos in the
torsional direction including frictional effects:as

M. (t M, . (t

P,|( ) 1 Kg'i (t): gyl( )
MpO(t) WG](9)
Here, the first meshing tooth pair (#0), definedHyy. (11a)

and shown in Fig. 2(b), is classified into two @mitzones
(Zi) of Egs. (12a,b). Its composite torsional stiffhase:

K,.(t) = (=0,1,2 (18a,b)

K [2n, 0088, (x, O ) (2,7 2,0) 22
~p(%,+%,) (200 - 2,0) (192)
a0+ ) (2 - 30) | z

i +2r,, oS, (zf -z, (t))

Koot =

Kg,O(t) =

%[N(Xf(t)+)§n_2Xg)+2rbgC038b:|(Zf_ Zm(t) , Z

[0 %) (2 20) - (x0+ %)( 2= 20}
2 | +2x, 00z, + 7,(9-27,()+ 2, c0B,( - 7,(§ |
(19b)

The second meshing tooth pair (#1), defined by (Efb), is
classified into three contact zones 3-5 as showhign 2(b).
Its composite stiffness are derived for the pirdod gear as:

Kpa(®) =

z2

k[ (%) (2,00- 209)+ ] s
20| (% (0 +%,)(2z = 20))+2 g, co88,( 2~ 7.(Y |
k[ x0) (200 2)+ 1,4
20| (% (0 +%,)(z = 20)+2 g, c088,( 2~ 7.(Y |
k| (%, 0) (200 - 7)+ e
2| (% +%,)(z(9- 7)) +2 ,c088, (2, (D~ 7,) |

Kga(t) =

U x)(z0-20) 2 2+ 202 10)]

20 | ~p(x (0 +%,)(Z ~ () +2,c088,( 7~ 7(§ |
k[ H06+x0)(200- 2) - xO+ %)( 2= 2]
20 | +2x,1(2 + 2,-27,(Y) + 2, coB,( z~ 7)

k[ H(%+%0) (200 20) = (3 + %) (200 = 30))] e

2g | +2x,4( 2 () + 2,-27,(3) + 2, coB( 7 (1 7) |
(20a,b)

The third meshing tooth pair (#2), defined by Eflq), is
divided into three contact zones 6-8 as shown qn&b). Its
composite stiffness are derived for the pinion gedr as:

Kp,2(t) =
k [ﬂ(xf +3,)(2 (0= 7(3)+2 5, co88,( 7 (- zm)} e

Z4

2| (%, +%,(0) (2,9~ 2,)
2rkbp|:/1(xf + Xﬂq(t))"' rbpcosﬁb:|(zf t)- Zm) ) Z
0, Z8
Kg,z(t) =
k[0 0) (700 2)-u( x+ x)( 20= 208
20 | +2%,04(2, () + 7,-27,(1)+ p,c086,( 7 (- 7) |
Zrkbg[ﬂ(xf +,(0)+ 1,008, (2, ©)- 2,) , i
0, Z8
(21a, b)
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The undamped equations of torsional motion for pirdon
and gear are derived as follows:

Joe zp(t)+2Kp.(t)Drpr[16(t) e®]=T, (2

gz pz<t)+2 K, (00,00 =-T (22)

Equations (22) and (23) can be reduced to a siegieation
for a translational definite system using the DTdimtion. A
time-varying viscous damping could also be includeg
assuming equivalent viscous damping rgtio

ma&() + C(9] S()—£() ]+ KLD[S()-&(D] =
Jp.d pr‘]gz erg‘] pz

pz¥ gz
e 2
rbg‘] pz + rbﬁ] 9z rbg‘] pz + rb;f] 9z

m, =

Ke(t) = 22: Kei(t) :ZZ: o) 5 (O +r§9‘J )

i=0 i=0 bﬁ] 9z

Ce,i(t) = ZZe m Ke(t) = 2Ze\) meke

Here, m. is the effective mass defined in the torsional-
transverse direction arfe, is the effective external force due
to the nominal torques applied at the pinion andrgéhe
periodical effective stiffness functioKt) of i"™ meshing
mesh pair is piece-wise linear, and it incorporates
contributions from both the mesh tooth stiffnessd ahe
sliding friction. The frictional influence oK (t) is illustrated

in Fig. 4, where a generic effective stiffness fimt is
obtained by following a single tooth pair for threemplete

mesh cycles since caiff = 3.

rbg pz

(24a-e)

x 10°

10

| \*
S | Pair#0 Pair #1 \oPair#2
g / | air | \ . air
x4t R \ 4
\
72 73 74 75 76 Z7 \\ 78
21 .\‘ ]
A 3
.* Zone 1 . |
00 1 2 3
Normalized Time t/T,_
Figure 4: Individual effective stiffness Kci(t) along

contact zone. Key: — tooth pair #0 (u = 0), — tooth pair
#1 (L = 0), — tooth pair #2 (1 = 0); .... tooth pair #0 (1 =
0.4), - - - tooth pair #1 (4 = 0.4), - [ tooth pair #2 (u =
0.4).

The effect of sliding friction is illustrated ovelight contact
zones of Fig. 4: Whery = 0 (no friction), K¢ (t) has a
symmetric trapezoidal profile, when high slidingcfion is
introduced withy = 0.4, additional discontinuities in the slope
emerge during the transitions from Zone 1 to Zopa2well
as from Zone 6 to Zone 7. These correspond to dhéitons
when the contact line reaches or leaves the piteh Note
that the stiffness functions are piece-wisely aondius due to
the gradual approaching and recess motions ofdlieah gear
pair. Compared with the square-wave shaped todffmests
function of a spur gear pairl{3], this should be more
favorable as lower vibro-acoustic response levetald be
expected.

For multiple tooth pairs in contact, the effectstéfnessKe(t)
of Eq. (24) should include contrlbut|0ns from alleshing
tooth pairs. Define indekfor thej™ interval (with a constant
slope) and define the generic periodic stiffnesefion K j(t)
overm piece-wise intervals within one mesh cycle:

Ke, p Ke, -1
Ko, () =K, (t+T) =K, j_l+%[@t—tﬂ) (25)

i Tha
For the example case with individudl(t) (i = O, ..., 2) of
Fig. 4, the combined.t) ( = 1, ..., 6) are calculated over
six contact regions within one mesh cycle. Sinee glope is
constant within each region, only the stiffnessieaK, at the
starting and ending time instants are needed With= Keg
due to periodicity. The time instantsof each region within
one period could be determined based on Fig. Zipliows:
to = O,tl = (LEH//])T, t2 = (LCQ/A)T, t3 = (LCD//])T, t4 = (LAP//])T,
ts = (LedA)T; ts = T. Table 1 lists the relationship between the
six contact regions defined for the combined stiff function
Kei(t) and the eight contact zones defined for individua
meshing tooth paiKt). Although the number of contact
zones/regions depends on gear geometry, proposeelimgp
strategy could be implemented to other helical geéns.

Table 1 Relationship between contact zones and contact
regions for the NASA-ART helical gear pair

Contact Contact Zones of Fig. 2(b)
Region Pair #0 Pair #1 Pair #2
1 Z1 Z3 Z6
2 Z1 Z3 zZ7
3 Z1 Z4 z7
4 Z1 Z5 zZ7
5 Z2 Z5 z7
6 Z2 Z5 Z8

Figure 5 compares the combinéd (t) and the individual
Ke,i(t) over one period. Observer that the profile Kyf(t)

resembles those of individu#l (t): Under O friction,Ke(t)

follows a symmetric trapezoidal pattern, where dcpiwise
intervals exist within one mesh cycle. When thedislj

friction is included, two additional discontinuisien the slope
are introduced at the transitions from Region Régiion 2, as
well as from Region 4 to Region 5. Hence, six pietee

regions need to be analyzed for one complete mgste.c
However, a high mean component exists for the coatbi
Ke,(t), whose values are always positive (non-zero).
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Figure 5: Piece-wise effective stiffness function defined
in six regions within one mesh cycle with yu = 0.4. Key:
.... tooth pair #0, - - - tooth pair #1, - [} tooth pair #2, —
combined stiffness function.

5 ANALYTICAL SOLUTIONS BY FLOQUET THEORY
Manish and Singh2] suggested analytical solutions to the
SDOF spur gear system model with periodic squareewa
stiffness. For a helical gear palit, (t) varies periodically in a
trapezoidal pattern; hence, the spur gear coulcebarded as
a special (limiting) case of the helical gear modklere the
slope of stiffness within each interval is zeroheatthan an
arbitrary constant. We adopt a similar approagiht¢ derive
the closed-form analytical solutions of SDOF hdliggar
model.

Assume gt) = 0 (perfect involute profile) andC(t) = 0
(undamped oscillator), the parametrically excitegstem
under a mean loak, of Eq. (24) is simplified as follows:

mo() + K(Da(D) = F, (26)

Floquet theory 12] is then applied to find analytical solutions
for both free and force vibration responses. Fer ekample
helical gear pair, six contact regions need to drenfilated
with the influence of sliding friction. Hence, tleguation of
motion is represented in the state space form ks

X(t) =G(t) X()+ F(D), G(t+T) = (1)

G(H gt<t
G)=1G () t,<t<t (i=2.5
G, (1) t,<t<T
_|o® _| 0 27a-
X(t)—{d.(t)}, F(t)—{Fe/me} (27a-e)

The solution over one complete mesh cytlis written in the
form of a state transition matri®j, as suggested by Richards
[12]. For a piecewise periodic system, this matrix rayher
be decomposed int®; over each contact region$?], where

the functions are continuously differentiable anuhlgtical
solutions to the homogeneous equation exist. Tiseretie
transition matrix is given as:

®(T,0) = (T,4) I (t,,t,) @ (1,0 (28)
Eachd(t;, t.,) is evaluated from the Wronskian matriX)(as:

o(t,t,,) =N, §,<St<t (29a)

n(t) :[Vl Vz} (29b)

2
Here, )4 and )5 are two basis solutions to the homogeneous
equationX (t) = G(t) X(t). Use the periodic property of the
state transition matrix, Floquet theory extends ¢htulated
solutions to the subsequent states of the systaimatie apart

by n mesh cycles. Thus, the state transition matrixr ave
cycles is given by:

®(nT,0)=d(T,0f (30)
The dynamic responses are given as:

X(M)=0LOXO)+ [ @ )F@E)dr  (31a)

X(t+nT)=0"(T,0) X(9 (31b)
Equations (28-31) are of significant importancersgi it
drastically reduces the computational effort sitice results
calculated for one mesh cycle can be easily extkholether
periods using matrix multiplication, which is contationally
effective. Second, it allows an easier inversiothef matrix.

5.1 Free Vibration Response (to Initial Condition _s)
Within the time intervat,; <t <t;, Eq. (26) is rewritten in the
homogeneous form as follows:

5(t)+[aj ~2q (—t _21 +1J]5(t): Ot,<tst (=1.6
i-1

]
J rne t] _tj_l ! ] nl i1

=at———— —M (32a-€)
2 4

With a change of variablg? =a, +ft, Eqg. (32) is converted
into the Stoke’s equatioif):

2
99,2 50 (33)
dZ B

)

A set of basis solutions are known otgrst <t;:

%)=z 350, v.(0=\/z ,40})

(0,) is the Bessel function of the first kind of

(34a-b)

where J,, .

order *1/3 and g, =2z'*(33, )y*. Utilize the recurrence
relation of Bessel functions to find the Wronskiaatrix as:

7 Copyright © 2007 by ASME



(35a)

_1():_l ~Z ‘]23(0') ﬁ 13(01) (35h)
336 -2 3,4(0)) 7 35(0)

Note than Eq. (34-35) are valid only for those dbads when

z > 0. Conversely, wherg is negative (or zero), the
Wronskian matrices are derived in terms of the rivedi
Bessel functions of the first kind (or Gamma fuans) which
could be treated in a similar matter. However, tfog SDOF
helical gear model with a high (and positive) mean
component, allz have positive values so that Egs. (34-35)
hold. Also, for the intervals with a negative slofjgsuch as
for contact regions 4 and 5 of Fig. 5), the coroesjping g
also takes negative values, which lead to complgi)
generated by the Bessel functions in Egs.
Nevertheless, due to the supplemental phase neiip
between1(t;) andl’l'l(tj_l), the state transition matrd(t;.q, t;)
= I'I(tj)l'l'l(tj_l) still takes real values within each interyal<t
<t;. Thus, responses to initial condition(0) = {(0), 5(0)}"
are as derived as follows:

X(t) =(t-nT,0)®(T,0" X(0){ 0< t= nT< T (36)

where®(T, 0) is the discrete transition matrix. He@(t—nT,
0) needs to be evaluated similar to Eq. (28) owedast cycle.

x 108 '
= e (a)
2.7 E
7,
A\ . A\ ]
N\ 4, \ .
\) /, {| i
AN e \ 71
N N
0.8 1.2 1.6 2
x 103 ' ' |
<
w o
(-
[a]
_1 1 1 1 1 1 1 1 1 1
0 0.4 0.8 1.2 1.6 2

Normalized time t/T_ ..
Figure 6: (a) Effective stiffness and (b) homogeneous
periodic responses predictions within two mesh cycles
given Xo = 2e-6 in, vo = 20 in/s at Q, = 1000 RPM. Key: —
—, 1 = 0 (Analytical solution by the Floquet theory); -

= 0.2 (Analytical); ...., 0 = 0.2 (Numerical); - - -, p=0.4
(Analytical).

Figure 6 compares the homogeneous responses giitéal i
condition X, = 2e-6 in,vp = 20 in/s atQ, = 1000 RPM, as
predicted by the analytical (Floquet theory) anel tlumerical
(SIMULINK by using an ODE45 numerical integration
algorithm) solutions. Since the numerical solutmmpletely
overlaps with the analytical (Floquet theory) podidin, only
one set of comparison results are givepuat 0.2. Observe

(34-35).

that increasing sliding friction changes the slopdsthe
effective stiffness functiori, (t), while such effect does not
seem to be significant in the DTE response. Thibesause
that the undamped responses are dictated by thandgn
components at the system natural frequenty =

JK, /(zﬂ\/ﬁe), where K is the averaged stiffness. For the

example case of Fig. 6, is found to be close to %R

where fresn is the first mesh frequency &, = 1000 RPM.
Low side bands around 8.5, and 10.5f,.sy may also be
present due to the frequency modulation effects.

5.2 Forced Response

For the LTV system of Eq. (26), the state trangitioatrix can
be applied to compute the forced vibration respagisen a
periodic excitation. The tractability of the sotuii depends
both on the excitation characteristics and the neanf the
state transition matrix. In general, this problesnsolved by
expanding the forcing function as well as the twaeying
parameters in terms of Fourier coefficients. Clgattis will
lead to errors due to truncation of modes and silgificantly
increase the computatior [ For our example gear pair, three
(or six) piecewise linear segments need to be densd for
each mesh cycle without (or with) the influencedisly
friction. All integrals associated with the Floqubeory could
be analytically found given a mean torque excitatio
However, as the number of piecewise linear segments
increases within a mesh cycle, such as for thést&astiffness
profile, analytical solutions could become moreided, and
thus some computational effort would then be resgliir

The forced response of the system is formulatddlksvs:

X (t) = ()N () x(0)+J;r| (ON @) F(r)dr (37)

Given the initial condition respons@ (t)M~™(t) X (0) already
derived in EqQ. (36), only the particular resporesent must be
derived by applyingd(t,0)=®(t,r )P (r,0)for any r:

x(t):m(t,o)[jo”Tqa-l(r,o)F r)dr+[ o7 (r,9 F(7) dr]

=o(t ’Q[Hl(n) + Hz(t)}
(38)

The solution is found in two parts, namely for gra number
of mesh cyclesH;) and that for the last cyclédf) [2]. The
expression foH,(t) for n complete cycles is found as follows:

H,(n) = i'} o7 (r,0) F(r) dr (39)

|:1 )

Apply the Floquet theory and defimg= 7+ (i — 1)T so that:
H, (n) =
[o7(T,0)] O
o, || Ma(to) “Ni(r)F(r )dr+
JZ; M, (t) N7 (t, nz(tl)j Ni(r )dr+
M, (t) () 1 ,(t) 13 t2)l'l S(tQ)j N3(r)F(r )dr+...
(40)
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For the last cycle, the value dfi(t) depends on the
positioning of time instant in the whole mesh cycle. Hence,
solutions are derived within each of the piecewisear
segment as follows in Eq. (41),

H, (0 =[o*(T.0)]' | M9,
= [q)‘l (T ,(ﬂn x

t-nT

n,(0)]

M3 (r) F(ro) o |

M2 (r)F (7o)
(t st—nT<t1)
.(0) I n(r o)dr+ |
rll(o)rlll(tl)HZ(tl) ; nT|_|_21(T)F(T0)dr ,
(t,<t-nT<t,)

O)J.Tl‘lf(r)F (r,)d7 +...

)n o (i, 1)[: "n(r)F(r)dr

(tj_lst—nT<tj tezT)

+1,(O)7 (6)1,(t)

(41)
where i, = 7 + nT, and all matrices have been analytically
derived except for th(forrl(r) E (r)dr integral, which could

0
be analytically found by using Eq. (42), where timmmmelS1
are the Lommel function. Note that the mean termthe

forcing functionF(t) = {0 FJ/mg ' could be taken out of the
integral;

[233(0) dt=— 2,4(0), [ 2,50) dE 240)

I f ‘]1/3 dt_i 1/3@)L1+UJ—4/3b)L2
V2 3a(0)dt=-22 3,,6)-0 3.6 )L,
4255y 1= 12,
L, = Lommel3(- 1_§ 5'8 z), J= LommelRO; 3 3,8 2
22,2 _ 12,3
L, = Lommel3(- 1—5 5,82 ), L= LommeIS(O,3 ,3,8 zZ)
(42a-h)

In Fig. 7, analytical solutions of forced resporsegiven by
Egs. (37-42) compare well with numerical integmati@sults
(obtained from SIMULINK), given operational conditis
Ce(t) = 0,% = 2e-6 in,\vp = 20 in/s,T, = 2000 Ib-in,u = 0.2
andQ, = 1000 RPM. Here, th(t) profile is the same as Fig.

6(a) withp = 0.2, thus six piece-wise contact regions need to

be considered within each mesh cycle. Similar te th
undamped homogeneous response, the forced respareses
also dominated by the dynamic component at theesyst
natural frequency as well as side bands due tdrdguency
modulation effects. Such resonances, however, ficéeatly
controlled by viscous damping, while the spectréhatforced

mesh harmonics are insensitive to the viscous dagnpi
Consequently, if any mesh harmonic is away from the
resonant frequency, one can obtain the dynamicoress
(which should share the same features as damppdnsss)

by filtering out the resonant components in theqdiency
domain. For our example case, a low pass filteised sincd,

>> fmesh

x10%

I

I

0 0.4 0.8 1.2 1.6 2
Normalized time t/T

mesh

Figure 7: Predictions of (undamped) forced periodic
responses within two mesh cycles given xq = 2e-6 in, vg
= 20 in/s, T, = 2000 Ib-in, p = 0.2 and Q, = 1000 RPM.

Key: —, Analytical (Floquet theory); - [, Numerical.
x10°
2 T
(a)
£
w o
=
(]
_2 1 1 1 1 1
0 20 40
Normalized time t/T_ .,
40

dDTE/dt (in/s)
o

A
S

0
DTE (in)

Figure 8: Long-term stability of free vibration
(homogeneous) response given xo = 2e-6 in, vy = 20 in/s,
M = 02 and Q, = 18,000 RPM: (a) Time domain
response; (b) Phase plane plot.
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Figure 9: Unstable free vibration (homogeneous)

response given X = 2e-6 in, vo = 20 in/s, u = 0.2 and Q,
= 19,000 RPM: (a) Time domain response; (b) Phase
plane plot.

6 CONCLUSION

Analytical models of a helical gear pair have béereloped
to examine the effect of sliding friction on the ndynic
transmission error. Linear time-varying formulasorwith
parametric excitations) have been developed foh IEROF
and SDOF models. The effect of sliding frictiongisantified
by an effective mesh stiffness term. Floquet thelmag been
successfully used to obtain closed-form solutiorigery
periodic piece-wise linear tooth stiffness functigknalytial
responses to both initial conditions and forcingdtion under
a nominal preload are derived and validated by @ing
with numerical simulations. Finally, stability sied are
briefly conducted when the gear pair operates diosmstable
regions. For instance, whef?, = 18,000 RPM such that
fmest)/fy is close to 2, long term stability is observedtime
domain response as well as in the phase plot)ustrdted in
Fig. 8. On the other hand, whe), = 19,000 RPM such that
fmesi{t)/f,, falls within the unstable region, the amplitudettoé
homogeneous response continues to grow, as shofig.ir®.
Although the coefficient of friction/is assumed to be high for
the example case for demonstrative purpose, thee sam
algorithm could be implemented for realistic coimis where
smaller values ofr are expected. Future work will focus on
such stability and other analytical response is§lids
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